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Abstract

In this paper, we show that all CR immersions from smooth Levi-nondegenerate
hypersurfaces into hyperquadrics with vanishing CR second fundamental forms are
necessarily linear fractional.

1 Introduction

Let M be a Levi-nondegenerate smooth real hypersurface of signature ¢ in C**!, 0 < ¢ <
[n/2]. Locally, M is defined by

l n
M= {(z,w) = (21,..., 2, w) €C" x C: Sw == |5+ Y_ |z]*+ou(2)}.

j=1 j=0+1

For simplicity of notation, we write |2|7 1= >, 0;l2* == — Z§:1 2% + D75 p4q |2]? and
the corresponding inner product (z, &), := Zj 0;0%;& given z,£ € C". Here ,,1is —1if 7 < /¥
and 1 if j > ¢ + 1. The hyperquadric in C"*! of signature ¢ is defined explicitly by

Hy ™ = {(2,w) € C" x C: Sw = |z2|; }.

The rigidity phenomenon of CR maps has been investigated extensively in literature.
See [Al], [CS], [Fal, [For|, [Ha], [Hu2-3], [HJ], [HJX] and [HJY] for instance for rigidity or
classification between balls, the model CR manifolds. Rigidity between hyperquadrics with
positive signatures was first studied in the fundamental work of Baouendi and Huang [BH],
where the authors showed the linearity for the CR embeddings between hyperquadrics with
same signatures. Later on, Baouendi, Ebenfelt and Huang [BEH2] extended the linearity
result to the case when the difference of signatures between the target and the source is small.
For CR embeddings of general Levi-nondegenerate hypersurfaces into hyperquadrics, the
same three authors in another paper [BEH1] further proved the rigidity when the signature
of the source and the target manifolds is the same. A partial linearity result was due to
Ebenfelt and Shroff [ES| with small signature difference. See also [Pi], [BER2], [BHR],
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[BR|, [Eb], [EHZ1-2], [Hul], [La] and [HZ1-3] for related topics. In general, the rigidity
phenomenon is not expected to be true as various examples have shown if the difference in
signatures of the target and the source manifolds is large. The reader is referred to [BER1],
[Da] et al. for general theory on CR maps.

Another different approach leading to rigidity is to impose appropriate geometric con-
ditions. As the classical second fundament forms play a crucial role in characterizing the
totally geodesic submanifolds in differential geometry and projective geometry, its CR ana-
logue becomes a good candidate on this aspect (see [IL] on projective second fundamental
forms of submanifolds in homogeneous spaces). In the joint work with Ji [JY], the first
author used the CR second fundament form to determine totally geodesic CR submanifolds
in spheres. More precisely, they considered the CR embedding from a strictly pseudoconvex
CR real hypersurface into the sphere, and showed that if the CR second fundamental form
of the image vanishes, then the CR embedding has to be equivalent to the linear embedding
up to the automorphism group action of the sphere.

The idea of CR second fundament form appeared firstly in the pioneer work of Chern-
Moser [CM] when they investigated the normal forms between Levi-nondegenerate CR hy-
persurfaces and then in [We] while Webster studied the pseudo-Hermitian structure. In
the paper [EHZ1] of Ebenfelt, Huang and Zaitsev, they defined the notion of CR second
fundamental form in order to study the rigidity for CR immersions into spheres. The CR
second fundamental form was later on rephrased in the framework of Cartan’s geometry by
using the Maurer-Cartan form for the CR submanifolds of spheres in [JY]. Other related
study can also be found in [CJ] and [CJL]. In this paper, we focus on the submanifolds in
hyperquadrics with vanishing CR second fundamental forms. Along this line of work, we are
able to prove the following geometric rigidity result in the hyperquadrics case.

Theorem 1.1. Let M C C"! be a Levi-nondegenerate smooth real hypersurface of signature
¢ and H : M — Hé\fﬂ be a smooth CR embedding. Suppose the CR second fundamental
form 11,y = 0. Then there exists a CR map G such that G : HE‘“ — M is locally a CR
diffeomorphism and H o G extends to a linear fractional map from H}™ to Hé\[“.

