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Abstract

In this article, we study local holomorphic isometric embeddings from B” into BV x

x BNm with respect to the normalized Bergman metrics up to conformal factors. As-
sume that each conformal factor is smooth Nash algebraic. Then each component of
the map is a multi-valued holomorphic map between complex Euclidean spaces by the
algebraic extension theorem derived along the lines of Mok and Mok-Ng. Applying holo-
morphic continuation and analyzing real analytic subvarieties carefully, we show that each
component is either a constant map or a proper holomorphic map between balls. Applying
a linearity criterion of Huang, we conclude the total geodesy of non-constant components.

1 Introduction

Write B" := {z € C" : |z| < 1} for the unit ball in C". Denote by ds? the normalized Bergman
metric on B" defined as follows:

i ; z ZiZk|az Ze-
dsn_Z(1_|Z|2)2(( ’|)Jk+J )d]®d (1>

Jk<n
Let U C B" be a connected open subset. Consider a holomorphic embedding
F= (Fh S Fm) : (U7 dsi) - (BNI Ko X BNM’ @;n:lds?\fj) (2)

with conformal factors {A(z, 2); \1(2, 2), -+ , Am(z, 2)} in the sense that

Mz, 2)ds? Z)\ 2, Z)F dsN)

Here and in what follows, the conformal factors A(z,2), A;j(2,2) (j = 1,---,m) are assumed
to be positively real-valued smooth Nash algebralc functions over C". One can in fact assume
that A(z,Z) = 1, and replace \;(z, 2) by /\ . Under such notation, \;(z, Z) is assumed to be



positive, smooth and Nash algebraic. Moreover, for each j with 1 < 7 < m, dsfvj denotes the
corresponding normalized Bergman metric of BYi and Fj is a holomorphic map from U to B,
We write Fj = (fj1,- .-, fji,-- - fin;), where f;; is the [-th component of F};. In this paper, we

prove the following rigidity theorem:

Theorem 1.1. Suppose n > 2. Under the above notation and assumption, we then have, for
each j with 1 < 3 < m, that either F; is a constant map or F; extends to a totally geodesic
holomorphic embedding from (B™, ds?) into (]B%Nj,ds?vj). Moreover, we have the following iden-
tity

> Ai(z,2) = Mz, 2).

F; 18 not a constant

In particular, when \;(z, Z), A(z, Z) are positive constant functions, we have the following
rigidity result for local isometric embeddings:

Corollary 1.2. Let
F=(F,...,Fy): (UCB" \ds2) — (BY x .- x BV @& | \jdsy.) (3)

be a local holomorphic isometric embedding in the sense that Ads? = >y )\ijf"(ds%Vj). Assume
that n > 2 and X\, \; are positive constants. We then have, for each j with 1 < j < m, that
either F; is a constant map or F; extends to a totally geodesic holomorphic embedding from
(B, ds?) into (BN, ds?vj). Moreover, we have the following identity

> A=A

F; 15 not a constant

Recall that a function h(z,z) is called a Nash algebraic function over C" if there is an
irreducible polynomial P(z,&, X) in (z,£, X) € C*" x C* x C with P(z,z,h(z,2)) = 0 over C".
We mention that a holomorphic map from B” into BY is a totally geodesic embedding with
respect to the normalized Bergman metric if and only if there are a (holomorphic) automorphism
o € Aut(B") and an automorphism 7 € Aut(B") such that 7o F o o(z) = (2,0). Also, we
mention that by the work of Mok [Mol], the result in Corollary 1.2 does not hold anymore when
n = 1. (See also many examples and related classification results in the work of Ng ([Ngl]).

The study of the global extension and rigidity problem for local isometric embedding was
first carried out in a paper of Calabi [Cal. After [Ca], there appeared quite a few papers along
these lines of research (see [Um], for instance). In 2003, motivated by problems from Arithmetic
Algebraic Geometry, Clozel and Ullmo [CU] took up again the problem by considering the
rigidity problem for a local isometric embedding with a certain symmetry from B! into B! x
--- x B, More recently, Mok carried out a systematic study of this problem in a very general
setting. Many far reaching deep results have been obtained by Mok and later by Ng and Mok-
Ng. (See [Mol] [Mo2] [MN] [Ng1-3] and the references therein). Here, we would like to mention



that our result was already included in the papers by Calabi when m =1 [Cal, by Mok [Mol]
[Mo2] when Ny = --- = N,,, and by Ng [Ngl] [Ng3] when m = 2 and Ny, Ny < 2n.

As in the work of Mok [Mol], our proof of the theorem is also based on the similar algebraic
extension theorem derived in [Mo2] and Mok-Ng [MN]. However, different from the case con-
sidered in [Mol] [Ng2], the properness of a factor of F' does not immediately imply the linearity
of that factor; for the classical linearity theorem does not hold anymore for proper rational
mappings from B™ into BY with N > 2n — 2. (See [Hul]). Hence, the cancelation argument as
in [Mok1] [Ng3] seems to be difficult to apply in our setting.

