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Abstract

Let H™ and HY denote the complexifications of Heisenberg hypersurfaces in C"
and CV, respectively. We show that non-degenerate holomorphic Segre mappings
from H™ into HY with N < 2n — 2 possess a partial rigidity property. As an appli-
cation, we prove that the holomorphic Segre non-transversality for a holomorphic
Segre map from H" into H" with N < 2n — 2 propagates along Segre varieties. We
also give an example showing that this propagation property of holomorphic Segre
transversality fails when N > 2n — 2.

1 Introduction and Main Theorem

Let D be an open subset in C™ and M be a real analytic hypersurface in D with a
real analytic defining function r. Namely, M = {z € D : r(z,Z) = 0} and dr # 0. The
complexification of M is defined as: M = {(z,£) € DxConj(D) : r(z,£) = 0}. Here for a
set B C C", Conj(FE) :={Z: z € E}. Assume that dr # 0 over M. Then M is a complex
submanifold of complex codimension one in D x Conj(D) which contains {(z,2) : z € M}
as a maximally totally real submanifold. Define complex analytic varieties Q¢ := {z €
D : r(z,&) = 0} for £ € Conj(D) and Q, = {£ € Conj(D) : r(z,&) =0} for z € D. We
call Q¢ and Q. the Segre variety of M with respect to & and z, respectively. (See [Web]).
Notice that M is then holomorphically foliated by {Q¢ x {¢}} and also by {{z} x Q.}
for £ € Conj(D) and z € D. As in the literature (see, for instance, [Ch] [Fa2] [HJ2]), we
call M the Segre family associated with M.

A fundamental fact for the Segre family is its invariant property by holomorphic maps.
(See the famous paper of S. Webster [Web]). More precisely, let M be another real analytic
hypersurface in D c CV and let M be its Segre family. f is a holomorphic map from D

into D sending M into M. Then f(Qe) C é?(&) and f(Q.) C @f(z) for ¢ € Conj(D) and
z € D. Here, for instance, we write CNQ?(E) for the Segre variety of M with respect to F(&).
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In particular, f induces a holomorphic map F := (f (2), F(€)) from M into M. Here,
as usual, we write f(z) for f(Z). More generally, we introduce the following notion as in

[HJ2]:

Definition 1.1: @ is called a holomorphic Segre map from M into Mif @ is a
holomorphic map from M to M such that ® sends each Q¢ x {{} of M into a certain

Qg X {&} of M and sends each {z} x O, into a certain {Z} x Q5 of M for £ € Conj(D)
and z € D.

We remark that there is another important but very different class of real-analytic
maps closely related to the Segre families introduced by Baouendi-Ebenfelt-Rothschild
(See [BERI1]), which are called the Segre maps in many references. A holomorphic Segre
map P is called a holomorphic Segre embedding if it is also a holomorphic embedding.
Holomorphic Segre maps from M into M are the natural generalizations of holomorphic
mappings from M into M. As already demonstrated by E. Cartan, holomorphic Segre
maps play a very role in the study of holomorphic equivalence problems and many other
related fields. (See [Car| [Ch] [BER2] [Hua3] and the references therein, for instance).

In this paper, we focus our attention on holomorphic Segre maps between the Segre
family of the model manifolds: Heisenberg hypersurfaces. Holomorphic Segre maps are
much less restricted than holomorphic maps induced from CR maps between Heisenberg
hypersurfaces. It is thus not surprising that many properties for the latter are no longer
true for holomorphic Segre maps. For instance, it is an easy consequence of the classical
Hopf lemma that any non-constant holomorphic map between Heisenberg hypersurfaces
must have non-vanishing normal derivative in its normal component. (This property is
called the Hopf Lemma property by Baouendi-Rothschild [BR] or the CR transversality by
Ebenfelt-Rothschild [ER] and Ebenfelt-Huang-Zaitsev [EHZ]). However, such a property
does not hold anymore for general holomorphic Segre maps. Also, easy examples show
that there are many non-rational holomorphic Segre embeddings from H" into H" for N >
n + 1, which can not occur for holomorphic maps between the Heisenberg hypersurfaces
as is well known from the work of Forstneric [Fr]. (See below for the precise definition of
H™ and Remark 5.3 for related examples.)

Making use of the recent work of Baouendi-Huang [BH] and Ebenfelt-Huang-Zaitsev
[EHZ], we will provide, in this paper, two theorems for holomorphic Segre maps from H"
into HY with N < 2n—2. As was done in those papers, we first normalize the holomorphic
Segre maps by composing the maps with automorphisms in the source and in the target.
For those normalized holomorphic Segre maps, we then prove that although full linearity
fails, linearity for certain components still holds. Afterwards, we use this semi-linearity
property to prove a propagation theorem concerning the failure of a holomorphic notion
of the Hopf lemma. Namely, we will show that if the transversality breaks down at one
point, then it breaks down along one of the two Segre varieties through this point. One
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may compare this with the work of Baouendi-Huang [BH], where the transversality breaks
down at one point if and only if it does for all points.
We next give more notation to state our main theorems.
Denote the Heisenberg hypersurface in C™ by
n—1
H" .= {(Zl, e ,Zn_l,’ZU) eC": Sw= széj}.

j=1

Then its complexification is
n—1
H" = {(z1,.., Zp1, 0, &, 6p1,m) EC* 0w —n = Qiszfj}.
j=1

H"™ is the Segre family associated with H". H" is holomorphically foliated by {Q ¢, %
{(&,m)}} and also by {{(z,w)} X Q(Z,w)} where Q¢ = {(z,w) € C*" 1 w—1n =
2i Z;L;ll z;&;} for any (§,m) € C" and Q) = {({,n) € C" 1 w—1n = 2i Z;:ll zi&i}
for any (z,w) € C™.

Next let ® be a holomorphic Segre map from an open piece M of H" into HY. It
is known that ® takes the following form: ®(z,w,&,n) = (P1(z, w), P2(&,n)) for certain
holomorphic maps ®, ®, defined in a neighborhood of M in C?" into CV. (See [Fa2]
[Hua3] [HJ2]). In the following, we always assume that N > n.