The definition of CR second fundamental form will be elaborated in Section 2 for the
convenience of the reader. When the CR second fundamental vanishes, M is equivalent to
H;*! by Lemma 2.2 following the same approach as in [EHZ1] through CR Gauss equation.
In this sense, Theorem 1.1 then essentially says that any CR embedding into a hyperquadric
is necessarily linear fractional if its CR second fundamental form is 0. We note that there is
no restriction on the difference in signatures (¢ can be 0) or codimension in the assumption.
It is also worthwhile to point out that since the map H is CR transversal, £ < ¢’ holds
necessarily.

Acknowledgement: Both authors would like to thank Professor X. Huang and S. Ji for
helpful discussions.



2 On CR second fundamental forms

2.1 CR second fundamental forms

We start by reviewing the CR second fundamental forms defined in [EHZ1] and we follow
the terminology as in [EHZ1].

Let (M,p) and (M, p) be two germs of real smooth Levi-nondegenerate hypersurfaces in
Cn*t! and CN*! defined by two smooth functions p and p, respectively. The corresponding
CR tangent spaces of M and M at p and p are denoted by Tpl’OM and T, 131 YN Assume Fis a
local smooth CR-embedding from M to M sending p € M to p € M. Consider the following
vector space

Ey(p) := spanc{L?(pz o F)(p): J € (Z)",|J| < k,L € T*°M} c T3"'CV*L,

Here py = Op is the complex gradient realized as an element in the space T 151 VCNHL of
(1,0) covector in C¥*1 in local coordinate system Z’ near p, and the multi-index notation

L7 = Ll‘Tl~ .- L7 and |J| = J; + ... + J,. Then the CR second fundamental form is defined
in [EHZ1].

Definition 2.1. Given any two vectors X,,Y, € TPLOM, the CR second fundamental form
11y of M is defined by

I1(X,,Y,) =7 (XY (py o F)(p)) € T4M [Eq(p), (1)

where P = 0p, X,Y are two (1,0) vector fields on M extending the given vectors X, Y, €
Tpl’o(]\/[), and T : TZQM — T]gM/El (p) is the projection map.

Since M and M are Levi-nondegenerate, the Levi form of M (at p) with respect to p
defines an isomorphism

TiM /Ey(p) = T, "M /F.(T)°M).

Therefore, the CR second fundamental form can be viewed as an C-linear symmetric form
Iy, : TYOM x TVOM — T, M F (T, M) (2)

independent on the choice of g (cf.[EHZ1], §2). By choosing appropriate admissible coframes
(0,0%) for M, we denote by (w,"5) the CR second fundamental form matrix, i.e.,

(Lo, L) =w,) 3L, n+1<pu<N,

where {L,}?_, are the CR tangent vectors in M dual to the admissible coframes. For the
consistency throughout the paper, we use Greek letters a and 8 to represent integer numbers
1,...,n; use u and v to represent integer numbers n + 1,..., N; and use capital letters A
and B for integer numbers 1,..., N.



The following pseudoconformal analogue of the Gauss equation is derived in [EHZ1] and
plays a crucial role in the proof of Lemma 2.2.

~ B S § 59#1/ + S Bgau + S'yvaﬁguﬁ + vauﬁgaﬁ

S
afpp afpp n+2
oo
S’y’y6 (9apYur + 9or9,u5) 0w
(n—i—l)(n—i—Q) Jabo w5 v (3)
N wvaaw’yaﬁgl‘” + w u aﬁgw + w oW a,,g”ﬁ + w7 uw al,gag
n—+2

w ¢ 6("']7 6(gaﬁg,uu + gauguﬁ)
(n+1)(n+2)

Here S and S are the Chern-Moser-Weyl curvature tensors of M and M, respectively; g
is the pseudo-Hermitian metric of M induced by the Levi-form of M; and w is the second
fundamental form.

The classical theory in Riemannian geometry states that the vanishing of the second
fundamental forms implies the local isometry. Making use of the definition of the CR second
fundamental form and (3), the following lemma shows the similar phenomenon in the CR
geometry.

Lemma 2.2. Let F': M — H?f“ be a smooth CR embedding of a Levi-nondegenerate smooth
real hypersurface M C C"*! of signature £. Denote by (w, ) the CR second fundamental
form of M relative to an admissible coframe (6,64) on Hé\fﬂ adapted to M. If w}* 5 =0 for
all o, B and p, then M s locally CR-equivalent to ]H[’ZH.