In our proof of Theorem 1.1, a major step is to prove that a non-constant component Fj of F’
must be proper from B" into B, using the multi-valued holomorphic continuation technique.
This then reduces the proof of Theorem 1.1 to the case when all components are proper.
Unfortunately, due to the non-constancy for the conformal factors \;(z, z) and A(z, 2), it is
not immediate that each component must also be conformal (and thus \; must be a constant
multiple of \) with respect to the normalized Bergman metric. However, we observe that the
blowing-up rate for the Bergman metric of B” with n > 2 in the complex normal direction is
twice of that along the complex tangential direction, when approaching the boundary. From
this, we will be able to derive an equation regarding the CR invariants associated to the map
at the boundary of the ball. Lastly, a linearity criterion of Huang in [Hul] can be applied to
simultaneously conclude the linearity of all components.

We mention that in the context of Corollary 1.2, namely, when each conformal factor is
assumed to be constant, the proof used to prove Theorem 1.1 can be further simplified as told
us by Mok and Ng in their private communications. In this case, one can work directly on
the Kahler potential functions instead of the hyperbolic metrics. However, when the conformal
factors are not constant, and 9d-lemma cannot be applied and the metric equation (which can
be regarded as differential equations on the map) does not lead to the functional equation on
the components of the map. We appreciate very much many valuable comments of Mok and
Ng to the earlier version of this paper, especially, for telling us how to essentially simplify the
proof of a key lemma (Lemma 2.2) through the consideration of the metric potential functions.
Their very helpful comments lead to the present version.
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this work was originated by reading the work of Mok ([Mol]) and Ng ([Ng1-3]). The authors
acknowledge the partial financial support of NSF-0801056 for the summer research project
(through Professor Huang). Part of the work was done when the first author was visiting
Erwin Schrodinger Institute in Vienna, Austria in the fall semester of 2009. He also would like
to thank members in the institute, especially, Professor Lamel for the invitation and hospitality.
Finally, the authors would like to thank the referee for the valuable comments.



2 Bergman metric and proper rational maps

Let B" and ds? be the unit ball and its normalized Bergman metric, respectively, as defined
before. Denote by H" C C™ the Siegel upper half space. Namely, H" = {(z,w) € C"! x C:
Sw — |2|* > 0}. Here, for m-tuples a,b, we write dot product a-b=>"", a;b; and |a|* = a - a.
Recall the following Cayley transformation

n\<» = ) ; 4
ol 0) (1—zw 1 —w )
Then p,, biholomorphically maps H" to B", and biholomorphically maps 0H", the Heisenberg
hypersurface, to dB"\{(0,1)}. Applying the Cayley transformation, one can compute the

normalized Bergman metric on H" as follows:

2z 1+iw>

5-k(%w— |Z|2)+2‘2k _ dw ® dw
d 2n — J J d . d o
- Z Gu—lzpr T Gu Py
e _ _ (5)
Zidz; @ dw zidw ® dz;
'*Z;2a$w-ppy Z;2u%w-¢4%?

One can easily check that

0 _ 0 .
Lj:a—zj+222j%,]:1,...,n—l.

— 0 : :
L]: 6—2]—27,2]%,] :1,,n—1
0 0
T=2(—+—
(w0 T 50
span the complexified tangent vector bundle of OH". (See, for instance, [BER], [Hu2], [Hu3|

[HJX] [JX] [Mi].)

Let I be a rational proper holomorphic map from H" to HY. By a result of Cima-Suffridge
[CS], F is holomorphic in a neighborhood of JH™. Assign the weight of w to be 2 and that of
z to be 1. Denote by 0, (k) terms with weighted degree higher than & and by P® a function
of weighted degree k. For py = (29, wp) € OH", write 020 (z,w) = (24 20, w + wo + 202 - Zp)
for the standard Heisenberg translation. The following normalization lemma will be used here:

Lemma 2.1. [Hu2-3] For any p € OH", there is an element 7 € Aut(HNT') such that the

map F* = ((fi)1(2), - (5 )ne1(2), 05, 95%) = (f*, 05, g5%) = To Foa) takes the following
normal form:



with
(z-aM(2)) Iz = 6P (). (6)

In particular, write (f7*)i(2) = 2 + & 30| awzew + 04i(3). Then, (aw)i<ip<n—1 is an
(n—1) x (n — 1) semi-positive Hermitian metrix. We next present the following key lemma for

our proof of Theorem 1.1:

Lemma 2.2. Let F be a proper rational map from B™ to BY. Then
X = ds? — F*(ds%), (7)

is a semi-positive real analytic symmetric (1,1)-tensor over B" that extends also to a real ana-
lytic (1,1)-tensor in a small neighborhood of OB™ in C".

Proof of lemma 2.2: Our original proof was largely simplified by Ng [Ng4] and Mok [Mo4] by
considering the potential —log(1 — ||F(2)||*) of the pull-back metric F*(ds%) as follows: Since
1 — ||F(2)|” vanishes identically on dB" and since 1 — ||z||* is a defining equation for dB", one
obtains

L= [IFG)” = (1= [12])¢(2)
for a real analytic function ¢(z).