We say o € Aut(H"™) if o is a bimeromorphic self-map of H"™ which is also a holomor-
phic Segre map away from its pole. Further, we write o € Autq(H™) if 0 € Aut(H"), o is
holomorphic near 0 and o(0) = 0. For any py = (20, wo, o, m0) € H", define 020 by sending
(z,w,&,n) € C" 1 x C x C" 1 x C! to (2 + 20, w +wo + 2iz - &y, E + &g, + 1o — 26€ - 29).
Then o), € Aut(H") with o), (0) = po. (See Theorem 6.3 of [HJ2] for the explicit formula
for elements in Aut(H™))

Theorem 1.2: Let M be a connected neighborhood of pg in H". Let ® be a holo-
morphic Segre map from M into HY and write ®(z,w,&,n) = (P1(2z,w), Po(E,n)) =

(fl(za ’U}), ce 7f~N71(27 UJ),g(Z, w)7 El(fa 77)7 SR 5N71(€777)7 6(5,7])) for (27 w>€777) € M As-
sume that @ is holomorphic in a neighborhood U of M in c, po € M with ®(po) = po

and N < 2n — 2. For p e M, write ®, = ((1)ps-- - (Fn—1)ps Gps (11)ps - - s (1), €p) =
(%) ' 0 @ ooy Then the following holds:

(1). If 8;%(0) # 0, then there exists a 7 € Auto(H”Y) such that

To®, (z,w,&,n) = (z,0(z,w),w, ¥ n),n)

with ¢;(z, w)y;(§,n) =0 for (2,w,§,n) €U for each j=1,--- N —n.
(2). If %(O) = 0 for all p € M near py, then g,, = ¢,, = 0 and Z;y:_ll(fj)po(z, w)(hy)p,(€,m) =
0 for (z,w,&,n) €U.
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Motivated by the concept of CR transversality, we introduce the following notion:

Definition 1.3: A holomorphic Segre map F : (M,p)(C (C>**,p)) — (M,p)(C
(C?N.p)) with F(p) = p = (q1,¢2) € CV x C¥ is called to be holomorphic Segre transver-
sal to M at p if:

AF(IOM) + TH0Qy, + T3Q,, = T HY,

where T, p(l’o)/\/l is the holomorphic tangent space of M at p.

In §4, we shall show that the assumption in Theorem 1.2 (1) is equivalent to the
statement that ® is holomorphic Segre transveral to HY at p.

Definition 1.4: Let M be an open subset of H". A connected non-empty complex
analytic variety £ C M is called a holomorphic Segre-related set of M if either for any
(20, w0, &0, Mm0) € &, the connected component of {(2q,wp,&,m) € M : (§,n) € Q(207w0)}
containing (2o, wo, &0, 10) is a subset of £, or for any (zq,wo, &, m0) € £, the connected
component of {(z,w,&,n0) € M : (2,w) € Q¢yne)} containing (zo, wo, o, M0) is a subset
of £.

Write Hol(M, C) for the collection of holomorphic functions from M into C. Then
as an immediate application of Theorem 1.2, we have the following characterization of
holomorphic non-transversal points of a holomorphic Segre map:

Theorem 1.5: Let M be a connected open piece in H". Let ® be a holomorphic Segre
map from M into H"Y and write ®(z,w, &, n) = (P1(z, w), P2(&,n)) = (filz,w), ..., fx-a
(z,w),g(z,w),h1(&,n), ..., hn_1(§,m),e(&,n)) for (z,w,&§,n) € M. Assume that ® is
holomorphic in a neighborhood U of M in C**, py € M with ®(py) = pp and N < 2n—2.
Let £ be the collection of points, where ® fails to be holomorphically Segre transversal.
Then the following holds:

(1) &g, if not empty nor the whole space M, must be a complex analytic variety of
codimension one, whose irreducible components are holomorphic Segre-related sets of
codimension one in M. Moreover for each irreducible component &; of £g, there is a point

(Zo,wo,é(),no) € M such that (I)(gj) - @@2(507770) X {(1)2(&),770)} or @(5]) C {@1(20,100)} X

Q‘b 20,Ww0) "

(2){7(\7?16%) N = n+ 1, n > 3, either there is a x; € Hol(M, C) depending only on
(z, w)-variables such that & is precisely the zero set of x1, or there is a 2 € Hol(M, C)
depending only on (&, n)-variables such that £g is precisely the zero set of ys.

(3)When 2n — 2 > N > n + 1, there are a y; € Hol(M, C) depending only on (z,w)-
variables and a y2 € Hol(M, C) depending only on (£, n)-variables such that Eg is precisely
the union of the zero sets of x; and y».
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Proposition 1.6: Let £ C M be a holomorphic Segre-related set of M of codi-
mension one, where M is a connected open subset of H" (n > 2). Suppose that ei-
ther &€ = {(z,w,&,n) € M : xi(z,w) = 0, x1 € HolM,C)} or & = {(z,w,&,n) €
M xa(&,m) =0, xo € Hol(M,C)}. Assume that x;(M) # C in the first case and
x2(M) # C in the latter. Then there is a holomorphic Segre map ® from M into HY
with N = n + 1 such that £ is precisely the collection of points, where ® fails to be
holomorphic Segre transversal.

Proposition 1.7: Let M is a connected open subset of H" (n > 2). Suppose that
E={(zw,{n) € M: xi(z,w) =0, x1 € Hol(M,C)} U{(z,w,{,n) € M : x2(§,m) =
0, x2 € Hol(M, C)}, where x1(M) # C and x3(M) # C. Then there is a holomorphic
Segre map ® from M into H”Y with N = n + 2 such that & is precisely the collection of
points, where ® fails to be holomorphic Segre transversal.

