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1 Introduction

Denote by Rat(B2, BY) the space of all rational proper holomorphic maps from the unit ball
B? C C? into the unit ball BY c CV. We recall that F and G € Prop(B",BY) are said to be
equivalent if there are automorphisms o € Aut(B") and 7 € Aut(BY) such that F = 7oGoo.
In this paper, we study the classification problem for elements in Rat(B? BY) with degree
two. For an element F in Rat(B? BY), there is a naturally associated invariant Rkpr < 1,
called the geometric rank of the map. Since F' is linear if and only if its geometric rank
(for the definition, see §2) Rkr = 0, we only need to consider maps with geometric rank
Rkr = 1. By using Cayley transformation py : H* — B* where H* is the Siegel upper-half
space (see § 2), studying Rat(B? BY) is equivalent to studying Rat(H? HY).

Making use of results obtained in the previous work [HJX06] [CJX06], we give a complete
description for the modular space for maps in Rat(B?, BY) with degree < 2 under the above
mentioned equivalence relation. Our main result is the following Theorem 1.1. Notice that
when N = 3, Rat(B?, B?) has been classified by Faran ([Fa82]); and when N = 4, a complete
list of monomial maps in Rat(B? B*) has been given by D’Angelo ([DA8S]):

Theorem 1.1 (i) Any nonlinear map in Rat(B% BY) with degree 2 is equivalent to a map
(F,0) where F' € Rat(B?,B®) is of one of the following forms:
(1): F = (G4,0) where G, € Rat(B? B*) is defined by

Gi(z,w) = (2%, V1 +cos?t zw, (cost)w?, (sint)w), 0<t<7w/2. (1)
(IIA): F = (Fy,0) where Fy € Rat(B? B*) is defined by

Fy(z,w) = (2, (cos O)w, (sin ) zw, (sin )w?), 0< 6 <

(2)

e



(IIC): F = Fp| cye1.00 = pgl o Fopy=(f ¢1,P2, ¢3,9) € Rat(H?, HO) is of the form:

F 24 (5 +iey)zw 5 22
- . 1= .
1+ ieqw + eqw?’ 1+ ieqw + eqw?’
cL2W csw? w + ieqw?
P2 = P3 =

1 4 jeqw + eqw?’ 1 4 ieqw + eqw?’ 9= 1+ ie;w + eqw?’

where c1,c3 > 0, —e1, —ey > 0, e1e9 = cg, —e1] — ey = }l + ¢, satisfying one of the following
conditions: either

G JEEER | _ G /AP
€1 = P} , €2 =

2 1 212 2 ’ (3)
O<4C3§(Z+Cl) ,

or

61: 2 s
1.2 4 2 1 2\2
3¢+ <dey < (3 +)”

(ii) Any two maps in Rat(B?,B°) in the form of types (I), (IIA), and (IIC) above are
equivalent if and only if they are identical.

—(A+2) /(5 +c2)2—4c2 o — —(34c)—/(3+c2)2—4c2
2 = ) 3 (4)

Next, we give a review on the development of this problem and outline the proof for
Theorem 1.1 as follows. For some notations to be used, we refer the reader to §2.

e A result obtained in [HJX06] A classification result was proved in the last section of
[HJXO06] under the action of the isotropic automorphism groups of the Heisenberg hypersur-
faces, which gives in particular the following: Any map F in Rat(H? H") with deg(F) = 2
is equivalent to a map (G,0) where G = (f, ¢1, ¢2, ¢3,9) € Rat(H? HP) is of the form (see
also Lemma 2.3 below)

f(Z w) . z72ibz2+(%+iel)zw
’ - 1+ie1w—|2—egw2—2ibz’ )
_ z+bzw _ cow“~+czw 5
¢1 (Z, w) - 1+ielw+62502—2ibz’ ¢2(z’ ’lU) - 1+ielw—gegw2—2ibz’ ( )
_ caw _ wtieqw*—2ibzw
¢3(Z, w) = 1+ieiw+esw? —2ibz? g(z,w) T 1+ieiwtesw?—2ibz?

where b, —e1, —es, ¢1, ¢2, ¢3 are real non-negative numbers satisfying ejes = c3+c3, —e; —ey =
i + 0% 4 2, —bey = c109, and ¢z = 0 if ¢; = 0.

Since b and ¢y are determined by ¢1, ¢, e; and ey, a map in the form of (5) is determined
by ¢, ¢3,e1 and e;. We denote a map of the form (5) determined by ¢, ¢3, €1 and ey to be

F(Cl,Cg,el,ez) e K. (6)
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Sometimes we regard a such map Flc, c;.e,,e,) a8 @ point: (ci,c3,e1,e2) € K. It was unclear
in [HJX06] which of the coefficients ey, €9, ¢; and c3 of F' are independent parameters.

e Review of the result in [CJX06] In [CJX06], by obtaining an extra equation, we got
a clearer picture on the maps in (5).

For any F € Rat(H? HP) with deg(F) = 2, if the geometric rank of F at the origin is
one: Rkp(0) = 1, then by a normalization procedure (see Lemma 2.2 and 2.3 below, or [Hu
03][HJX06]), F' is equivalent to another map F*** € Rat(H? H’) of the form (5). Also we
can associate a family of maps F, € Rat(H?* H®) for any p € OH? (see § 2 below). Let us
define Ep := {p € OH* | Rkp,(0) = 0} to be the set of p at which the geometric rank of F,
at the origin is zero. If p € =p, we obtain a normalized map (F,)*** that is of the form (5),
and we define a real analytic function W(F**) = ¢1(p)® — e1(p) — e2(p) where ¢1(p), e1(p)
and ey(p) are the coefficients of F;** as in (5).

The desired extra equation is obtained by moving up p to the extremal value as follows.
We choose a sequence of p,, € OH? — = such that Rkp,,,(0) = 1, pp — po € OHZ2 and
lim, W(F2™) = infpepme_=, IV(E)}.