Since p := | F(2)||> — 1 is subharmonic over B" and has maximum value 0 on the boundary,
applying the classical Hopf lemma, we conclude that ((z) cannot vanish at any boundary
point of B™. Apparently, (z) cannot vanish inside B". Therefore, X = /—190log () is
real analytic on an open neighborhood of B*. The semi-positivity of X over B" is an easy
consequence of the Schwarz lemma. B

Applying the Cayley transformation (and also a rotation transformation when handling the
regularity near (0, 1)), we have the following corollary:

Corollary 2.3. Let F be a rational proper holomorphic map from H" to H™. Then
X :=dsf. — F*(dsiy), (8)

is a semi-positive real analytic symmetric (1,1)-tensor over H" that extends also to a real
analytic (1,1)-tensor in a small neighborhood of OH"™ in C".

The boundary value of X is an intrinsic CR invariant associated with the equivalence class
of the map F. Next, we compute X in the normal coordinates at the boundary point.

Write t = Qw — |2|? and H = Sg — |f|2. Here (f,g) denotes the map between Heisenberg
hypersurfaces. Write o(k) for terms whose degrees with respect to ¢ are higher than k. For
a real analytic function h in (z,w), we use h,, h,, to denote the derivatives of h with respect
to z,w. By replacing w by u + i(t + |2|?), H can also be regarded as an analytic function on
z,z,u,t. The following lemma gives an asymptotic behavior of H with respect to ¢:



Lemma 2.4. H(Zv Z,u, t) = (gw - 27’fw : .]?>|t:0t - <2|fw|2)|t:0t2 + %(_%gw3 + 3wa ’ wa + ifw3 :

Hle=ot® + 0(3).

Proof of Lemma 2.4: Notice that H = H(z,z,u +i(t + |2|*),u — i(t + |2|*)). Since F is
proper, H, as a function of ¢ with parameters {z, u}, can be written as Pt + Pyt* + Pst> + 0(3),

where P;, P,, P53 are analytic in (2, z,u). Then

P OH (z,z,u +i(t + |2|*),u —i(t + |2]?))
e ot .
- ZHw - ZH@
=0
1 = =
:i(gw—i_gw)—i_l(f'fw_f'fw) )
t=0
P 10*H (z, z,u+i(t + |2*),u —i(t + |2]*))
*7 2 ot? o
1
= —(—Hy2 +2H5 — Hg2)
2 t=0
g = g AR e T+ T )
- 9 29102 2911)2 w w? w? t:07
and
b LPH( 204 i+ o), u— it + [2f)
776 ot .
1
= 6(—@'Hw3 + 3iH 25 — 3iHgzy + 1Hys)
t=0
1 1 1_ . = B s — L~ =
= 6(—§gw3 — §gw3 + was . f — Zf . fws — 3wa2 . fw + 3wa . wa)

=0
On the other hand, applying T, T2, T® to the defining equation g — g = 2if - f , we have
gw_g—w_Qi(fw'f‘i‘f'fw):O?
Juw? — Gu? — 2Z(fw2 : f~+ f~w2 : f~+ 2|f~w’2) =0,
Gu3 _W_Qi(fw3 'f+fw3 f+3fw2 'fw+3fw'fw2) =0.

over Sw = |z|%

(11)



Substituting (12), (13) and (14) into (9), (10) and (11), we get

Pl:gw_2i.fw'f

bl

t=0
Py ==2\fu*| (15)
t=0
1.1 —
P3:§(_§gw3+3lfll)'fw2 —|—’lfw3 f) . [ ]

t=0

We remark that by the Hopf Lemma, it follows easily that P; # 0 along 0H".

We next write X = Xj,dz; ® dz;, + Xj,dz; ® dw + X, jdw ® dz; + X;pdw @ dw. By making
use of Lemma 2.1, we shall compute in the next proposition the values of X at the origin.

The proposition might be of independent interest, as the CR invariants in the study of proper
holomorphic maps between Siegel upper half spaces are related to the CR geometry of the map.

Proposition 2.5. Assume that F = (f, )= (f1, -, fn_1,9) : H* — H" is a proper rational
holomorphic map, that satisfies the normalization (at the origin) stated in Lemma 2.1. Then

Xir(0) = _2Z(fk)z3w< ) = axj,

X0 0) = Xos(0) = T (0) + 505,(0),
Xon(0) = 505(0).

Proof of Proposition 2.5: Along the direction of dz; ® dzj, collecting the coefficient of ¢ in
the Taylor expansion of H2X with respect to t, we get

1 . ~ e ~ a— ~ —
PP X1 (0) =| (2P Padji + (P5 + 2P P3)Z;2;) — —{lel(fwzj S — foy o fom) T 2P f2, - ]

+2(fu o)) (Fu - To) + 2 e )(F - o)

( )
~2(fu f-,) f f W) = (T o) =20 Fop) (- o)
+2(f ~z]-)( Nw f ) (fzij f)(f f ) 2(ffz]w)(ffzkw)
- (f: f~z]'>( f . ~zsz) - }lgzijE + ;gzjw% - legzjgzsz + = (fw f;j)gzk

(fw fwz])gz,C + Z(fw fz])gzkw %(f: : f;ij)% - Z(f: : fzjw)gzkw
(f fz])gzka - %(fw"’ : fzk)gzj - Z(fw : J?_zk)gzjw + Z(fw : fZ_W)ng
(f fzk>gz w2 T Z(f fzkw)gz]w - %(]F ' m)gzj }:|

[\DI®

M|®.