The new phenomenon in Theorem 1.5 is the propagation property for the holomorphic
Segre non-transversality along the Segre varieties for the case of N < 2n—2. Interestingly,
the following example shows that this property does not hold for N > 2n — 2:

Example 1.8: Let ® be the holomorphic Segre embedding ® : H" — HY with
N = 2n — 1, where

q)(zla"' 7Zn—17w7§17"' 7£n—1an) =
2 2
(lev'” y An—1W, 21, , Zp—1, W 7517"' 75”—1751777”' 75”—17777] )

We will see at the end of §4 that ® fails to be holomorphic Segre transversal at (z,w, £, n) €
‘H™ if and only if w +n = 0. We also shows there, however, the connected complex
submanifold of codimension one defined by w + 7 = 0 is not a holomorphic Segre-related
set of H™.

Acknowledgement: This paper is written under the direction of Professor Xiaojun
Huang. The author thanks very much Professor Huang for his help during the preparation
of this work. Also, the paper is largely motivated by recent papers of Huang-Ji [HJ2],

Baouendi-Huang [BH] and Ebenfelt-Huang-Zaitsev [EHZ]. Besides, The author would also
like to thank Professor Hua Chen, Wenyi Chen and Zhenhan Tu in Wuhan University for
their help during her study there.

2 Normalization and a curvature equation

In this section, we shall use the strategy of Huang([Hual]) and Huang-Ji([HJ1]). Let
n > 2 and M be a connected open piece of H" containing the origin. Let

O = (Py(z,w), P2(&, 1)) : M(C H") — HY
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be a holomorphic Segre map, where
¢ = (.}V‘?g777'/76) = (.fla'"7.fN—lagailla~“7iLN—17€>

which is also written as ® = (f, ¢, g,h, ¥, e) = (f1,.. ., fam1,01,- -, ON—n, P1, ..., B1,
Y1, ..., YNy, €). Write

0 0 0 0 0 0
L;i=2i—+—, K;=-2iz;j—+—, T =—+ —.
=gy Y M=y T e T 5 Ty
Then {£;,KC;, T} ;j~q forms a global basis for the space of sections of the complex tangent
bundle THOH™ of H™.
Notice that ®(M) C HY gives the following equation:

g(z,w) —e(&,n) = Qif(z,w) . ﬁ({,n) over w—mn=2iz-§ (2.1)

where a - b:= 3" a;b; for a,b € C™.

j=1
Let Z. be the set of non-negative integers. Then applying £*, K%, T and K;L to (2.1),

respectively, where o = (ay, ..., 0, 1) € Z7" and L* = L§*--- Lo"]', we have
L% = 2iLF - h, Ko = 2if - KA, (2.2)
dg  Oe of - .- 0h L 0g W Of L
A ViR T T B | R V) S} Kk 9.
ow On ow +2if on’ 7 ow "% Lt K (23)

where 6;“ is the standard Kronecker function. Assuming that ®(0) = 0 and letting
(z,w,&,m) =(0,0,0,0) in (2.2),(2.3), we have

_ Oe ~ ~

e(§,0) =0, @(0) = 8_77<0) =L, f(0) - I;h(0), L;f -Kxh =0 (j # k). (2.4)

ow
Let M,,xn(n < N) denote the set of n by N matrixes with all entries in C. We then have
the following elementary lemma:

Lemma 2.1: Let A, B € M,y and A- B! = Id,xn. Then there exist A, B € Myyn
whose first n rows are A and B, respectively, such that A - Bt = Idyy«n-.

Proof of Lemma 2.1 : Consider the linear equation A - y* = 0 with y € CV. Then its
solution space has dimension N — n. Choose a basis {y!, -+ ,y¥ ™"} and define D to be

the matrix whose kP-row is precisely y*. Then A - D! = 0. Considering the new matrix
t

D D cyt =0 with y = (y1,--+ ,yny) € CV.

Then multiplying from the left by A, we obtain y; = 0 for j < n. Hence, we get

B), it has full rank. In fact, suppose that (B
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(Ynt1, - yn)-D = 0. Since D has rank N —n, we conclude that y = 0. Similarly, we can
construct C' € M(y_p)xny with rank N —n such that C- B! = 0 and Rank (é) = N. Since

A\ (B\' (1A 0 o i A - (B
(C)'(D> :(0 C_Dt);C'~Dtlslnvert1ble. LetA:((C-Dt)_l-C)’B:(D>'

Then we see the proof of the Lemma. R

Now assume \ := 3—3(0) # 0. Write
K1()(0)/v/A Li())(0)/VA
A= : , B= :

K1 () (0)/VX Lo-1(£)(0)/VA

Then (2.3) immediately gives that A - B* = Id,_1)x(n—1). Applying Lemma 2.1 to A
and B, we obtain A and B with A - Bf = Id(N—l)x(~N—1)-

Next let 7(2*, w*, £, n*) = (%z*At, Tw*, %g*Bt, 11*). Obviously T € Auto(H™N). By
composing ¢ with 7, we obtain the first normalization of ® as follows:

OF = (]E*’g*’ﬁ*’e*) .

A0 0 0
1 0 =~ 0 0
= _ * \/X - '
rod \/X(I) 0o o B o , with
1
0 0 O 7
Of on’
aﬁi(o) _ ag;(o):(s; for1<k<n—1,1<j<N-1, (2.5)
89* Oe*
) = G- (26)
Write
_1826*
20n% |,
L ofr ofi
a_(ﬁw T ow )|
* oh;
§: 22(8}11 ., N—l)
on on o
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and let G € Auto(H") be defined by G(z*, w*,&*, n*) :=

- aw w* &+ 55" "
L4z §4uw* 1+ 2" - §+uw’ 1 -2 -ad+ (u+a- -’ 1—2i&-ad+ (u+a-sm )’

(See Theorem 6.3 of [HJ2]).
We then get the second normalization ®** as follows:

O — (f**)g**yﬁ**’e**) _ (f**,qb**,g**,h**7¢**,€**) =G o O* = Gorod.