If py € OH?, by [CIX06, § 4], we can write

B = ()i )

qm

where ¢,, € JH? and ¢,, — 0. Then it implies by [CJX06, Lemma 2.5] that Rkg, (0) = 1,
and that F' is equivalent to F»* which is of the form (5) and with the minimum property
W(EF;>) = infycome_=, W(F;**). The minimum property implies the vanishing of deriva-
tives of the function W(F;**) at po, which derives the extra equation.
If po = oo, by [CJX06, § 4] we can similarly write
Fr = (o0 Fooy),™ (8)

qm

where o, € Aut(0B?), 7., € Aut(0B®), ¢,, € OH? and g,, — 0 so that, by the same argument
above, Rk, _oros.. (0) = 1 and that F' is equivalent to (7 o F' 0 04)*** which is of the form
(5). The minimum property also derives the extra equation.

With the extra equation described above, it was proved in [CJX06] that F' is equivalent
to another map £y, c;.¢,.¢, € K satisfying the property

W((FCI,CS.%@Z);**) > W((Fchcg‘elm){;**), Vp € OH? near 0. 9)

and that the new map F,, ., ¢, ., is of the form in one of the following types:

(I) FU,O,61,62 = (f’ qbl) ¢27 ¢37 g) is Of the form

. z+(%+iel)zw . 22
f T 1+ieqwteqw?? ¢1 T 1+ieqwtegw?? (10)

_ cow _ _ w+z’elw2
¢2 T 14derwtesw?? ¢3 - O’ 9= 1+ie w+esw?
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where ejes = ¢ and —e; — ey = +. Here ey € [ ,0) is a parameter. It then corresponds

to the family {Gi}o<tanye in (1 ) When ey = FOOel e, corresponds to G, i.e. (z,w)

(22, V22w, w?,0); when ey — 0, Fy e, .c, g0€S to G,T/Q = Frpo, Le, (Z,w) — (2, 2w, w?).
(IIA) c1,0,e1,0 (f ¢17 ¢27 ¢37 ) is of the form

z+ (% + iep)zw 22 C12W

7¢1:—-7 ¢2:

1+ eqw 1+ eqw

f=

=0, g= 11
1 + ielw ) ¢3 y g w ( )
where —e; = %—l—c? and ¢; € [0,00) is a parameter. It corresponds to the family {F9}0<9§,r/2
in (2). When ¢; =0, F,, o.,.0 corresponds to Fr/2; when ¢; — 00, Fe 0,0 goes to the linear
map, i.e., (z,w) — (z,w,0).
(IIB) Fi, 00, = (f, @1, P2, @3, 9) is of the form:

z+ %zw 22 2w w

-2 277 - = _— 12
f 1+e2w27¢ 1+ew27¢ 1+ 27¢3 1+€2w27 ( )
where —ey = }L + ¢? and ¢; € (0,00) is a parameter. Notice that when ¢; — 0, the map

F., 00, goes to the map Gy, i.e. the one in type (I) when ey = —%.

(IIC) c1,c3,61,62 — (f: d)h ¢27 ¢37 g) is of the form:
2t (L +ie)zw 22

f - 1+i621w+62w2’ (bl 1+zelw+62w2’ (13)

¢ — c12zWw ¢ c3w _ w+zelw
2 Ttieiwtesw?’ 3 = Ttieiwtesw?’ 9= 1+ieyw+esw??

where ¢1,¢3 > 0, —ey, —e2 >0, e =¢3, —e; —ex =5 +cf.

For any map F,, ., ¢,.e, in one of these four types, we denote Fy, ¢, ¢,.¢,, OF (C1,C3, €1, €2),
€ IC], ICHA, ICHB, and K:HC’; respectively.

Recall from (33) [CIX06]

F can be embedded into H* < c3 = 0. (14)

Concerning the proof of Theorem 1.1, our main idea to establish following formula (see
(33)):
WERT ) = W) + [4ea(bey + 2¢2) — 8b(ex + e2)[(I(1))S(qu (£)) At 4 o(|At]).  (15)

One crucial point is that the term [4c; (bey + 2¢2) — 8b(eq 4 e2)|(I'()) is always non-negative
so that it allows us to reduce the study of (9) into the study for the term (g (1)).
We'll prove in Lemma 3.4 below that indeed

there is no map F satisfying both (9) and (12), (16)
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and that a map
F satisfies (9) and (13) < F satisfies (13), (3) and (4), (17)

which proves Theorem 1.1(i). To prove Theorem 1.1(ii), we first prove its local version (see
Corollary 4.3). Then we shall find a way to reduce the global problem into the local one.

2 Notation and preliminaries

e Maps between balls Write H* := {(z,w) € C"' x C : Im(w) > |2[?} for the
Siegel upper-half space. Similarly, we can define the space Rat(H", HY), Prop,(H", HY)
and Prop(H", HY) respectively. Since the Cayley transformation

2z 1+iw)

pr i H =B, pn(2,w) = (1—z'w’ 1—iw

is a biholomorphic mapping between H™ and B", we can identify a map F' € Prop,(B", BY)

or Rat(B", BY) with py' o F o p, in the space Prop,(H", HY) or Rat(H", H"), respectively.
Parametrize OH" by (z,z,u) through the map (z,%,u) — (z,u + i|2]?). In what follows,

we will assign the weight of z and u to be 1 and 2, respectively. For a non-negative integer

m, a function h(z,Z,u) defined over a small ball U of 0 in JH" is said to be of quantity

0wt (m) if %ﬁfzu) — 0 uniformly for (z,u) on any compact subset of U as t(€ R) — 0.

e Partial normalization of F' Let F' = (f7¢7g> = (ﬁg) = (fh' o 7fn717¢17 T 7¢an7g)

be a non-constant C2-smooth CR map from OH" into JHY with F'(0) = 0. For each p € OH?,
we write o) € Aut(H") and 7" € Aut(H") for the maps

oo(z,w) = (2 + 20, w + wo + 2i(z, 7)), (18)
T (2%, w*) = (2" = f(z0,w0), w* — g(z0,wo) — 2i(2*, f(z0,w0)))-
F'is equivalent to F, = 7" 0 F' 0 0) = (fp, ¢p, gp). Notice that Fy = F and F,(0) = 0. The
following is basic for the understanding of the geometric properties of F'.