t=0



Letting (z,w) = 0 and applying the normalization condition as stated in Lemma 2.1, we have

daM (2
Xjr(0) = gz( ) = Q-
j

Similarly, considering the coefficient of ¢* along dz; ® dw and dw ® dw, respectively, we have

P2 X;n(0) =|(—iP Ps — —P2) — %{2¢P1(fwzj -f_w — fzj -E) + 2P2fz. -f_w

(f_i fza)(fTw_) 2(Ji_wfz])(fw i_w) +2(JE_Wf~wzj>( )
2( ~w fzJ)(fwa) - (ffz]>(fw2 fw) _2(f'fz1w>(f f)

Fur) = (F- TN - Fus)

l\'}

+2(F o)) Fw - Fur) = (Foyur - D(F - ?) 2(f + o)
1 1 1
_|_

(f-
—i(fu

(9T + el — 395,00 + 5 (Fur - J2)G0 — i Fus )T + (- )00
5 Tt = 0T - Foy) T + 5 <: Jo g = 5Tz F)gey = il - Fu)gs0
bilf T, = 57 g + 07 T = 37 F)a )]
t=0
and
PEXon(0) =|F @R Py + ) = (2R (ue T = Fo - Jur) + 2Pof T = (- Fu) (T - o)
2 ol fu- o) 4 2o f)(F ) =20 F)F - F)
- (f ~w)(]zw2 ) ~w> - Q(f wa)( ~w ) ~w) + 2(.f fw)( ~w fw2) (fw3 ’ f)(f fw>
F 2 fu)(F - Fur) = (- Fo) (F - o) - igwgg—m%ngm— (00T
5 Fue - Fu)gu = i(Fu - Fuo)a + il Ju) T + 5(F - o) = i(F - Jo2)m
+ %(f fw)ﬁ - %( Nwz Tw)gw - 2( ~w : Tw)ng
i e = 37 T +i7 el = 57 T |
t=0

Let (z,w) = 0. It follows that

Xia(0) = ST (0) + 502,0(0),
Xan(0) = £9(0),



for g,s(0) = g,3(0) by (14). N

Making use of the computation in Proposition 2.5, we give a proof of Theorem 1.1 in the
case when each component extends as a proper holomorphic map. Indeed, we prove a slightly
more general result than what is needed later as following:

Proposition 2.6. Let

F=(F,...,F,): (B"ds}) — (B" x .- x B", &7 dsy;)

be a holomorphic isometric embedding up to conformal factors {\(z,2); \1(z,2), -+, Am(z, 2)}
in the sense that .
Mz, 2)ds;, =Y N\i(2,2) Fy (dsy,).
j=1

Here for each j, \(z, z),\j(2,Z) are positively real-valued C*-smooth functions over B~, and F;
is a proper rational map from B"™ into BYNi for each j. Then \(z,%) = Z;n 1 Ai(2,2) over B,
and for any j, F; is a totally geodesic embedding from B™ to BNi.

Proof of Proposition 2.6: After applying the Cayley transformation and considering
((pny) 7%+, (pw,,)"Y) o Fro p, instead of F', we can assume, without loss of generality, that

F=(F,... F,): " dsg) — " x - x BV @ ds’v,)

is an isometric map up to conformal factors {\(Z, Z); \(Z,Z), -+ , A\m(Z,Z)}. Also, each F;
a proper rational map from H" into H™ | respectively. Here we write Z = (z,w). Moreover, we
can assume, without loss of generality, that each component F; of F' satisfies the normalization
condition as in Lemma 2.1. Since F' is an isometry, we have

NZ, 2)ds. = Z/\ Z,2)Fi(dsiy,), ot (NZ,2)=Y_N(Z,Z))dsku+Y_ N(Z, Z)X (Fj) = 0.
=1 =1
(16)
Here, we write X (F}) = dsf. — F;(ds? ;). Collecting the coefficient of dw ® dw, one has
NZZ) =S M(2,2) & ]
5P + D N2 2) (X (Fy))n = 0. (17)

4(Sw — [2])?

Since X (F}) is smooth up to 9H", we see that A\(Z, Z) — > A, Z)=0tY as Z = (z,w)(€
H") — 0, where t = Sw — |2]?. However, since the dz; & dzk component of ds¥, blows up at



the rate of o(%) as (z,w)(€ H") — 0, collecting the coefficients of the dz ® dzj-component in
(16) and then letting (z,w)(€ H") — 0, we conclude that, for any 1 <[,k <n —1,

> X0, 0) (X (F5))ia(0) = 0.

J=1

By Proposition 2.5, we have 37", ;(0,0)al,(0) = 0, where a), is associated with F; in the
expansion of Fj at 0 as in Lemma 2.1. Since (al,)1<ip<n_1 i a semi-positive matrix and
2;(0,0) > 0, it follows immediately that af (0) = 0 for all 4, k,1. Namely, Fj = (z,w) + O (3)
for each j.