Simple computation shows that

o 0= 0)=0. S-(0)= 0 =1 27)
aQb** _ aw** B ag** B 86** B 826** _

Now we assign the weight of (z,¢) to be 1 and of (w,n) to be 2. In the following, we
use (-)! for a homogeneous polynomial of weighted degree [. For a function f on H" we

say that f € oy (k) if 1111(1) w = 0 uniformly for (z,w, &, n) in any compact subset
of H™.
Next we do the weighted Taylor series expansion of ®**:

Lemma 2.2: Write ® for the ®** above. Then ® has the following form:

[T =2+ J;l)(z)w + 0wt (3),
65" = B (2) + 0un(2),

g =w + ou(4),

=&+ MV (E)n + 0u(3),
v = FP(€) + ou(2),

e =n+ 04(4), with

2i(JW(2) - &) (2 &) = —BP(2) - F().

Proof of Lemma 2.2: First applying (2.7), (2.8) to ®**, we get the following weighted
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expansion:

fr= 2+ AP )+ 1P (2) + T (2w + 0u(3),

J

¢ = B (2) + 0,:(2),
¢ = w+ Cw? + DU
h;k'* :fj+Ej (5)+L
v = FP () + oun(2),

e =n+HY(On+ PP (E)n + ow(4)

2w+ NO(2)w + 0y(4),

)
D)+ MUV ()1 + 0,(3),

and
g — € = 2(f R 4 ™), (2.9)
Collecting terms of weighted degree 3 in (2.9), we have:
DY (w — HY(6)n = 2i(z - ED (&) + AP (2) - €) over w=n+2iz-&.

Hence, (DW(2)—HW(&))n+2iz-6M(2) = 2i(z- E@(£)+ AP (2)-£). Collecting coefficients
of terms of the form: 1, 226 and 2z£? in the above, we have:

D(z) = HO(E) =0,

Collecting terms of weighted degree 4 in (2.9), we have:
Cuw?+ NP (2)w—P?(E)n = 2i(2- LD (€)+2- MV (€)n+1P (2) +7 0 (2)w-&+ B (2) F(€))

where w =7+ 2iz - €.
Similar arguments then show that the following holds:

¢=0, (2.10)
N®(z) = PP(¢) = 0, (2.11)

D) =19(z) =0, (2.12)
2i(JM(2) - )(z-€) = =BP(2) - FP(¢), (2.13)
2- M) +IW(z) - € =0. (2.14)

This completes the proof of Lemma 2.2. B
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If we assume N —n < n—2, i.e. N < 2n — 2, then applying [Lemma 3.2, Hual| to
(2.13), we immediately get:
J(l)(z) =0,

B(Q)(z) @ (&) =0.
Hence, we have the following:

Lemma 2.3: With the same assumption as above, if we further assume that N <
2n — 2, then for the ® in Lemma 2.2, we have the following weighted Taylor expansion:

fi" =z + o0u(3), (2.15)
67" = B (2) + 0u(2), (2.16)
9" = w+ ouw(4), (2.17)
R =&+ 0w (3), (2.18)
U = F2 (1) + 0u(2), (2.19)
e =04 0y(4) (2.20)
with
B3 (2)- FA (&) =o. (2.21)

3 A partial linearity for ¢

We assume in this section that N < 2n — 2. Let ® satisfies (2.15) through (2.21) in
Lemma 2.3. Write

O = (24 f(z,w), (2, w), 0+ §(z,w), & + h(E,n), V(E,n), 0+ E(£,n)). (3.1)

Theorem 3.1: With the above notation, we have f =h= 0, g =0o0on M and QAS & =0

over U. Moreover, after composing an element 7y € Auto(HY) from the left onto @, if
necessary, there is a non-negative integer £ such that ¢; = 0 for j > k and ¢; = 0 for
J<k

Proof of Theorem 3.1: We will follow the approach used in [EHZ]. Since ®(M) C HY,
from (3.1), we have:

w+§(z,w) —n—é(&,n) = 2i(z+ f(z,w)) - (E+h(E ) +2id(2,w) - (€, n), w—1 = 2iz-E
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Therefore,

gz, w) — é(&,m) — 20€ - f(z,w) — 2iz - h(&,n) = 2ig(z,w) - (€, n) + 2if (2, w) - h(€,n)

= 2iA(z,w,&,n) over w—n=2iz-¢. (3.2)

In view of the normalization obtained in Lemma 2.3, we have the following expansions:

w)= Y fu(2)w”, hEm = Y huw(En”,

ptv>2 ptv>2
w)= Y Gul2)w, &) = > buwln,
ntv>2 ptv>2
= > guwlx”, dm=3 ewlon,
pn+v>2 putv>2
A(Za w7§77]> = Z Aa#ﬁV(Z7§>wun
a+B+ptv>4

where (+),,(2)w” and (-),,,(§)n” are homogeneous polynomials of degree (p, v) with respect
to (z,w) and (&,n), respectively, and (-)aus. (2, §)whn” is a homogeneous polynomial of
degree (a, pu, 5, v) with respect to (z,w, &, n). Letting w =0, i.e. n = —2iz- £ in (3.2) and
collecting terms of a fixed bi-degree («, 3) with respect to (z,&), we obtain:

ﬁ:1:>f(2,0)=07
B=0= g(z0)=0.