Lemma 2.1 (§2, Lemma 5.3, Hu99], [Lemma 2.0, Hu03]): Let F be a C*-smooth CR map
from OH™ into OHY , 2 < n < N with F(0) = 0. For each p € OH", there is an automorphism

(S Auty(HN) such that Fyr = 1" 0 F), satisfies the following normalization:

p

(z, a7V ()2 = |6, @ ()"

1
Iy =2t 5ayV@w + ou(3), 6 = 67 () +owl(2), g =wtou),  (19)



Let A(p) = —2i(%|0)1§ﬂ§(n,1). We call the rank of A(p), which we denote by
Rkp(p), the geometric rank of F' at p. Rkp(p) depends only on p and F', and is a lower semi-
continuous function on p. We define the geometric rank of F' to be Rkp := maxpcoun Rkr(p).
Notice that we always have 0 < Rkr < n — 1. We define the geometric rank of F' €
Prop,(B", BY) to be the one for the map py' o F o p, € Prop,(H",H"). It is proved that F
is linear fractional if and only if the geometric rank Rkp = 0 ([Theorem 4.3, Hu99]). Hence,
in all that follows, we assume that Rkr = kg > 1.

Denote by Sy = {(5,1) : 1 < j < ko, 1 <1 < (n—1),j <1} and write S := {(j,1) :
(7,0) € Sy, or j=ro+1,l€{ko+1,--+ Ko+ N—n— W}} Then we further have
the following normalization for F':

Lemma 2.2 ([Lemma 3.2, Hu03]): Let F be a C*-smooth CR map from an open piece
M C OH" into OHN with F(0) = 0 and Rkr(0) = ko. Let P(n,kq) = M Then
N > n+ P(n,kg) and there are o € Autg(OH") and 7 € Auty(OH") such that F;** =

ToFoo:=(f ¢,9) satisfies the following normalization conditions:

( il 0% f; '
fj :Zj_'_?]ij—i_OWt(g)? a_,wg(o)zov J=1-- Ko, :uj>07
fj :Zj_'_owt('?’)a J=kot+1l,--,n—1,
_ (20)
g =w + Owt(4)a
i1 =pjizjz + 0w (2), where (j,1) € S with pj >0 for (5,1) € Sy
L and pj; = 0 otherwise.

Moreover pj = \/uj + i for j,l < ko j # 1, pj = \/Hj if j < ko andl > ko orif j =1 < K.
Here we denote Auto(OH") = {¢ € Aut(0H") | (0) = 0}.

e Degree of a rational map For a rational holomorphic map H =
where P;, ) are holomorphic polynomials and (P, ..., P,, Q) = 1, we define

deg(H) = maz{deg(P)), 1< j <m, deg(Q)}.

For a rational map H and a complex affine subspace S of dimension k, we say that H is
linear fractional along S, if S is not contained in the singular set of H and for any linear
parametrization z; = 27 + Zle ajt; of S with j = 1,--+ ,n, H*(t1, -+ ,tx) = H(z) +
Zle ayty, -+, 20 + ZL ajnt;) has degree 1in (t1,--- ,tx).



e Actions of the isotropic groups of the Heisenberg hypersurfaces Recall from
[(2.4.1), Hu03] and [(2.4.2), Hu03], we define o € Auto(OH?) and 7* € Auto(OH?) by

- (Mz+aw)- U, Nw) N (2* + a*w*) - U*, \2w*)
q(z, w) 7 (%, w*)
with ¢(z,w) =1 —2i(a, z) + (r —ila/>)w, A >0, r € R, a,U € C, |U| =1, and ¢*(z*,w*) =
1 —2i(a*, z*) + (r* —i|a*[H)w*, \* > 0, r* € R, a* = (a},a}) € C' x C* and U* is an 4 x 4
unitary matrix, such that [((2.5.1), (2.5.2), Hu03] holds:

(21)

Y

, T*<Z*,w*): (

* —1 * —1 * * —2 * U_l 0
N=X" al=—-A"aU, a5 =0, r*=-\"7r, U* = . |, (22)

where a* = (a},a}), U, is an 3 x 3 unitary matrix. Define F* = 7" o F'o 0. By [Lemma
2.3(A), HuO03], we can write

f(z,w) = 24 22Aw + 0, (3), f*(z,w) = 2z + 22A"wW + 0 (3),
$(z,w) = —z(B1 B2, B%)z + 2Bw + 24 (0)w? + o(|(z,w)|?), (23)
¢*(z,w) = 12(B*, B2, B®)z + 2B w + 22 (0)w? + o(| (2, w)[?),

where Bi = 29.(0), B = 29(0) for i = 1,2,3 and B = (20 202 061y e _

022
(gjg;, g:g;, g:g; ). Also, the same computation in [Hu03, Lemma 2.3 (A)] gives the fol-

lowing;:
7 (0) =0, 78(0)=0, %w;* (0) =0, Z5(0) =0, A" = NX2UAU,
Z1(0) = iN2aUAU + N EL(0) U,
[B*', B*? B**| = \U|B?, B2 B3]UtU22, (24)

B* = \U[B', B2, BY|UtatUs, + \2UBUL,,
9°¢(0) = \aU[BY, B?, B|U'a'Us, + 2\2aUBU3, + N34 (0)Us,.

Ow?