Next, for each p € OH", let 7; € Aut(H") be such that (F}):* = 7; 0 Fj o o) has the
normalization as in Lemma 2.1. Let 7 = (71, -+ , 7). Note that F)* == ((F1);", -+, (Fn)y) =
ToFo ag is still an isometric map satisfing the condition as in the proposition. Applying the
just presented argument to F;*, we conclude that (F});* = (2,0, w)+ Oy (3). By Theorem 4.2 of
[Hu2], this implies that F; = (Z,0). Namely, F} is a totally geodesic embedding. In particular,
we have X (F}) = 0. This also implies that A = Z;”:l A; over B". The proof of Proposition 2.6

is complete. B

3 Proof of Theorem 1.1

In this section, we give a proof of Theorem 1.1. As in the theorem, we let U C B" be a
connected open subset. Let

be a holomorphic isometric embedding up to conformal factors {A(z, 2); A1 (2, 2), -+ , Am(2, 2)}
in the sense that .
Mz, 2)dsy = > Ni(2,2)Fr(dsy, ).
j=1

Here )\;(z,2),A(z,2) > 0 are smooth Nash algebraic functions; ds? and ds?\,j are the Bergman
metrics of B" and BYi, respectively; and Fj is a holomorphic map from U to BY: for each
j. For the proof of Theorem 1.1, we can assume without loss of generality that none of the
F}’s is a constant map. Following the idea in [MN], we can show that F' extends to an al-
gebraic map over C". (For the convenience of readers, we include the detailed argument in
the appendix.) Namely, for each (non-constant) component f;; of Fj, there is an irreducible
polynomial Pj;(z, X) = a;;(2)X™" +...in (2,X) € C* x C of degree mj > 1 in X such that
Pji(z, f)) =0for z e U.

We will proceed to show that, for each j, F; extends to a proper rational map from B"
into BYi. For this purpose, we let R;;(z) be the resultant of P;; in X and let E;; = {R;; =
0,a;; = O}, E = UFE;;. Then E defines a proper affine-algebraic subvariety of C". For any

10



continuous curve v : [0,1] — C" \ E where v(0) € U, F can be continued holomorphically
along v to get a germ of holomorphic map at ~y(1). Also, if v; is homotopic to 72 in C" \ E,
71(0) = 72(0) € U and 1 (1) = 72(1), then continuations of F' along 7, and v, are the same at
71 (1) = 72(1). Now let pg € U and p; € OB™\ E. Let () be a smooth simple curve connecting
po to p1 and y(t) ¢ OB™ for ¢t € (0,1). Then each F; defines a holomorphic map in a connected
neighborhood V, of v by continuing along 7 the initial germ of Fj at py. (We can also assume
that V,, N B" is connected.) Let

S, = {peVy: IFm)] =1 for some j}.
Then S, is a real analytic (proper) subvariety of V.. We first prove
Claim 3.1. When V,, is sufficiently close to vy, dim(S, NB") < 2n — 2.

Proof of Claim 3.1: Supposing otherwise we are going to deduce a contradiction. Assume that
to € (0,1] is the first point such that for a certain j, the local variety defined by ||Fj(z)||*> = 1
near p* = (ty) has real dimension 2n — 1 at p*. Let ¥y be an irreducible component of the
germ of the real analytic subvariety S, at p* of real codimension 1 and let X be a connected
locally closed subvariety of B" representing the germ 3y at p*. Since any real analytic subset of
real codimension two inside a connected open set does not affect the connectivity, by slightly
changing v without changing its homotopy type and terminal point, we can assume that (t) &
S, for any t < t;. Hence, p* also lies on the boundary of the connected component V of
(V,NB")\ S,, that contains y(t) for t < to and ¥ also lies in the boundary of V. Now, for any

p € 3, let (€ V) — p, we have along {q},

Mz, 2)ds) =Y N\i(z, 2) F} (dsy,).
J

Suppose that j? is such that ||[Fj:(p)|| = 1 and ||Fj(2)|| < 1 for any j, p € ¥ and z € V.
Since p € ¥ C B", ds? is a smooth Hermitian metric in an open neighborhood of p. For any
v=(v1,...,0,...,0,) € C" with ||v]| = 1, it follows that

mq—}p ;ﬁ (dS?an)(U, U)(Q) < 0.
On the other hand,

Fo(ds? ) = Zz,k{(slk(l - ”FjﬂHZ) + fjﬁ,lfjﬁ,k}dfjﬁ,l ® d?jﬁJg
RN (L — [[Fj*)? ’

it follows that

1, 0

o IS L@l IS @ 2 @l
Fpldsn, )00 = T oF T A= m @

(18)

11



Letting ¢ — p, since 1 — || Fj:(q)[|* — 0T, we get

5525 =0

Thus

of.
M:o, for 1=1,..., Ng.
825
Hence, we see dF;: = 0 in a certain open subset of ¥. Since X is of real codimension 1 in B", any

non-empty open subset of ¥ is a uniqueness set for holomorphic functions. Hence Fj: = const.
This is a contradiction. W

Now, since dim(S, NB") < 2n — 2, we can always slightly change v without changing the
homotopy type of v in V, \ E and the end point of v so that ~(t) ¢ S, for any ¢ € (0, 1). Since
Az, 2)ds? = Z)\j(z,i)Ff(ds?Vj) in (V, NB")\ S, and since ds? blows up when ¢ € V,, N B"
approaches to dB", we see that for each ¢ € V, NIB", || F}, (¢)|| = 1 for some j,. Hence, we can
assume without loss of generality, that there is a jo > 1 such that each of Fi,..., Fj, maps a
certain open piece of 9B" into BN, ..., BN, but for j > jo,

dim{ge oB" NV, : ||F;(q)]] =1} <2n—2.