Proof of Lemma 2.2: The argument essentially follows from [EHZ1]. Letting S and w
equal to 0 on the right hand side of (3), we have S = 0. According to a result in [CM], M
is locally CR equivalent to a hyperquadric Hg‘“. |

2.2 Projective CR second fundamental forms

We will review two definitions for the projective CR second fundamental form of CR sub-
manifolds in the homogeneous space H) ™, following Cartan’s language [IL][JY]. These two
definitions are equivalent to Deﬁmtlon 2. 1, whereas we will use the projective geometry to
simplify the calculation of the CR second fundamental forms for CR embeddings between
Levi-nondegenerate hypersurfaces and thus prove Theorem 1.1. The idea follows essentially
from [JY] and the interesting reader can refer to [IL] and [JY] for the detailed study on the
projective CR second fundamental form.

Consider a real hypersurface (Q in CV*2 defined by the homogeneous equation
o+ 5202V - 202 =, (4)
where Z4 € CN, Z = (Z°, 24, ZN+1)t € CNV*2, Let

(Z,7) :

7o - (CN+2 — {0} — C]PN+1, (Z(), -~-->ZN+1) — [Zo L ZN+1]7 (5)
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be the standard projection. Then the image 7(Q—{0}) is the hyperquadrics H) "' ¢ CPN+,
For any A € GL(CN*2), the space of (N +2) x (N +2) invertible matrices, there is a natural
self-map of CPY 1| still denoted by A, given by the following matrix multiplication

N+1 N+1 N+1
A([ZO AR ZN+1}> = [ZaﬁO)Zj : Z ag-l)Zj T ZGE»N—H)ZJ'], (6)
=0 =0 =0
where © 0 ©
ag a; ANy
O T
A= (CL(), . aN—i—l) = : : :Jr € GL(CN+2). (7)
N+1) (N4 N+
aé +) ag o ag\,:l)

In fact, A € Aut(CP"*!). One can further focus on a subspace of GL(CV*+?) as a linear
transformation of CN*2,

Definition 2.3. A € GL?(CN*?) if A(Q) C Q.

It is straightforward to check that A € GL?(CN*2) if and only if A € Aut(H) ™).
Moreover one considers a map

T GLe(CN*?) —  HY*
A= (ag,a1,...;any1) = mo(ao).

(8)

We get H) ' ~ GL?(CN*?)/P,, where P, is the isotropy subgroup of GL?(CN*2). Let
M C H))*! be a CR submanifold of CR dimension n, and let T*°M, Ry, be the CR tangent

bundle and the Reeb vector field with respect to the canonical contact form respectively.

For any subset X C Hé\f“, we denote X := 7T61<X). In particular, for any x € M, z is a

complex line. For any z € M, we let v € & = ;' (x) C CNV*2 — {0}, and define
TYOM =T,°M, Rie =Ry,

Definition 2.4. A smooth map e = (e, €q, €, en+1) : M — GLY(CNT2) where 1 < a <n
andn+1 < u < N, is called a first-order adapted lift if moe = Id and

€0<I> € 71-071(x)7 Span(c(607 €a)(l’) = T;’OM7 Span(e()v €a, €N+1)(x) = T;’OM S RM,Q: (9)
where
span(eg, €q, ent1)(z) 1= {coeo + Cala + cn1€N+1 | Co,Ca € C, cny1 € R} (10)

Denote the Maurer-Cartan form from GL?(CY*2) pulled back by a first-order adapted
liftt e on M by

0 0 0 0
wy wg Wy Wi
o o o «
_ | “ Wg w, Wy
i S wh wh Wk
Nal N Ya N
+1 1, N41 +1
Wy Wy w? Wi



The standard argument (see [JY]) yields that wy = 0, for all n +1 < p < N. By the
Maurer-Cartan equation and Cartan’s lemma, it holds that

o)

)

wh = qupwy mod(w
for some functions g5 = ¢,

Definition 2.5. The projective CR second fundamental form II§F with respect to G@Q(CN+2)
is defined by I = 1" = qhzwiwg @ ¢, mod(wy ™), where ¢, = " @ (e, mod T}°M) €
NLOM.