Similarly, we also have

h(£,0) =0, é(£,0) =0. (3.5)
We will use an induction argument to prove that flzw) = fl(f,n) and §(z,w) =
é(€,m) = 0. First by Lemma 2.3, we have f(z,w) = 0u(3), h(&,n) = 0w 3)1 §(z,w) =

ouwt(4), €(&,m) = o0w(4). Now, suppose that for I with k —1 > 1 > 3, f(l)(z w) =
hD(&,m) = 0 and G (2 w) = e+ (€, 1) = 0. We then need to show that f®(z, w) =
AR (& n) = 0 and §FD (2, w) = e* (¢, n) = 0. Collecting terms of a fixed bi-degree
(e, B) with respect to (z,£) with 8 > 2 and a+ f < k+ 1 and letting w = 0 in (3.2), we
get

a—1

_eﬁ—a,a(g)na — 2z - hﬁ—a-ﬁ-l,a—l(g)n

a—2
p=0
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o—2 a—2
= 2 Z Pa—p0(2)1p—pp (&) + 2i Z Jaep0(2)hg—pp (E)N. (3.6)
p=0 p=0

By the induction assumption, we have for k — 1 > [ > 3, f(l)(z,w) = ﬁ(l)(g,n) = 0. We
thus obtain Z;:g fa—po(2)hp_pp(E)nP =0 for a+ 3 < k+ 1. Then (3.6) becomes:

a—1

_eﬂ—ma(g)na —2iz- hﬁ—a+1,a—1(§)77

a—2
- QZ Z Aa_p707/6_p7p(2’ g)np
p=0

=2 i Pa—p,0(2)Vp—pp(E)N” (3.7)

p=0

where n = —2iz - £.
Since we assumed that N < 2n — 2, i.e. N —n < n — 2. Applying [Lemma 3.2, EHZ] to
(3.7), we have

Ayws =0 for p4+~v+20 <k+1. (3.8)
Hence

—€5-aa(EN* =22 hg_ai1.01(EN* 1 =0  where 1= —2iz-¢. (3.9)
Similarly

Apo=0 for p+v+20<k+1 (3.10)
and

95—aa(2)W* =20 - f3_arta1(2)w* =0 where w = 2iz - €. (3.11)

Applying £; and K; to (3.2), we have

Ejg(za w) - 225 : ‘ij(zv ’LU) - 22}}] (67 77) = QZ‘C]A(Z> w, 67 77)7 (312)
—KCe(E,m) — 2iz - K;h(€,m) — 2if;(z,w) = 2iK;A(z, w, &, 7) (3.13)
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over w —n = 21z -€&.
By (3.3),(3.4),(3.5),(3.8) and (3.10), we have

L;(f,9)(2,0) = 2i& > (f1, 9)(2), (3.14)
p>2
(L;(ANO(2,0,6,m) =2 > Aus(z,n° for 0 <1<k, (3.15)
pv+28=I—1
’Cj<il7 é)(f, O) = _Qizj Z(hld? eul)(f)a (316)
n>2
(K (AN (z,w,6,0) = =2iz; Y Ausa(z, u’ for 0<1<E. (3.17)
ptv+26=I1—1

where in (3.15), n = —2iz - §; in (3.17), w = 2iz - .
Substituting (3.14),(3.15),(3.16) and (3.17) to (3.12) and (3.13), we have

B=2= 2 for(2) + hjoaa(l)n® =0 for a <2 over n=—-2iz-¢  (3.18)
B=1=gu(z)=0 for p<k-—1, (3.19)

g>3anda+(=k=

a—1
—hjp—aa(N" = §; Z Aa—p1,8-p-1(2 1
p=0
a—1
=& Z Ga—p1(2)Vs_p_1,(6)n”  where 1= —2iz-¢. (3.20)
p=0

Applying [Lemma 3.2, EHZ] again, we conclude:
huw() =0 for p+v>3 and p+2v==.
Back to (3.9), we get
ew(§)=0 for p+v>3 and p+2v=~k+1
Similarly, we have
fuw(z)=0 for p+v>3 and p+2v=4=k,

guw(2)=0 for p+v>3 and p+2v=~k+1.

Notice that for k > 4, {(p,v) : p+v > 3and p+2v =k} = {(p,v) : p+2v = k}—{(0,2)}.
On the other hand, substituting fs1(z) = 0 into (3.18) yields hge = 0. Similarly we have
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fo2 = 0. Hence, we proved that f®)(z,w) = h® (¢, 1) = 0, gD (2, w) = e*H (& n) = 0.
By induction, we conclude that

T O @(z,w,f,n) - (Z,Qg(Z,w),wfﬂ/}(fan)W)

with
N—n

Z sz%fn)—o over M.

7=1

Next we prove that Z;V:_ln ¢;(z,w);(€,m) = 0. To this aim, we need only to prove
the following lemma, whose proof follows the same line as in [Lemma 4.2, EHZ]:

Lemma 3.2: If A(z,w,{,n) := 250:1 ¢i(z,w);(&,m) =0 over w —n = 2iz-&, ko <
n — 2. then A(z,w,&,n) =0 as a formal power series in (z,w,&,n).

Proof of Lemma 3.2: Write
"LU) = Z ¢j;/w(z)wy> % 5 77 Z% SV
"%

where (-),(2)w”, (-)w(§)n” are homogeneous polynomials of degree (u, ) with respect
to (z,w) and (&,7n). Denote Agy, p.,(2,&)w” n” to be terms of degree (a, 14, 3, v») with
respect to (z,w,&,n), respectively, for A. Assume A(z,w,&,n) # 0. Then there is a
smallest nonnegative ly such that A, g,(2,€) # 0 for some «, 5,v;. We are going to
reach a contradiction. In fact, since A(z,w,&,n) = 0 on w —n = 2iz - £ or equivalently
Y e Bun i Aampns (2,€) (0 + 2iz - §)"'n”? = 0. By factoring out n' and setting n = 0, we
have

Z Aoy (2,6)(2iz - )" =0 (3.21)

a,B,v1

Collecting terms of bi-degree (u1, o) with respect to (z,¢) in (3.21), we obtain

ZAM V1,V 2 V1, lo(z é)(QZZ f) =0
On the other hand

A,ul V1,V1, 42— V1 lo z 5 Z ¢j W1—r1, V1 w] 2 —r1,4lo (6)

where kg < n — 2. It now follows from [Lemma 3.2, EHZ] that for any «, 3, vy,

Aal/lﬁlo (Z, f) = 07
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which contradicts the choice of [y. This completes the proof of the lemma. B

Now, for simplicity of notation, assume that {¢q,--- , ¢, } is basis for the vector space
spanned by {¢; ;V:_ln over C with k£ > 0. Then there is an (N —n) x (N — n) invertible
matrix U such that

(f1,-++ &k, 0,--+,0) = (1, ,dn-n) - U.