It follows from the Hopf lemma that N; > n for j < jo. By the results of Forstneric [Fo|] and
Cima-Suffridge [CS], F; extends to a rational proper holomorphic map from B" into BYi for
7 < jo. Now, we must have

Z)\ z,Z) dsN Z)\zz dsN)

in (V,NB")\ S,, that is a connected set by Claim 3.1. Let ¢ € (V,NB")\ S, = p € dB"NV,.
Note that

Jo
- 2
—g Ai(z,2))ds;,
i=1

By Lemma 2.2, X; := dsj, — F;(ds};) is smooth up to dB" for j < jo. We also see, by the
choice of jo and Claim 3.1, that for a generic point p in B" NV, F7 (ds?\,j) are real analytic in
a small neighborhood of p for j > jo + 1. Thus by considering the normal component as before
in the above equation, we see that A(z,z) — j 1 Aj(z, Z) vanishes to the order > 2 in an open
;021 A;(z, Z) is real analytic over C", we obtain

+Z/\ (2,2)(dss — F;(d

q 7=1

Z/\ZZF* )

Jj=jo+1 q

set of the unit sphere. Since A(z, z) —
Jo

2)—2/\](272) = (1_ |Z‘2)2¢<Z72> (19>
j=1
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Here 9(z, Z) is a certain real analytic function over C". Let

(2,2) — ZA].(Z, z))ds

Then Y extends real analytically to C". Write X = > % A;(z,2)X;. From what we argued
above, we easily see that there is a certain small neighborhood O of ¢ € IB™ in C" such that
(1): we can holomorphically continue the initial germ of F' in U through a certain simple curve
v with v(¢) € B" for t € (0,1) to get a holomorpic map, still denoted by F, over O; (2):
| F;]| <1 for j > joand | Fj|| > 1 for j < jo over O\ B"; and (3):

X =Y N~ Fds) = SN2 = 3 A aF k) Y. (20)

Jj=jo+1

We mention that we are able to make ||F}|| < 1 for any z € O and j > j in the above due to
the fact that (V, NB") \ S,, as defined before, is connected.

Now, let P be the union of the poles of Fi,..., F},. Fix a certain p* € O N JB" and let
E = EUP. Then for any v : [0,1] — C*\ (B"UE) with v(0) = p* and v(¢t) & 0B" fort > 0, Fj
extends holomorphically to a small neighborhood U,, of v that contracts to . Still denote the

holomorphic continuation of F; (from the initial germ of F; at p* € O) over U, by Fj. If for
some t € (0,1), ||Fj(~v(¢))|| = 1, then we similarly have

Claim 3.2. Shrinking U, if necessary, then dim{p € U, : ||[Fj(p)|| = 1 for some j} < 2n —2.

Proof of the Claim 3.2: Supposing otherwise we are going to deduce a contradiction. Define
S, in a similar way. Without loss of generality, we assume that ¢, € (0, 1) is the first point such
that for a certain jy,, the local variety defined by ||Fj, (2)||> = 1 near y(t;) has real dimension
2n — 1 at y(tp). Then, as before, we have

X:ix( 2)(ds? — F;(d szz (dsy,) - Y (21)

J=1 J=jo+1

in a connected component W of U, \ S, that contains () for t << 1 with v(ty) € OW. Now,
for any g(€ W) — p € OW near py = y(to) and v € C" with ||v|| = 1, we have the following:

ISR 1S T e
;Aﬁ(q’”@s”(“’”)q T 7 e T
i 10 B @vell? 10 Fiala) 32 (a)vel?

- Y Mo (T ARG ) Y

Jo

(22)

J=jo+1 q
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Now, if the local variety defined by || F}(2)||* = 1 is not of real codimension one at py for j < jo,
then the local variety S; defined by ||Fj(2)||* = 1 has to be of real codimension one at py for
4" > jo. Let J be the collection of all such j’. Let S° be a small open piece of W near py.
Then for a generic p € S°, the left hand side of (22) remains bounded as ¢ — p € S°. For
a term on the right hand side with index j € J, if SN S; contains a germ of an irreducible
component of OW of real codimension 1 containing pg, then it approaches to +oo for a generic
p unless F; = constant as argued in the proof of Claim 3.1. The other terms on the right
hand side remain bounded as ¢ — p for a generic p. This is a contradiction to the assumption
that none of Fj’s for j > jy is constant. Hence, we can assume that a local variety defined
by ||[F}(2)||* = 1 near pg is of real codimension one for a certain j < jo. Let J be the set of
indices such that for j' € J, we have j° < j, and S := {||Fj/|| = 1} is a local real analytic
variety of real codimension one near py. For j > jo, since ||Fj(z)| < 1 for z(€ U,) = py and
since to is the first point such that | Fj«|| = 1 defines a variety of real codimension one for
some j*, we see that ||[Fj(z)|] < 1 for z(€¢ W) & pg. Define S” similarly, as an small open
piece of OW. Hence, as q(€ W) — p € S°, the right hand side of (22) is uniformly bounded
from below. On the other hand, in the left hand side of (22) , for any j' € J with S; N S°
containing an irreducible component of W of real codimension 1 near pg, if the numerator