The bilinear form (-, -) is naturally extended to the scalar product

(2,2):== Y 227+ Y 2274 (27" - 227, (11)
1<ALV I'<A<N

for any Z = (2°, 24, ZNtWt 70 = (Z2°, 2/, 727N e CN¥2. Let SU(N +1,¢ + 1) be the
group of unimodular linear transformations of C¥*2 that leave the form (Z,Z) invariant
[CM] [JY]. An element E = (Ey, Ea, Exy1) € GL(CV1?) is called a Q-frame if E satisfies

det(E) =1, (Ea, Eg) = 0aBdAw,

(Eo, Eny1) = —(Eny1, Eo) = —3, (12)
all other products are zero.

Here 045 = 1 if A = B, and 0 otherwise, 040 = 1 if A < ¢, and -1 otherwise. Note
that SU(N + 1,0 + 1) € GL?(CN*') is a subgroup and 7 : SU(N + 1,¢' + 1) — H) ™ is
induced by (8). In fact, H) "' ~ SU(N +1,¢ +1)/P,, where P, is the isotropy subgroup of
SU(N + 1,0 4+ 1). By choosing a first-order adapted lifts e from M into SU(N + 1,¢ + 1),
as in Definition 2.5, we can define the projective CR second fundamental form I77Y with
respect to SU(N + 1,0 +1).

Definition 2.6.
I =I5 = gl pwiwg @ e mod(w) ™). (13)

We remark that the projective CR second fundamental forms in Definition 2.5, 2.6 are
both independent of the first order adapted lifts chosen ([IL][JY]).

Let M C Hé\,[ 1 be a CR submanifold of CR dimension n. The existence of the first
order adapted lift from M into SU(N +1,¢' +1), thus into GL?(N +2), is obtained in [JY].
In particular, if M = F(H;*"), where F : H;*' — H)*! is a smooth CR embedding, one
can write down a first order adapted lift in an explicit way. Without loss of generality, we
assume that F : H} ™ — HY*' is normalized such that F' = (f, ¢, g), with F(0) = 0. For
any p € M, we define a lift e = (e, ...,eny1) of M into SU(N + 1, + 1), such that

eo(p) :=[1:f:0:9/"(F (p)), (14)

1 t —1
ea(p) == (\/|Laf|2 Lol [O tLof : Lag: Lag] ) (£ (p), (15)

eni1(p) = A(p)eo(p) + Y B(p)acalp) + C(p) (0,71, T¢, Tgl') (F~'(p).  (16)




Here L, = a% + 2@'20‘%, T = W, the coefficient functions A, B, and C' are chosen
such that (eg,ens1) = %, (éasens1) =0, {ens1,ens1) = 0.

It follows from the argument in [JY] that the CR second fundamental forms defined in
Definition 2.1, 2.5, 2.6 are equivalent in the sense that if the form in one definition vanishes,
then so does the other two.

3 Normalization of CR maps between hyperquadrics

In this section, we focus our attention on CR embeddings between hyperquadrics (of possibly
different signatures).
Let F: (H;™ 0) — (Hy) ™, 0). As in [BH], we define

¢ n n+t'—£ N
N+1 . N , _ 2 2 2 2
Hypn i={(zw) eCV xC:Sw==> |5+ > 5= Y I+ Y. 5Pk
j=1 j=t+1 j=n+1 J=ntl/—t+1
For simplicity, we write [z[7,, := Zj\;l ;00 nlzj* and the corresponding inner product
(2,00 m = Zjvzl Sj00nzi€; for any z,& € CN. Here 8, is —1 when 1 < j < £ or
n+1<j<n+0l—01whenl+1<j<norn+¢—-—(+1<j<N. Since]HIé}“rl is
holomorphically equivalent to H%ﬂl through the linear map
oo (25 W) 1= (2] s 20 Zpits o ooy Zlrmets P 1s - = s 200> B gm—tads - - 2 ZN W),

we obtain oy, o F as a CR immersion from (H;*! 0) into (H),f. 0). Without loss of

generality, we still denote it by F'. It is straightforward to see that the CR tangent vector
fields of Hé\[;fi is spanned by