NOW7 define U € AUtO(HN) by ma’pplng (zla e 7ZN—17U)7€17 e 7§N—1)T/) to
<21> Ty Zn—1, (Z’na T 7ZN—1) ' Ua 517 e agn—la (5717 o aSN—l) : (U_l)t) .

Then 77 o ® has the same form as above but with the extra property: Z?Zl ojv; = 0.
Since {¢j}§:1 is a linearly independent system, we get that ¢); =0 for j =1,--- , k. The
proof of Theorem 3.1 is complete. B

4 Holomorphic Segre Transversality

For any p € ‘H" close to the origin, recall in the introduction:

Dy = (fir Gps g €0) = (s By Gps Py U €) 1= (o)) 0 Poay,
where for each p = (2o, wo,&,m0) € H", o) € Aut(H") and
ag(z,w,é,n) = (z+ zo,w + wo + 2iz - &, & + &o,n + Mo — 20 - 2p)
for any (z,w,&,m) € H™. Easy computation tells that for any (z*, w*, £*,n*) € HY,

(5%@))_1(2*»“1*75*»77*) p= (27 - f(Zo, wo), w* — e(&o,no) — 212" - B(fo, M),
& — (&0, o), " — g(z0, wo) + 2i€™ - f(20,w0)).

Obviously ®,(0) = 0. Without loss of generality, we may assume in this section py =
0,p0 = 0 in Theorem 1.2.

Lemma 4.1: ® is defined as in Theorem 1.2. Then ® is holomorphic Segre transversal
at the origin if and only if g—i(O) # 0.

Proof of Lemma 4.1: Write the coordinate of H to be (Z, w, E, 7). It is straightforward

then {%) ?7:’11 and {%‘ ?7:’11 span Tél’o)éo and Tél’o)éo, respectively. On the other
ilo ilo

mod (-2

hand, do((Z + 2) )= 52(0) - (5% + &) ; o,

2]

) B3, ,jzl,,N—l)bythe
0 710
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second equality of (2.4). The proof is thus complete by the definition of holomorphic
Segre transversality. B

Since holomorphic Segre transversality is invariant under the composition of holo-
morphic automorphisms, we see that ® is holomorphic Segre transversal at p if and
only if ®, is holomorphic Segre transversal at 0. This is equivalent to (g,).(0) =
Gu(20, Wo) — 2i fu(z0,w0) - h(Eo,m0) # O Where (+), = % by the above Lemma. Hence,
write g for the set of points where @ fails to be holomorphic Segre transversal. Then we
have

€<I> = {(szv§777) e M: gw(z>w) - 2iﬁﬂ<sz) ' ﬁ(f}n) = O}

In particular if £ # M, then we conclude &g is either empty or a complex analytic
variety of codimension one in M.

Proof of Proposition 1.6: We keep the same notation as in Proposition 1.6. Without
loss of generality, we assume that & is defined by x1(z,w) = 0 with x1(z,w) holomorphic
over M and x1(z,w) # —K, for any (z,w,§,n) € M for some constant K, € C. Define

xi(z,w)z Ko X (2, w)w ¢ ETI 77>
Ko+ x1(z,w)” Ko+ xa(z,w)” Ko+ xi(z,w)’ 7277 )7

o(e,w,6) =

Then, one can verify that ® is a holomorphic Segre map from M into HY with N =
n + 1. Also, we can verify that & is precisely the complex analytic variety defined by
Xl(z ) w) = 0.

Notice that when £ is defined by x2(&,17) = 0 where x2(&,7n) is holomorphic over
M and xo(§,n) # —Kj for any (z,w,£,n) € M for some constant K, € C, then the
holomorphic Segre map ¢ with £ = & is given as follows:

(1t x2(&,1m)§ Ky x2(&,m)n >
Q“w‘””‘e’2“wv@+m@mVMﬁwﬂam7@+m@m>‘

This proves Proposition 1.6. B

Proof of Proposition 1.7 If we assume x;(z,w) # K; and x2(&,n) # K, for any
(z,w,&,m) € M for some constants K7, Ky € C, then the holomorphic Segre map defined
below meets the requirement:

B X1(z,w)z K, i xazww X1(z, w)w
2w ) = (Kl +x1(zw) Ko+ xa(z,w)” 2(K+xa(zw) K+ xa(zw)’
e&mE 1 xa(&mn Ky x2(&mn )
Ko+ x2(6,m)" 2 (K2 + x2(§,m) " Ko+ x2(&n) " Ko+ x2(€n)
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This proves Proposition 1.7. B

Proof of Theorem 1.5: Notice that a holomorphic Segre-related set is mapped to a
holomorphic Segre-related set by a holomorphic automorphism of the complexification of
the Heisenberg hypersurface. Without loss of generality, we can assume that 0 € M and
® is holomorphic Segre transversal at 0 and ¢ satisfies first normalization condition (2.5)
and (2.6). Consider the @, defined above. Assume that £ # 0. Then it is of codimension
one. By Theorem 3.1, there exists 7 € Auto(HY) such that ®* =70 ® and

O™ (z,w, & n) = (2,07 (2, w), w, &, 9™ (€, m),n) with ™ (z,w) - ™ (§,n) =0 OV(er ?/)i
41

Notice that for any (N — n) x (N — n) invertible matrix U, ® = (f, ¢, g,h,v,e),

= (f,0,0,9,h,1,0,e) and $ = (f,¢-U,g,h,vp - (U e) all have the same set of

non-holomorphic Segre transversal points. Making use of the same argument as in the

last paragraph in the proof of Theorem 3.1, we can assume, without loss of generality,

that both {¢} and {¢} are linearly independent over C and ¢;1; =0 for 1 < j < N —n.