12 e fj/7l(q)%(q)vg\2 of the last term does not go to 0 for some vectors v, then the term

with index 7 on the left hand side would go to —oo for a generic p € S°. If this happens to
such j’, the left hand side would approach to —oo. Notice that all other terms on the right
hand side remain bounded as ¢ — p € S° for a generic p. This is impossible. Therefore we
JR— 2 2
must have for some j' € J that | >, fj.(q) 2y (@ = %(Q) = 8”(§ZH (¢) — 0 and thus
ol Fy1?
Oz¢
Assume, without loss of generality, that py is also a smooth point of S;. If S; has no complex

hypersurface passing through pg, by a result of Trepreau [Tr]|, the union of the image of local
holomorphic disks attached to S; passing through py fills in an open subset. Since F} is not
constant, there is a small holomorphic disk smooth up to the boundary ¢(7) : B! — C" such
that ¢(OB') C Sy, #(1) = py and Fys is not constant along ¢. Since dB"7" does not contain any
non-trival complex curves, r = (|[F}/||* — 1) o ¢ # 0. Applying the maximum principle and then
the Hopf lemma to the subharmonic function r = (||[Fj||* — 1) o ¢, we see that the outward
normal derivative of r at 7 = 1 is positive. This contradicts to the fact that d(||Fy||*) = 0
along S;. We can argue in the same way for points p € S near py to conclude that for any
p € Sy near po, there is a complex hypersurface contained in S; passing through p. Namely,
S is Levi flat, foliated by a family of smooth complex hypersurfaces denoted by Y, with real
parameter 7 near py. Let Z be a holomorphic vector field along Y,. We then easily see that
0=ZZ(|Fy||*-1) = Zgi’l |Z(fj x)]?. Thus, we see that F} is constant along each Y. Hence,
Fj; cannot be a local embedding at each point of Sj;. On the other hand, notice that Fj is a
proper holomorphic map from B” into BY', then F} is a local embedding near OB". Hence, the
set of points where I} is not a local embedding can be at most of complex codimension one
(and thus real codimension two). This is a contradiction. This proves Claim 3.2.

6Z§

(p) = 0 for all £ and p € S;. This immediately gives the equality d(||Fy||*) = 0 along S
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Hence, we see that £ = {p € C"\ (B" U E) : some branch, obtained by the holomorphic
continuation through curves described before, of F} for some j maps p to dB"i} is a real
analytic variety of real dimension at most 2n — 2. Now, for any p € C"\ (B" U E’), any curve
v :[0,1] — C"\ (B" U E) with 4(0) = p* € O NIB",~(t) & IB" for t > 0 and v(1) = p, we
can homotopically change v in C*\ (B" U E) (but without changing the terminal point) such
that ~(t) ¢ € for t € (0,1). Now, the holomorphic continuation of the initial germ of F; from
p* never cuts OB along v(¢) (0 <t < 1). We thus see that ||F;(p)|| < 1 for j > jo.

Let {(fi1)rp 2, be all possible (distinct) germs of holomorphic functions that we can get
at p by the holomorphic continuation, along curves described above in C™\ (B" UE), of f;1. Let
o1+ be the fundamental symmetric function of {(fj1)kp},", of degree 7. Then o, . well defines
a holomorphic function over C* \ B". |0;,| is bounded in C"\ (B" U E). By the Riemann
removable singularity theorem, oj; . is holomorphic over C" \ B". By the Hartogs extension
theorem, oj; . extends to a bounded holomorphic function over C". Hence, by the Liouville
theorem, o0, , = const. This forces (f;;)r and thus F; for j > jo to be constant. We obtain a
contradiction. This proves that each F; extends to a proper rational map from B" into B"i.
Together with Proposition 2.6, we complete the proof of the main Theorem. B

Remark 3.3. The regularity of \j, A can be reduced to be only real analytic in the complement
of a certain real codimension two subset. Also, we need only to assume that they are positive
outside a real analytic variety of real codimension two. This is obvious from our proof of
Theorem 1.1.

Remark 3.4. Assume that A\, \; are smooth, positive, Nash algebraic (or more generally, real
analytic) functions on B, BN respectively for all j and F = (Fy,--- ,F,) : U C B® — BM x
o x BNm s a holomorphic embedding such that

Adsy =Y " F(A\dsh,).
7=1

It would be very interesting to prove the total geodesy for non-constant component F;. However,
different from the situation in Theorem 1.1, one cannot prove the algebraic extension of F
using the current technique since we do not know yet how to construct a target real algebraic
hypersurface associated to F'. Once the algebraic extension of F' is obtained, the total geodesy
should follow from our argument without much modification. The algebraic extension of F in
this case is related to the algebraicity problem raised in [HY].