Lemma 2.3 ([HXJ06, theorem 4.1]) Let F € Rat(0H? 0HY) have degree 2 with F(0) = 0

and Rkp(0) =1 (N > 4). Then
(1) F is equivalent to (F***,0) where F** = (f, ¢1, ¢2, ¢3,9) € Rat(OH?, OH®) defined

by
2—2ibz2+( '+1el)zw

f(z7 w) - 1+zelw+egw2 2ibz 7

2+b
¢1<Z,w> - 1+zelztegﬁ 2ibz
_ cow +crzw
P2(z,w) = 1+ie12w+e211u2—2ibz7 (25)

_ c3w

¢3<Z7 U)) - 1+ielw4§ezw272ibz’
__wtieqw*—2ibzw

9(2, w) T 14ideqwtesw?—2ibz
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Here b, —eq, —eq, c1, co, c3 are real non-negative numbers satisfying
1 .
e1eg = 3 + cg, —ep—ey =7+ b2+ 3, —bey =cica, c3=01if ¢, =0. (26)

(2) c1,c,c3,€1,62,b are uniquely determined by F. Conversely, for any non-negative
real numbers ¢y, Ca, C3, €1, €2, b satisfying the relations in (26), the map F defined in (25) is
an element in Rat(OH? OH°) of degree 2 with F(0) =0 and Rkr(0) = 1.

(3) If e = 0, then F' is equivalent to (Fp,0) with Fy as in (1).

*

Remarks (i) The new normalized map in Lemma 2.3(1) can be obtained by F*™* = 7% o
F** o o where F** is as in Lemma 2.2 and ¢ and 7* are as in (21).

(i) For any map F in Lemma 2.3(1), b = \/—el — ey — }l — 2 and ¢ = \Jejea — 3 are
determined by ¢y, c3,e; and e;. Then ¢y, c3,e; and ey can be regarded as parameters, and
we denote F' = Fp cye1.e0-

(iii) We denote by K a subset of R* such that (1, c3,e1,€2), or F.j ¢ 1.0, € K if and only if
F., cs.e1.0 1s @ map as above.

Lemma 2.4 (/CJX06, Lemma 2.5]) Let F € Rat(OH?, 0H®) with F(0) = 0 and deg(F) = 2.

Suppose that p,, € OH? is a sequence converging to 0 € 0]1-]12 and Fpm z's of rank 1 at O for
8 ¢1 ,m | 82¢;,m
0, " Huw2

,m

any m and F;** converges such that
all m. Then

(i) F is of rank 1 at 0.

(ii) F= — B,

(i1i) If we write Fy** = Gy, 07,,, 0 Foo,, oGy, where oy, and 1, =7, are asin (18),
G1m and Ga,y, are as in (21), then Gy, and G, are convergent to some Gy € Auty(OH?)
and Gy € Auto(OHP) respectively.

|0 are bounded for

|07 Bz2uTJn|O Tld

Let F be as in Lemma 2.3 (1). By Lemma 2.3, F}, is equivalent to a map of the following
form > = (%, o715, @55, o3, gi**) for any p € OH? where Rkr(p) = 1:

1p>

oy ) = 2 200)2 + ( Fie(p))zu
fp (z,w) = 1+iei(p )w + ea(p)w? — 2ib(p)z’
Kok Z + b(p e
Oy (zw) =7 +ier(p)w + ez(p)w? — 2ib(p)z’
¢***( ) 02(p)w + Cl(p)zw

1+ iei(p)w + ea(p)w? — 2ib(p)z’



2

*x% C3 (p)w
Osp (20) = 1+ ie1(p)w + ea(p)w? — 2ib(p)z’
w + iey(p)w? — 2ib(p)zw
1+ ey (p)w + ea(p)w? — 2ib(p)z

Here b(p), e1(p), e2(p), c1(p), c2(p), cs(p) satisfy ex(p)ei(p) = 3(p)+c3(p), —e2(p) = +e1(p)+
b*(p) + ¢ (p), and —b(p)ea(p) = c1(p)ea(p), cs(p) = 0 if c1(p) = 0, with ¢1(p), ca(p), b(p) > 0,
ea(p),e1(p) < 0.

Lemma 2.5 Let F' and F;** be as above. Let p = (20, wo) = (20, uo + i|20|*) € OH* near 0.
Then the followings hold.
(i) The real analytic functions have the formulas

B(p) = b — 4b(2er + )3 (20) + o(1),

2(p) = & + der(ber + 262)3(z0) + o1),

62(]9) + 61(]?) = €9 + €1 + 8b<€1 + 62)%(20) + 0(1),

() — er(p) — ealp) = & — 1 — ea+ (4c1<bc1 T 2es) — 8b(ex + e2>) (20) + o(1)

where we denote o(k) = o(|(zo, uo)|*).
(i) If c; > 0, the real analytic function has the formula

202

cs(p) = c5 +4(cs)*(5b — < )3(20) +o(1),

(111) If ¢ = 0, then cs3(p) = 0.

Proof: (1) All these formulas were proved in [CJX06, lemma 3.1].
(ii) We use the formulas in [CJX06, Step 3 and 4, § 5] and the notation to obtain

2 1 82 ¢pe3
2 w2

1 82¢***
2 ow?

= 2 4 4(es)2(5b — Z2YS(2) + o(1),.

8]

(0)

(0)

2 _

(iii) If ¢; = 0, by Lemma 2.3, ¢ = 0 and F' € Rat(H? H*). We modify slightly on the

normalization F*** so that ¢73* = 0 and hence c3(p) =0. O



3 A Monotone Lemma

Recall that for any (c1,c3,e1,e3) € K, we denote

o (c1,c3,€1,62) € Kp (ie. Fyy cyep.e0 18 Of the form of type (I)) if ¢; = 0 and b = 0;

o (c1,c3,€1,62) € Ky (ie. Fpy g6, is of the form of type (II)) if ¢; > 0 and b = ¢, = 0.
Also recall that for any map (cq, c3, e1,e3) € Ky, we denote

o (c1,03,e1,69) € Krra (6. Fop ey e, 18 of the form of type (ITA)) if ¢; > 0, b=cy =0
and c3 = ey, = 0;

o (c1,c3,€1,62) € Kyrp (.. Fiy ey, 18 Of the form of type (IIB)) if ¢; > 0,b=1cy =0
and c3 = e; = 0;

o (c1,c3,€1,62) € Ko (1-e. Fey g6, i of the form of type (IIC)) if ¢; > 0,b=c, =0
and c3 > 0.