) : _ 0
Lj = a—zj+225j,f,€’,nzja_wv Jg=1...,N. (17)

Let T' = % be the Reeb vector field. It is easy to verify that the commutator

[Ej, Lk] == 226_],(,2/,n5]kT (18)

To suit our purpose, we need the following notation. Let (z,w) € C" x C. For a holo-
morphic function h(z,w), we denote by h¥1#2) the homogenous terms in its power series
expansion at 0 whose degrees with respect to z and w are k; and ks, respectively. Further-
more, we assign 1 to be the weight of z and 2 that of w. h*®) will be used to denote the terms
in its power series expansion of weighted degree k and write 0, (k) for terms of weighted
degree larger than k.

Write F' = ( 1, g) with f an N-tuple vector-valued holomorphic function and ¢ a holo-
morphic function. Since F'(0) = 0, we have

f=2A+aw+0(|(z,w)])

g = hw+ O() (2 w) ) (19)
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with A an n x N matrix, a an N x 1 vector and A € R\ {0} satisfying

/\Eg}n = AEg,g/mAt.

Here E,, is the n x n diagonal matrix whose jth diagonal entry is —1 when j < ¢; 1 when
j>Ll+1, Epp,isthe N x N diagonal~ matrix whose jth diagonal entry is 9 ¢ ».
Extending A to an N x N matrix A by adding N — n rows so that

NEppp = AEp Al (20)
Now compose F from the left by the following two automorphisms of Hévz,r}l mentioned
in [BH]:
* * * A—1 1 *
Fi(z5w") = (2"A™, —w"),
) (21)
¥ —aw” w*

)= (A(z*,w*)’ A(z*,w*))’

Fy(z"w

; a ; * * 5>
where A(2*,w*) := 1420y, 0j 00 nzja;+(r—iy ; djeral2j|?)w* and r = %%(37%(0)). One
can then further obtain a CR embedding F* at 0 from H}™ into Hé\[j}l in the following
normal form:

F*=(f",¢",g"):=FyoFio0pp,0F, with

f*<z’ w) =z + %a(LO)(,z)w + Owt(3)7 (22)
¢"(2,w) = 6% (2) + 0w(2),

g*(z,w) =w + 0wt<4),

with

(@ (2), 2ol 217 = 160 () [By- (23)
Here f*, ¢* are vector valued holomorphic functions of n tuples and N —n tuples, respectively,
and ¢* is a holomorphic function.

Similar to the definition of geometric rank given by Huang in [Hu3] for CR maps between
spheres, we define for CR maps between hyperquadrics based on the above formulation.

Definition 3.1. Let F : (H}™,0) — (H)™,0) be a local CR embedding. The geometric
rank of F' at 0 is defined to be the rank of the matriz %b, denoted by Rkp(0).

In the next section, we will show under the above normalization applied onto the CR map,
the CR second fundamental form can be expressed in terms of a simpler form. Moreover, if
the CR second fundamental form of F' vanishes at the origin, we have Rkp(0) = 0.

4 Proof of Theorem 1.1

Under the assumption in Theorem 1.1, let M’ := H(M) C H)™. Then M’ is a Levi-
nondegenerate hypersurface of signature ¢ with 1, = 0. It follows from Lemma 2.2 that
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M’ is locally CR equivalent to HZ“H. Let G be a smooth CR map defined in an open
neighborhood U of 0 in H}*! to M’ and thus Ho G : U C H} ™ — H?f“ and we denote the
map H o G by F.

At any point p = (29, wp) € HJT" near 0, we introduce two translation maps 0 €

p
Aut(HPHY) and 77 %) € Aut(HN ) as follows:

ag(z, w) = (2 + 20, w + wp + 2i Z 05,02j%0;5)

. _ T — (24)
70 P w) = (2 = f(p),w" — g(p) =20y Sj0002 fi(D)).

It is easy to verify that ¢)(0) = p and 7@ (f(p)) = 0. Composing F by the above two

translations from the left and the right, we obtain a new map F, := 7, 5 Fo oy sending

0 to 0. Furthermore, we apply the normalization procedure in Section 3 to F,, and get

Fy = (f), ®5,9;) with the normal form (22).