4 Appendix: algebraic extension

In this appendix, we prove the algebraicity of the local holomorphic map. As in the theorem,
we let U C B" be a connected open subset. Let

F= (F17"'7Fm) : (U7dS$L> - (BNl X X BNm7@;n:1d8?Vj)
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be a holomorphic isometric embedding up to conformal factors {\(z, 2); A\1(2,2), -+, An(2,2) }.
Here \;(2,2) > 0, (2, 2) > 0 are smooth Nash algebraic functions in C", and ds}, and ds};, are
the Bergman metrics of B” and BY7, respectively. We further assume without loss of generality
that none of the F}’s is a constant map. Our proof uses exactly the same method employed
in the paper of Mok-Ng [MN], following a suggestion of Yum-Tong Siu. Namely, we use the
Grauert tube technique to reduce the problem to the algebraicity problem for CR mappings.
However, different from the consideration in [MN], the Grauert tube constructed by using the
unit sphere bundle over BVt x - - - x BV with respect to the metric @;”Zlds?\,j, up to conformal
factors, may have complicated geometry and may not even be pseudoconvex anymore in general.
To overcome the difficulty, we bend the target hypersurface to make it sufficiently positively
curved along the tangential direction of the source domain.

Let K > 0 be a large constant to be determined. Consider S; C TU and Sy C U x TBM x
- X TBN™ as follows:

S1i={(t,¢) € TU : (1 + K[t)A(t,t)ds(t)(¢,¢) =1}, (23)

So =A{(t,z1,&1, s Zm, Em) € U X TBY x ... x TBV™ -
(1+ KJt*)[M(t, O)dsR, (20) (€1, &) 4 - -+ A (t, D)dsy,, (2m) (s Em)] = 13

The defining functions pq, po of S1, S5 are, respectively, as follows:
pr= (14 K[t)A(t, D)dsy, (£)(¢, ¢) — 1,

p2 = (1 + K[t]*)[M(t, D)dsy, (20) (€1, &) + -+ + A (t, D)dsR, (20) (Ems &m)] — 1.

Then one can easily check that the map (id, Fy,dFy, -+, F,,,dF,,) maps S; to Sy according to
the metric equation

A, )dss = M (LD FY (dsy,) 4 -+ + At D Fr (dsh, ).

Lemma 4.1. 51,55 are both real algebraic hypersurfaces. Moreover for K sufficiently large,
Sy is smoothly strongly pseudoconvex. For any & # 0, &n # 0, (0,0,&1,---,0,&,) € Ss
s a smooth strongly pseudoconvex point when K is sufficiently large, where K depends on the

choice of &1, -+, &m.

Proof of Lemma 4.1: It is immediate from the defining functions that 57, S, are smooth real
algebraic hypersurfaces. We show the strong pseudoconvexity of Sy at (0,0,&1,---,0,&,) as
follows: (The strong pseudoconvexity of S follows from the same computation.)
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By applying 99 to ps at (0,0,&1,---,0,,), we have the following Hessian matrix

A 0 D 0 D,
0 B 0 0 0
Dy 0 0 0 (25)
0o 0 0 B, 0
D 00 0 Cn
where A, B;,C;, D;,j =1,2,--- ,m are function-valued matrices with the following (in)equalities:

Ar:(atﬁtjm) (KZA |£y25m+28t6t VlsF) -

> 0K (|61 + - + [l I,

Nj
(@]kaz]lpz) - (_ AJ(O) Z szkzjl/“’(o)fjﬂgj’/) 2 5’53"211\7]" <27>
v,u=1
Oj = (agjkagjlpg) = ()v(())(%[) Z (SINJ., (28)
D; = (atiaﬁjlp2> = (ati)\j<0)§jl) J (29)
i<n
at (0,0,&1,--+,0,&,) for some 6 > 0.
Let (e,71,51, - ,Tm, Sm) # 0, where e = (e1,- -+ ,e,),7j = (151, Tjn,), 55 = (Sj1,° - Sjn;)
for all 5. It holds that
A 0 Dy --- 0 D] [é]
0O B 0 - 0 0 T
D, 0 ¢y --- 0 0 st
e mose e s | T
0o o0 0 - B, 0 .
D, 0 0 -+ 0 Cunl |5,

> 0Kle|” Z|§J|2+5Z|§J |T3|2+5Z|83|2—2Z Y el A(0)&isn

Jj=1 [i<n, I<N;
> > (0K = M)IEPlel +01¢ Pl + (6 — €)lsy ]
j=1

> 0.

Here the second inequality holds as
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Z €0, Aj(0)§5155

il

_ M €
< Milel|€; - 551 < Myle|[€;]s;] < 7|6|2|§j|2 + §|Sj|2

by the standard Cauchy-Schwarz inequality and M = MT% The last strict inequality holds as
& # 0 for all j by letting € < ¢ and raising K sufficiently large. B

Theorem 4.2. Under the assumption of Theorem 1.1, F' is Nash algebraic.

Proof of Theorem 4.2: Without loss of generality, one can assume that F'(0) = 0 by com-
posing elements from Aut(B") and Aut(BY) x - - - x Aut(BY™). Furthermore, since Fi, -+ , F,,
are not constant maps, we can assume that dFilg Z0,--- ,dF,,|o Z 0. Therefore, there exists
0 # ¢ € TyB", such that dF;(¢) # 0 for all j. After scaling, we assume that (0,¢) € S;. Notice
that both the fiber of S} over 0 € U and the fiber of Sy over (0,0,---,0) € U x BN x ... x BV
are independent of the choice of K. Now the theorem follows from the algebracity theorem of
Huang [Hul] and Lemma 4.1 applied to the map (id, Fy,dF}, -+ , F,,dF,,) from S; into Sy. B
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