For any (cy,c3,€1,6e2) € K; U K7, we denote

o (c1,c3,e1,69) € Krr1144es42i250, i 1+ 4dea + 2¢; > 0;
o (c1,c3,€1,69) € ’CI,II,1+4e2+2c§:07 if 1+ 4des + 2¢2 = 0;
o (c1,03,e1,62) € Kp 1 1saes2i3<0, if 14 4ey +2¢] < 0.

o 2
For any F,, cye,.e, € K, we define W(EF,, s e,.6,) := W(c1,c3,€1,€2) := ] —ep — ea. We
also consider curves

[(t) = (at, pit +ilal?t?) € OH?, YVt € [0,1], |a|<1land|B] <1 (27)
where a = o + ian, o, 41 are real numbers.

Lemma 3.1 Let I" be any curve as in (27).
(a) If (c1,c3,€1,€2) € Ky 11 114e,426250, then there exists 6 = 6(I') > 0 such that

W((FCth,@l,eQ);?:l)) < W((Fcl,c&el,@)lﬁ?;))’ VO<t <tp <o (28)
(b) If (c1,¢3,€1,€2) € Ky 11,1 44e012c2—0, then there exists § = 0(I") > 0 such that
W((Fey c5,01.02)11)) = constant, Vt. (29)

(c) If (c1,¢3,€1,€2) € Ky 11,1 44e012e2<0, then there exists § = 0(') > 0 such that
W((F01703,61762)FE:1)> > W<<FC1,03761,62>;§2))7 VO<t <t <o (30)

10



Proof of Lemma 3.1: Step a. The basic setup The monotonicity (28) in (a) means

AWV (F7)) . W ) = WHETE)
————— = lim
dt At—0 At

>0, Vt €0,4]. (31)
For any 0 < t < ¢ and sufficiently small At > 0, if we can write
Fvan = (556 ) (32)
q(t,At)
for some differentiable map ¢(t, At) € OH?, then from Lemma 2.5 we should have

W(ER an) = WUETE) + [401(501 +2¢5) — 8b(er + 62)} (C(@)S(q (1)) At + o[ At]),

(33)
where we write q(t, At) := (q1(t), q2(t)) At + o(|At|). Notice that [4ey(bey + 2¢) — 8b(ey +
e2)](I'(t)) > 0 always holds because ¢, ¢, —e; — ea > 0. Then (31) follows if S(q1(¢)) > 0
holds. In particular, if [4ci(bey + 2¢2) — 8b(eq + e2)](I'(¢)) # 0 for any fixed ¢ € [0,6), and if
the following condition is satisfied:

S(qu(t)) >0, Vtelo,0], (34)
then the strict inequality (31) holds. To prove (31), it suffices to prove (34).

Step b. I'(t) determines ¢(t,At)  To prove (32), we define ¢(t, At) by
I'(t + At) = or@) o Gi(q(t, At)) (35)

where G; = G4 (t) € Auto(OH?) and Gy € Auto(OH?) are defined such that
(Fr)™ = Gy o1y 0 F o opy o G (36)

By (35), q(t, At) is a function uniquely determined by I'(¢) given by

q(t, At) = G ooy o T(t + At). (37)

The definition (37) will be justified in Step c. Here we derive a formula (39).
By the definition of o (see (18)),

Oy (2,w0) = (2 = 2(t), w — w(t) — 2i(z, 2(t)) + 2i|=(1)[),
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and

[t + At) = (a(t + At), Bi(t + At) + |l (8* + 2tAt + At?)

=T() + (o, B +ila>(2t + At))At = T(t) + (aAt, (B + 2i|a)*t)At) + o |At]).
(38)
Then

op 0 Dt + At) = (aAt, BiAL) + of|At]).

We denote G € Auto(OH?) as in (21), and we have

G () = Az + aw)U Nw
BT = 20(@, 2) — (r+ilaP)w’ 1= 2i(@, 2) — (r +i|aP)w

where U=U(t) =¢e? 0 =0(t) e R, A= \(t) >0and @ =a(t) € C, and r = r(t) € R, and

_( %(z—%U )u! =W )
O\ 208U, 2) + (r — i EP)w’ 1+ 220, 2) + (& —i|ZP)w /)

Therefore

q(t, At) = Gyl oopyy o Dt + At) = Gy (aAt, SiAL) + o|At])

(/\2(>‘O‘U L—ap), 251)At+0(]At|).

By using the notation in (34), we have

(0 = 5 (MO = o) ). (39)

Step c. The identity =~ We want to prove that the identity (32) holds:

(FF(t-i—At))*** = (((FF(t))***> ) ’ (40)
q(t,At)

for sufficiently small ¢ and At, i.e., to prove the following identity
Gyo T§t+At) o Fooruiany oGz =Ggo 7' o (Gg o TF( pnoFooryo G ) 0 gt © Gs. (41)

12



Here by abusing of notion, we still use T(f to denote T;{ where H = (Fp@))™*. Notice
that Gl,G5,G3 € Autg(aHg), Or(t), Oqs OT(t+At) & AUt(aHg), and GQ,Gﬁ,G4€ Auto(6H5>,

Thws Ta s Toran € Aut(OHs) are uniquely determined by F, T'(t),q and T'(t + At) in the

normalization process, respectively.
If we can write

(((Fr<t>)***) ) = Bo (Fr@ran)™ oA (42)
q(t,At)

for some A € Auto(0H?) and B € Auto(9HP), then (40) holds by Lemma 2.3(2).
In fact, we write

(w),.)
q(t,At)

= (Gg o Tf o (G2 o Tﬁ(t) oFoopy o Gl) o ay(,a1) © Gis
= (GG o Tf 0Gyo TI}‘:&t) o (Tlf(t-i-At))_l © Gll) © (G4 o Tg(wm) o Fooruiar © G3) o

° <G§ 10 01y an © 1) © G1 0 Oy(ran © Gs)
= Bo (Frpian) ™ o A
where B = GGOT(IFOGQOT&t)O<T§t+At))_1OGZI and A = G;loa;(lt+At)an(t)oG1 004(t.a1) 0Gs.
Writing A = G5 o (U;(er) oopy oGy o aq(tAt)) o Gs. Notice G531, G5 € Auto(OH?). By
(35), we know a;(ltJrAt) o o) © G1 0 oguary € Autg(OH?). Then A € Auto(9H?). Similarly,
we can show B € Auty(0HP).