The following lemma reveals the relationship between the CR second fundamental form
and the geometric rank of F'.

Lemma 4.1. If 1y (F(p)) = 0, then 5523 =0, n+1< < N.

Proof of Lemma 4.1: Let W be an open set in Hy™" containing 0 such that ¢5(W) C U.
Let F = T(f(p) o F o g) be the normalization of F. Hence F o o)(W) C M'. There exists a
first order adapted lift e : M’ — SU(N + 1, + 1) such that IT;*(F(p)) = 0 according to
Definition 2.6. Let ¢/ = Tg(p) o (e o (Tg(p))’l) € GLO(CN*2). Tt is straightforward to check

that € : T(f(p) — GLY(CN*2) is a first order adapted lift and I]GFL(;,E)I(M,) o T(f(p) = 1157 (cf.
7o

[JY]). By the assumption I1y;(F(p)) = 0, it follows that HZFL(S,(M, (0) =0.
On the other hand, we construct the first order adapted lift

)

E = (€0, €ay e eni1) : FX(W) € 7 (M) = SU(N +1,¢ +1)
as in [JY], where e;’s are defined in (14). Since E|y = Id, we have

wlo = (B~ |o)(dE)]o = dEo
so that
dz
dz,

Wl =

*

[dzn 11



Hence wilp = dz1, ..., wilo = dzy, wév+1|0 = dzn41- Applying the chain rule, we obtain

oo = dBElo = d{(Ealép) |y = s (L6500 loes = Sk,

where j, k € {1,2,...,n,N+ 1}, n+1 < p < N and E} is the (y,7)-th entry in E. The
second equality holds because

L;(¢p)u) .
A}l =d — lo = d(Li(6})u),
*|2 *|2
VILifs P+ |Lig;)
by the product rule. Since [IGFL<5( (0) = 0, we have 8( 82“ o=0,n+1<pu<N. N

M)

2 £%
Remark 4.2. Under the same assumption as in Lemma 4.1, we have %b =0 by (23).
By the definition, this implies the geometric rank Rkg(p)=0.

The idea of the remaining proof of the rigidity originates from [Hu2| and [BH], where

¢ =0 =0in [Hu2] and ¢ = ¢ > 0 in [BH] In those cases, the vanishing of geometric

(¢p M
02,025

However in our case, since £ # ', the geometric rank being zero does not seem to imply the
linearity necessarily.

rank, which is equivalent to the vanishing of lo = 0, implies the linearity of the map.

Proposition 4.3. Let F : (H}™,0) — (H)™,0) be a local smooth CR embedding. If
2

62k62“| =0 for any p near 0 with n+1 < pu < N, then F is linear fractional.

Proof of Proposition 4.3: At any point p = (29, wp), apply the normalization process onto
F, as in Section 3, one has

32(¢;)# (92fp -
02,02 lo = <8zj8zk (0), u(p))ee,

n=0, n+1<pu<N,0<jk<n (25)

where a,,(p) corresponds to p-th row of the matrix A(p) in (20).
On the other hand, since F), is obtained from F' via the translation map defined by (24),
we get R
57,

for p € H?H near 0. Combining the above with (25) together with the construction of A,
we get R ~
L;Lyf(p) € Span{L.(f)(p),1 <7 < n}.

Equivalently,
L, Lk‘f Z C]k r r p)
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for some uniquely determined functions c;i, depending smoothly on p € H}‘“ near 0. If one
in particular restricts only on the ¢ components of the above expression, then we have

LiLed(p) = cikr(p) Le(0) (D). (26)

on p € H}™ near 0.

Next similar as in [BH], we apply L onto (26) to gather second derivatives of ¢ along
LPT and TE@T directions. Here we use the fact that ¢ is holomorphic and (18). Indeed,
applying L; onto (26) once, one gets

TLip(p) = > dir(p) Le(¢)(p) + d(p)T(6)(p) (27)

for some uniquely determined coefficients djx ., d depending smoothly on p € H?H near 0.
Applying L, again onto (27), one has

T°6(p) =Y ex(p)Lr(9)(p) + e(p)T(6)(p) (28)

r

for some uniquely determined coefficients e,., e depending smoothly on p € H?H near 0.
Since L;,1 < j < n and T spans CT'M, equations (26), (27) and (28) then consists of
a complete second order differential system for the holomorphic vector-valued function ¢ in

the form of
D2<;5 =C- D¢

with some function-valued matrix C' depending smoothly on p € H} ™ near 0. Here, D¢ and
D?¢ represent, respectively, all the first and the second partial derivatives of ¢ along ]I-]I?Jrl
near 0. Moreover, ¢(0) = D¢(0) = 0. One hence immediately gets ¢ = 0 by the uniqueness
of the solutions to the complete system.