Write E for the set of points in M, whose image under <I> is Contained in the pole of

7. Suppose that p = (2q, wo, o, M) € E. We have (¢**), = ¢** O’ —e™(&,m) — 2i(f** o
%) - B** (&9, m). Hence

((9)p)w(0) = (957) (20, wo) — 20" (20, wo) - B** (€0, 10)- (4.2)

Since ¢;,7 (2, w) - ¥5*(€,n) = 0 on M, we thus get:

(97 )p)w(0) =1#0 for any pe M.

This shows that ®** and thus ® are holomorphic Segre transversal at p. Therefore, we
get that £, C F.

From the construction in §2, we notice that ®** = 7o ® is given by the following
expression:

f—dg g iz—i-%g e
1+f-§+ug 1+ f-§+ug 1—2h-a+ (u+ad-5e 1—2h-a+ (u+d-3e
(4.3)
for certain @,5 ¢ CN~1.

Now write y1 := 1+ f - §+ ug, XQ :— 1—2271 a+(u—|—d’ Se, A := ¢ — dg and
B:=19¢—15ein (4.3). Then ¢™*(z,w) = Xl(zw), V(€ ) = E”) for any (z,w,&,n) € M.
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Write El = {(27w7£7n> eEM: Xl(Z,U}) = 0}7 E2 = {(’27“)7577]) eEM: X2(§777) = O}
Then F = E1 U EQ.

Claim 4.2: {El - EQ} U {E2 - El} C 8q>.

Since E; N Es is of codimension 2 in M, together with what we obtained above, Claim
4.2 leads to the following:

Corollary 4.3: £ = &5.

Assuming Claim 4.2 for the moment, we next complete the proof of Theorem 1.5.
Since each irreducible component of F is obviously a holomorphic Segre-related set of
codimension one, we see that £ must be a locally finite union of holomorphic Segre-
related sets of codimension one.

Back to (4.3), for any p € &g, we have either p € E; or p € E,. Without loss
of generality, assume the first one. Then g(p) = 0. Now replacing ® by ®,, for any
po € M near the origin, then the holomorphic Segre transversality breaks down for ®,,
over (op )" (E1). By a similar argument as above, we may also assume, without loss of
generality, that g,,(p) = 0 for p € (020)*1(E1) and py is in a certain connected open subset
U of M with 0 in its closure.

Since gy, = g o oh, —e(po) = 2if 00f, - h(py), we have gy, ((0,) " (p)) = 9(p) — e(po) -
2if(p) - h(po). Let p e E;, then we have
e(po) = —2if(p) - h(po) ~for any p € By, po € U. (4.4)

Notice that & satisfies the first normalization condition. Hence we have
hj =&+ ow(l), ¥ =o0um(l), e=o0u(l).

Substituting the above into (4.4), we get
filp)=0 forj=1,....n—1, pe E.

Therefore (4.4) becomes
:—QZZQSJ )i (po) for pe Ey, po e U.

Since {wk}{i 1" is a linearly independent system and U is a uniqueness set for holo-
morphic functions over M, we immediately get ¢p = constant over F;. This proves
that ®(E;) C {q} x éq with ®;(F;) = ¢. Similarly we can prove that ®(E;) C
Qs () X {P2(F>)}, where @, = constant on Ey. Hence, to complete the proof of Theorem
1.5, we need only to give a proof for Claim 4.2.
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Proof of Claim 4.2: We write HY. . for the compactification of HY in CP" x CP¥

proj
with the following homogeneous coordinates and defining equation:

N-1
[2:17“' 7ZN7t;517“' 7§Na7]7 ")/ZN_tSN :2222’]5]
j=1

N
proj-

Write ® = 7 o ®. Then ® is a holomorphic map from M into H;’X,Oj. Apparently, ® is
holomorphic Segre transversal at p € M if and only if ® is holomorphic Segre transversal
in a similar way.

For a fixed py € By — E», there exists a j € {1,..., N —n} such that A;(p) # 0 by
(4.3) and the definition of E;. Without loss of generality, assume that j = 1. We next

use the following local holomorphic coordinates chart of CPY x CP” near (iD(po):

Then the 7 in (4.1) extends naturally to a new mapping, denoted by 7, from HY to H

O-]Tif([zla <o 7ZN717w>t;£17 T 7£N717777 1]) =
21 R9 Zn—1 Rn+1 AN-1 W t
(_7_7"'7 . ) - ) 7_7_7517"'751\/71777)'
Zn  Zn Zn Zn Zn  Rn Zn
N

Then, with the new coordinates, the image of H. . . under this coordinate transformation

is locally defined by the following equation:

proj

n—1 N—-1
HY = {(2,0,1,§,7) € CV?XCxCxCN'%C 1 b—ih = 2i()_ 4§+t Y 48}
j=1

Jj=n+1

An easy computation shows that {ﬁj,I@j,’j' };-V:_ll forms a global basis of the sections of
holomorphic tangent bundle TOOHN of HN and that

<0, T>=1, <0,L;>=<0,K; >=0,

where

. 0 . 0 . 0 0
L. = & —— Ki=—— 42— =1,....,n—1

J aZA]'f’ Zgjaﬁﬂ J 85j+2]85n’ J ) y 10 )

A 0 0 . ~ 0 0
L,=—+0N=—, K,=—t— + 21—,

ot " o o8, o

. 0 . 0 - 0

- 2E —— = B — = ,...,N—1
E] aZAJ_l_’_ Z§]8A7 IC] @fj—'—ZJ 1a£n7 J n+1, ) )

o 0 N N~ e b
T:2i8—w+¥, 0=> 2d;+dé+ > &1 + o-di
n j=1 Jj=n+1
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. n 2 n ~ zw)z  Az(zw
Write F(z,w,&,n) :=oh o ®(z,w,&,n) = oy oTo®(z,w,&,n) = (’fqll((mg) 7 Afgz,w;,...,

An_n(zw Z,w)w Z,w sk . n o .
Xl(z(’w) ), Xzf(zu)) ,fflll Zw),§ PY**(&,n),n) for (z,w,&,n) € M. Notice that o} is biholo-

morphic near (ID(po). Hence @ is holomorphic Segre transversal at pg if and only if F is
holomorphic Segre transversal at py. However,

> =0,
Po Z Al 87]

Ppo

< 0,dF(T)

where we used the facts that xi(po) = 0,9]* =0 and A; - ¢;* =0 for j > 2. This yields
that F and thus ® are not holomorphic Segre transversal at po. Hence, py € Es.