Step d. Proof of (a) - the case a # 0 Let a be as in (39). Suppose o # 0. By our
construction (see [CJX06, Step 3 in § 5]), the vector @ and the matrix U in (39) are given
by

82 *ok
a= C_I:(t> =1 8wp2b (0) — ’i(@l - 262)20 + 2i01C2U0 + (|p|) = i(61 - 262)Oét + O(t), (43)
i 9? e 82¢;§Z . 82¢;:
U = U(t) — e’ = Bzawl (O>/ Bzawl (O) ot 828101 (0) 7é 0, (44)
1, if 20y =0,

13



and (see [CJXO06, Step 3 in § 5])

82 Kk 62 Kk Z
pel pdl .13 . 2
0) = 0) =b— 2ib°ug — ib — 4ib°zy — =b
E?zaw( ) azc‘?w( ) o beto o 2 Ho
—izg — 4diegzg + 4icicoug — 2ibcfu0 — 22'0%20 = —i(1+4es + 20?)20 + o(|pl),

where p = (29, wg) = T'(t) = (at, Bit+i|a|?t?) € OH?. Here we used the fact that b = coc; = 0
because (c1,c3,€1,e3) € Ky UK ;. Then we obtain

82 ;Zl . 2
520w (0) = —i(1 + 4eg + 2¢7)at + oft) (45)

2
Now 1 + 4ey + 2¢2 > 0. Since a # 0, we have &( 0) # 0 by (45) so that @, U~! and
¢1 are real analytic neat 0 from their construction (cf. [CJX06]). Then

R | - | B
Uty =e = T (0) (1 +4dey +2¢7)at + o([t])  i(1+ dey + 2¢7)a + O(|t])
- - 62¢ e - 82¢*z — - .

5200 ()| oL ()| (14 4ey + 2A2)a

and there exists a constant ¢ > 0 such that

S(q(t)) = A(1)2%(,\(zf)aU(t)1 - Ei(t)ﬁl) = ﬁ%(aU(t}l) +O(t)

i(14+4eq+2c2)|al?
- %‘(%) +0(It]) = la] + O(t)), vt < 0,6

a

(46)

because A = A(t) = 1 4+ O(|t]). This proves (34) as well as (28).

Step e. Proof of (a) - the case « =0  Next we will prove (a) for the case a = 0. In
2
this case T(t) = (0, B1t), and S(q(t)) = — 2= S(d@(t)) and (t) = i54-(0). From [CIX06,

()
2L (0) =

§ 5, step 3 and step 2], we have aaf"” (0) =

1 ~ —t 1 L —t =

= WTQJ”(;O) Lf(p) — 57 (Tf - Lf )(T%g = 26T f - f = 2i|ITf|*)(p)  (47)

We want to prove @(t) = 0 which implies (28). This will be done by direct computation.
Write F' as in the following form:

f=zh+ (% +ier)zwh, ¢1 = 2°h, ¢y = crzwh, g3 = csw?h, g = wh + ie;w?h,
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where h = h(w) = ———~——. Then

1+ie;w+esw?
h' = (—iey — 2eqw)h?, h" = (—2ey — 2€] + Gieyeow + Gejw?)h°.

From the definition of F,, where p = (z,w), we have [CJHO6, § 5]
f(p) = zh + (% +iep)zwh,
Lf(p)=h+ (% +iep)wh + 2iz (zh’ + (% +iep)z(h + wh’)),

Tf(p) =zh'+ (% +ie1)z(h + wh'),

T2f(p) = 2" + (5 + den)=(2H + wh'),

b1(p) = 2°h, L1 (p) = 2zh + 2i22°R,  Teéi(p) = 2°H,

ba2(p) = crzwh,  La(p) = cywh + 2ic1zz(h +wh'),  Too(p) = c1z(h + wh'),

T2(b1 <p) — ZQh”,

L2py(p) = 2ic1Z(h + wh') + 2iZ |c1(h + wh') + 2ic,Z2(20 + wh)

= 4ic;Z(h + wh') — 4¢,222(20' + wh"),
T?ga(p) = c12(2h + wh'"),

$3(p) = csw?h, Las(p) = 2icsz(2wh +w?h'), Ths(p) = cs(2wh + w?h),
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T?¢3(p) = c3(2h 4 2wh’ + 2wh' + w?h") = c3(2h + 4wh’ + w?*h"),
When p = (0,t), we have
Ap) = [Lf (D) + |Lr(p)]* + [La(p)]* + [Les(p)|* = [A(1)]* + |exth(t)]* =1+ o(t)

and T'f(p) = Té1(p) = Toa(p) = Lifj(p) = T?f(p) = T?¢1(p) = T?¢a(p) = 0 so that

(Tf-Lf)(p) = 0 and that (T%f - Lf )(p) = 0. Hence by (47) we obtain S(q(t)) =
—P3(a@(t)) = 0. The proof of (a) is complete.