Now the map F = (f,¢,g) : (H;™,0) — (H)*',0) is reduced to a CR automorphism
(f,g) of (H}™,0) after removing all ¢(= 0) components. It is therefore linear fractional by
a classical result of Chern-Moser [CM]. B

We are now in the position to prove Theorem 1.1.

Proof of Theorem 1.1: Without loss of generality by Lemma 2.2, we assume M is the
hyperquadric Hy " and F:= Ho G : (Hy™,0) — (H,,/},0) is a CR embedding near 0 with
identically vanishing CR second fundamental form.
At any point p = (2o, wp) € H?H near 0, we consider the new map Fj, := 7p(,) o F'oo,
sending 0 to 0. Now applying the normalization process discussed in Section 3, we get
F; = (f*, (;5;7 g;) = Gp (e} Hp o 0'[741’,1 o Fp, Wlth

p

iz w) =2+ §a(1’0)(2)w + 0wt (3),



and
(alM0(2), 2)el 27 = |63 (2) 5, (29)

Since the CR second fundamental form of F' at p vanishes, this implies ¢§;2’0) = 0 by
Lemma 4.1. Combining this with Proposition 4.3, the proof of Theorem 1.1 is thus complete.
[ |

References

[Al] H. Alexander, Holomorphic mappings from the ball and polydisc, Math. Ann. 209
(1974), 249-256.

[BEH1] M. S. Baouendi, P. Ebenfelt and X. Huang, Super-rigidity for CR embeddings of
real hypersurfaces into hyperquadrics. Adv. Math. 219(2008), no. 5, 1427-1445.

[BEH2] M. S. Baouendi, P. Ebenfelt and X. Huang, Holomorphic mappings between hyper-
quadrics with small signature difference. Amer. J. Math. 133 (2011), no. 6, 1633-1661.

[BER1] M. S. Baouendi, P. Ebenfelt and L.P. Rothschild, Real submanifolds in complex
space and their mappings, Princeton Mathematics Series, 47, Princeton University
Press, Princeton, NJ, 1999.

[BER2] M. S. Baouendi, P. Ebenfelt and L.P. Rothschild, Transversality of holomorphic
mappings between real hypersurfaces in different dimensions. Comm. Anal. Geom. 15
(2007), no. 3, 589-611.

[BH] M. S. Baouendi and X. Huang, Super-rigidity for holomorphic mappings between hy-
perquadrics with positive signature, J. Diff. Geom. 69(2005), 379-398.

[BHR] M. S. Baouendi, X. Huang, and L.P. Rothschild, Nonvanishing of the differential of
holomorphic mappings at boundary points. Math. Res. Lett. 2(1995), no. 6, 737-750.

[BR] M. S. Baouendi and L.P. Rothschild, Geometric properties of mappings between hy-
persurfaces in complex space. J. Differential Geom. 31(1990), no. 2, 473-499.

[CJ] X. Cheng and S. Ji, Linearity and second fundamental forms for proper holomorphic
maps from B""! to B3 J. Geom. Anal. 22(2012), no. 4, 977-1006.

[CJL] X. Cheng, S. Ji and W. Liu, CR submanifolds in a sphere and their Gauss maps, Sci.
China Math. 56(2013), no. 5, 1041-1049.

[CM] S. S. Chern and J. K. Moser, Real hypersurfaces in complex manifolds, Acta Math.
133(1974), 219-271.

[CS] J. Cima and T.J. Suffridge, A reflection principle with applications to proper holomor-
phic mappings, Math. Ann. 265 (1983), 489-500.

12



[Da] J. P. D’Angelo, Several complex variables and the geometry of real hypersurfaces.
Studies in Advanced Mathematics, 1992.