Similarly we can prove that Ey — E; € E. this completes the proof of Claim 4.2 and
thus the proof of Theorem 1.5. R

As we pointed out before, ® is holomorphic Segre transversal at p if ®,, is holomorphic
Segre transversal at 0 or equivalently (g,),(0) # 0. It then follows in Example 1.8 that
® is not holomorphic Segre transversal at p = (z,w,&,n) iff w +n = 0 by using (4.2).
Note that the submanifold G = {(z,w,&,n) € H" : w+n = 0} is not a holomorphic
Segre-related set of H™. In fact, for any point (zo, wo, &0, m0) € G, {(20,wo)} X Q(ZO,UJO) =
{(20,wo, & wo — 2izg - €) : & € C™ '}, which is not contained in G. Similarly one can
show that Qe .n0) X {(€0,70)} is not totally contained in G. Thus G is not a holomorphic
Segre-related set by definition. This example shows that the condition N < 2n — 2 is
critical for Theorem 1.5.

5 Proof of Theorem 1.2

We keep the same notation set up before.

Lemma 5.1: Let M be a connected neighborhood of 0 in H™. Suppose that the
holomorphic Segre map ® maps a neighborhood U of M in C** into C* with ®(M) C

HN, ® ®(0) = 0 and write ®(z,w,&,n) = (P1(2, w), P2(§,1)) = (fl(z w), . e 1(z,w), g
(z,w), hi(&,m), ... hn-1(§,m),e(&,n)) for (z,w,&,n) € M. Assume that N < 2n — 2. If
there exists a nelghborhood V of 0 in M, such that for every p € V, (g,),(0) = 0, then

g_Oe_Oandf h =0 over U.
To prove Lemma 5.1, we need the following:

Lemma 5.2: Suppose that A,B € Mg 1)x(nv-1) where N < 2n — 2 satisfy that
A - B'=0. Then either A or B has rank less than n — 1.
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Proof of Lemma 5.2 : Suppose A has rank n — 1. Then the linear equation A - 3" =0
has at most N — 1 — (n — 1) = N — n linearly independent solutions, which implies that
rank(B) < N—-n<n—1.1

Proof of Lemma 5.1: We follows the same approach in [BH] for the proof of the
Lemma. By the definition of ®,, we have:

gp=go 02 —e(&o,m0) — % f o ag . B({g,no). (5.1)

Hence it follows that

(gp)w(O) = gw(Zo,wo) - 27;fw(207w0) : B(fo, 770)>

where p = (2o, wo, &, 70) € M. By the assumption, g,(z,w) = 2if,(z,w) - h(€,1) on V,
ie.,

Gu(2,1 + 20z - €) = 2ifu (2,1 + 2iz - €) - h(E, ). (5.2)

Let £ =0, n =0, we have
guw(2,0) = 0.

Applying %, j=1,...,n—1%o (5.2) and letting £ =0, n =0, we get

20w (2,0) = fu(2,0) - he,(0). (5.3)

On the other hand, applying K;Ly to g, — e, = 2if, - h, and letting (z,w,&,1) = 0, we
have

5(90)(0) = (/)4 (0) - (Ry)e,(0)  for any jok=1,...,n — 1. (5.4)

Applying lemma 5.2 and making use of the assumption (g,),(0) = 0 for p € V on (5.4),
we get that
V =AUB,

where A={p: {(ﬁp)gj (0) ;‘:—11 are linearly dependent};

B={p:{( fp)zj(O) "~ are linearly dependent}.

Then either A or B contains an open neighborhood of V. Without loss of generality,
assume that V(3 pp) C V is an open piece of M that is contained in A. By considering
®,,, instead of ¢, we assume, without loss of generality, that py = 0.

Therefore {(ﬁp)gj(O) ;:11 are linearly dependent for p in some small neighborhood of
M near 0. Take a non-zero (n — 1)-tuple (aq,...,a,_1) such that Z?:_ll ajﬁgj(O) =0. It
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thus follows from (5.3) that Z;:ll a;zjgu2(2,0) = 0. Since Z;:ll ajz; # 0, we conclude
gw2(%,0) = 0. Now applying the previous argument to ®,,, we then get (g,),2(2,0) = 0 for
p in some small neighborhood in M. An induction argument then shows that g,«(z,0) =0
for £ > 0. Since we also have ¢,x(0,0) = 0 for £ > 0, we then proved that g = 0. Similarly
we have g, = 0. Substituting g = 0 and g, = 0 into (5.1), we have

e(&0,m0) = —2if o o0(z,w) - (&0, o)

for any p = (20, wo, 0,70) in M. Choose (z,w) = (0,))"(0) in the above, then we have

e =0. Again by (5.1) we see f h=0inU. The proof is complete. R

Proof of Theorem 1.2: Theorem 1.2 (1) follows from Theorem 3.1 and Theorem 1.2
(2) is an easy consequence of Lemma 5.1. B

Remark 5.3: When ®y(z,w) = ®;(z,w) in Theorem 1.2, a super-rigidity can be
deduced. Namely, one further concludes that ¢(z,w) and (£, n) must be identically zero
and Theorem 1.2 (2) can not occur. Theorem 1.2 in this case then reduces to a Theorem
of Faran and Huang (See [Fal] [Hual]). When ®,(z,w) # ®1(z,w), one can easily write
down the following example, showing that ® does not have to be linear nor rational:
® : H3 — H*, where

(I)(Zl, ZQ,IU,&,&J?) = (217Z27C08217w7€17£270777)'
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