Step f. Proof of (b) and (c) Similarly we can prove (c). To prove (b), we first consider

the case when o # 0. In this case, we can take a sequence of points (cgk), cék), egk), egk)) €

Kr16,144ep+2250 such that (cgk),cék),egk),e;k)) — (c1,¢3,€1,€2). Then (46) holds for such

maps Fc(lk)7cék)7egk)7eék):
k
(g (1)) = |a] +O(t]), vt e [0,] (48)

Also, we can take another sequence of points (E(lk),ﬁék), E{lk), E{Qk)) € K110,1 4460422 <0 Such that

(E{lk),é{gk), é{lk), Egk)) — (1, ¢3,€1,€). Then by letting kK — oo and the same argument in the

proof for (c), we get

3@ (1) = ~lal +0O(ltl). vt e [0, (49)
for maps Flu) ) o zm- Such estimate is uniform for all k. Notice that the function
[4cl(bcl+2021) —7§b7(611 —71—262)](11@))%((11 (t)) in (33) is real analytic but 4¢ (bey+2c2) —8b(eq +e2)

and (g;) may be not (see Remark (a) following the proof of Lemma 3.1 below). Then by
(48) and (49) and by letting k — oo, we must have

[4eq(bey + 2¢9) — 8b(eg + ) [(T(1)S(qi(t)) =0, Vit € [0, ]

for the map Fp, ¢y ¢, S0 that I(q:1(t)) = 0 is proved.

Next we consider the case when o = 0, by Step e, we have 3(q1(t)) = 0 so that (c) is
proved L.
Remark (a) We notice that if 1 + 4ey + 2¢2 = 0, 8;?@;51 (0) may be zero so that U and
hence U~" may not be differentiable. By the way, W(F;**) = c}(p) — e1(p) — ea(p) =
T + 2¢}(p) + b*(p) is real analytic but ¢;(p) and b(p) may not be differentiable; this is
because of some definitions such as (44) (cf. [CJX06, p.1521-1522]). Then the function
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[4cy(bey+2c9) —8b(er+e2)|(I(t))S(q1(t)) in (33) is real analytic but 4c¢; (bey+2¢,) —8b(e1+e3)
and ¥(g1) may be not.

(b) If we replace the curve I'(t) = (at, fit + i|a|?t?) by another curve
L(t) = (at, Bo + Bit + ilal*t?), (50)
then (38) and hence (46) holds.

Recall (c1,c3,€e1,e9) € Ky <= (5) holds with ¢; > 0 and b = ¢ = 0 <= ¢; > 0 and
either

—Gr) - JG+dr-43 -G+ + G+ -4
€1 = 9 , €2 = 92 ) (51)

where 4¢3 < (5 +¢})?, or

G DG ad () - G - 4d
€1 = 92 , €2 = 9 ) (52)

where 4¢3 < (3 + ¢})?. Here ¢; and ¢y are parameters.
We can write a disjoint union Krr = Krsey<ep U K1 e1=e5 U K11 6150, Where

Kirer<es = {(c1,¢c3,€1,e2) € Kpr | e1 < e}

Kirei=e; = {(c1,c3,€1,€2) € Kp1 | €1 = ea},
and

Kireises = {(c1,c3,61,e2) € Kp1 | €1 > ea}.
Then Kirejce, = {(c1,c3,e1,62) € Ky | (51) and 43 < (3 + 2)? hold}, Kirejmey =
{(c1,e3,€1,e2) € Kpr | (B1)or (52) and 4¢3 = (3+¢1)? hold}, and Kir e, <e, = {(c1,¢3,€1,€2) €
Kir | (52) and 4¢3 < (5 + ¢})? hold}.

Lemma 3.2 (i) Kr1e1<e; € Ky 111446542250, 0 Kirey=e; © K 17144e0426250-

(i1) Let (c1,cs,€1,€2) € K eyse,. Then

(a) (c1,¢3,e1,€2) € Ky 11 14aept2e250 f and only if 561 + ¢ < 4¢3 < (3 +¢f)? holds.
(b) (c1,c3,€1,€2) € Ky 11 144ey42:2—0 if and only if %cf + ¢} = 4¢3 holds.

(c) (c1,c3,€1,€2) € K 11 144ep42:2<0 of and only if 0 < 4ck < %cf + ¢t holds.
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Proof of Lemma 3.2: (i) For any (c1,cs,€1,€2) € Kirey<ey UK 1 e1mesy Dy —€1 — €3 = 1+ ¢}
and (51), we have

1 1 1 2 1
1+4€2+2C%:§+2€2—261:§+2\/(Z+C%) —4C§2§>0

(ii) For any (cy,cs,€1,€2) € Kire sey, We know that 1+ 4dey + 2¢2 > 0 is equivalent to
T +25—2¢ =1— 2\/(}L +¢c3)? =43 > 0, ie., 2 + ¢f < 44, so that (a) is proved. (b)
and (c) are proved similarly. [J.

Lemma 3.3 Let £ = {(c1,c3,e1,62) € Kt UK | (Fepeseren)y” = Fereseress P €

OH? near 0}. Then F., cye,.0o € € if and only if for any curve T as in (27),
(4cy(bey + 2¢9) — 8b(eg + €2))(I'(t)) =0, Vt € [0, 1]. (53)
Proof: 1t is clear
Foicyeren € E = c1(p),cs(p) are constant, Vp € OH? near 0. (54)

If Fil cyereo € E, then either ¢1(p) = b(p) = 0 or ¢1(p) > 0,b(p) = ca(p) = 0, Vp € OH?
near 0 (i.e., the case (I) or (IIA), (IIB) and (IIC)). Then the equality in (53) holds.

Conversely, suppose that (4c;(bey + 2¢2) — 8b(eq + e3))(I'(t)) = 0 for any choice of curve
['(t) and for any (ci,c3) in some open subset of R?. Then b;(p) = 0 and ¢;(p)ca(p) = 0,
Vp € OH? near 0. If ¢; = 0, then by Lemma 2.5(iii), c3(p) = 0,Vp so that F,, ¢y e,e, € E. If
c1(p) > 0 for any p in some open subset of OH?, then cy(p) = 0, Vp. Then we apply Lemma
2.5(ii) to know

c5(p) = ¢ + 4(cs)*(5b — ?)3(2‘0) +o(lp|) = c3 + ollpl), where p = (20, wo) € OH* (55)
1

which implies as in (33) that c3(p) = constant, ¥p. Also, by (33), from (4ci(bey + 2¢9) —
8b(e1 + €2))(I'(?)) = 0 it implies W((Fey es.e1,e0)1(7y) = constant, VI" and V¢. Then

W((Fey es.e1.00)1(1)) = (cf —e1—e)(T(t)) = (;L +2¢2)(I(t)) = constant,

which implies that ¢ (I'(t)) = constant for any t € [0,t], i.e., c1 = constant. By (54), we
obtain Fi, ¢y e e € €. Claim (53) is proved. O

Theorem 1.1(i) will follow by Lemma 3.2 and the following lemma.
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Lemma 3.4 Let (ci,c3,e1,e2) € K UK. Then Fi, oo e, satisfies (9) if and only if
Fe)cseres € Kr:=Kr UK — K1,11,1+4e2+2c§<0-

Proof: (<) It follows from Lemma 3.1.