[Eb] P. Ebenfelt, Partial rigidity of degenerate CR embeddings into spheres. Adv. Math.
239(2013), 72-96.

[EHZ1] P. Ebenfelt, X. Huang, D. Zaitsev, Rigidity of CR-immersions into spheres. Comm.
Anal. Geom. 12(2004), no. 3, 631-670.

[EHZ2] P. Ebenfelt, X. Huang, D. Zaitsev, The equivalence problem and rigidity for hyper-
surfaces embedded into hyperquadrics. Amer. J. Math. 127 (2005), no. 1, 169-191.

[ES] P. Ebenfelt and R. Shroff, Partial rigidity of CR embeddings of real hypersurfaces into
hyperquadrics with small signature difference, Comm. Anal. Geom. 23 (2015), no. 1,
159-190.

[Fa] J. J. Faran, Maps from the two-ball to the three-ball, Invent. Math. 68(3) (1982),
441-475.

[For] F. Forstneric, Proper holomorphic maps from balls, Duke Math. J. 53(1986), 427-441.

[Ha] H. Hamada, Rational proper holomorphic maps from B" into B?*, Math. Ann. 331 (3)
(2005), 693-711.

[Hul] X. Huang, Schwarz reflection principle in complex spaces of dimension two. Comm.
Partial Differential Equations 21(1996), no. 11-12, 1781-1828.

[Hu2] X. Huang, On a linearity problem for proper holomorphic maps between balls in
complex spaces of different dimensions, J. Differential Geom. 51(1999), 13-33.

[Hu3] X. Huang, On a semi-rigidity property for holomorphic maps. Asian J. Math. 7(2003),
no. 4, 463-492.

[HJ] X. Huang, S. Ji, Mapping B" into B>*~! Invent. Math. 145 (2) (2001), 219-250.

[HJX] X. Huang, S. Ji and D. Xu, A new gap phenomenon for proper holomorphic mappings
from B" into BN, Math. Res. Lett. 13 (4) (2006), 515-529.

[HJY] X. Huang, S. Ji and W. Yin, On the third gap for proper holomorphic maps between
balls, Math. Ann. 358(2014), no. 1-2, 115-142.

[HZ1] X. Huang and Y. Zhang, Monotonicity for the Chern-Moser-Weyl curvature tensor
and CR embeddings. Sci. China Ser. A, 52 (2009), no. 12, 2617-2627. (Special issue in
honor of Professor Tong-De Zhong)

[HZ2] X. Huang and Y. Zhang, On a CR transversality problem through the approach of
the Chern-Moser theory. J. Geom. Anal. 23 (2013), no. 4, 1780-1793.

[HZ3] X. Huang and Y. Zhang, On the CR transversality of holomorphic maps into hyper-
quadrics, to appear in Abel Symposia, dedicated to Professor Yum-Tong Siu on the
occasion of his 70th birthday.

13



[IL] T. A. Ivey and J. M. Landsberg, Cartan for beginners: differential geometry via moving
frames and exterior differential systems, Graduate Studies in Mathematics, 61. Ameri-
can Mathematical Society, Providence, RI, 2003. xiv+378 pp.

[JY] S. Jiand Y. Yuan, Flatness of CR submanifolds in a sphere. Sci. China Math. 53(2010),
no. 3, 701-718. (Special Issue Dedicated to Professor Yang Lo)

[La] B. Lamel, Holomorphic maps of real submanifolds in complex spaces of different dimen-
sions. Pacific J. Math. 201(2001), no. 2, 357-387.

[Pi] S. Pinchuk, Proper holomorphic maps of strictly pseudoconvex domains. (Russian)
Sibirsk. Mat. Z. 15 (1974), 909-917.

[We] S. Webster, Pseudo-Hermitian structures on a real hypersurface. J. Differential Geom.
13 (1978), no. 1, 25-41.

Yuan Yuan, yyuan05@syr.edu, Department of Mathematics, Syracuse University, Syra-
cuse, NY 13205, USA.

Yuan Zhang, zhangyu@ipfw.edu, Department of Mathematics, Indiana University - Pur-
due University, Fort Wayne, IN 46805, USA.

14