(=) Take any map Fi, cyeie5 € K1 11,144e042:2<0 Satisfying the minimum property
(9). We first show that Fi, ., ¢, ¢, € € where £ was defined in above lemma.

By Step d in the proof of Lemma 3.1, we know that for any curve I' as in Lemma 3.1,
there is 0 > 0 such that

S(qu(t)) = =lel +O(]t]), vt € [0,0].

Suppose that F., ., ., ., satisfies (9). By (33), it implies (4c¢; (bey +2¢2) —8b(e1+e2))(I(t)) =0
for any such curves I'(¢) and for any (cy, ¢3) with 0 < 4¢3 < (§ +¢)?. Then by above lemma,
Fcl,03,el,eg €.

ENKL 11144es+2:2<0 18 a real analytic set in K 714 4e,12:2<0- We claim:

ENKr1r114er42e2<0 = 0. (56)
Suppose (56) is not true. Then we can take

0 (0
(Cg ), C:(), )7 eg )a eé ) € Kr i 1+dep+2c2<0 () €. (57)

We can take a sequence of points (cg ), cék), eg ), eé )) € K111,144es12:2<0 — € such that

k k 0 0
(", et e5”) — (e el ).

By our choice of (c1 ,c:())k), egk), e ) the corresponding maps F’ RCNCNOINE has the property

that the associated function W((Fc(m B ) e(k)) (*)) is strlctly decreasmg as t goes from 0
1 %3 1 2
to 1. Then F & @& @ @ is equivalent to some map Flw) k) -0) -0 € K = K7 U Kyp —
cye3 .61 e ¢ e3,e1 ey
K1 11,1 4404262 <0 With the minimum W value. Since the function value W((chk)chk)ﬁ(lk)ﬁék) )
k) k) A{k) (k)

is decreasing, the sequence of points (¢; ", ¢; ,€5 ) is also bounded in K. By taking
subsequence, we may assume that (E{lk),?:ék), E{lk),%k)) @0 20 & &y e K£*. Then
Fc(o) FONOMO) is equivalent to FE(O) =0) (0 5(0) € K*,

1 »¢3 €1 €9 1 =3 1 -2

ok sk

Feoaapao = (Fio.po.p ) (58)

q

for some non zero ¢ € OH?, by the same argument as in (7) and (8) (or [CJX06, Step 1, §
4]). On the other hand, since F ) o) © (o € &, by the definition of £, (58) cannot occur.
C1 »C3 ,€1 "HEo

This contradiction shows that (57) cannot occur. Thus Claim (56) is proved. O
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4 Local version of Theorem 1.1(ii

For each point p = (a,b + ila|*) € OH? where b € R and a € C, we denote 7(p) = m(a,b +
ila|?) := (Jal, |b|]) € R%. We denote by [, := [0,¢] x [0,¢] a square and A, := {(z,y) | 0 <
r<c¢ 0<y <z} atriangle inside OJ.. Let T'(t) = (at, Bit + i|a|*t?) with ¢ € [0,1] be line
segments, The set {n(T'(t)) = w(at, Sit + ila*t?) | || =1, |5i] <1, 0<1t < ty} is equal
to A\,. Notice that m(a,b+ial?) € A\, if and only if there exists such a line segment I'(¢)
so that (a, b+ i|al?) = T(t*) for some t* € [0, to].

Lemma 4.1 For any P© = (cgo),céo),ego),ego)) € K*, there is a neighborhood U of P
in K* and a constant ¢ > 0 such that for any point (¢}, d;, €}, eh), (<], s el,ey) € U with
Foranener = (Fet et e )5 where p = (a,b+ila®*) € OH?, a € C, b € R, [p| := max{]al, |b]}
< ¢, we have

(cf, c3, €1, €3) = (¢, ¢, €1, €3). (59)

Proof of Lemma 4.1: Step 1. Choose U and c For the point P© € K*, by
Lemma 3.1 and the uniform estimate (46), there exists a neighborhood U of this point
and a constant 0 < to < 1 such that for any point (c},c, €}, ¢e5) € U and for any curve
L(t) = {(at, Bt +i|al?t?)} with « € C, 51 € R with |51]| < 1, |a| =1, 0 < t < ty, we have
the property

W((Fy eyer.e4)T(r) 8 nondecreasing, Yt € [0, to]. (60)
Since Fc/1/7cg7e/1/76/2/ = (FC'I,CQ,EQ,G’Z);** =HorTo FC’170376’1,6'2 o0y, 0 G where G € Auto(ﬁHQ),

H € Auty(0H), 7 and and o, are as in (18), we can write

]-710’1,0’3,6/1,6’2 = (Fc’l’,cg,e’l’,eg)z**7
where ¢ = G~ (—z9, —wy). Since G(0) = 0 and G~1(0) = 0, by continuity, ¢ — 0 as p — 0.
Then we can choose a number 0 < ¢ < t, such that Vp = (a,b + i|a|?) € OH? with |p| < c,
the point ¢ = (A, B + 1| A|?) satisfies |q| < to. Let us verify that c is the desired number.

Step 2. There exists a curve from 0 to p with monotone property We have
to put the condition |« = 1 in (60); otherwise we may not be able to find the ¢, for all
curves. We want to remove this condition by adding one more piece of the line segment,
namely, we claim that for any p and (¢}, ¢, €], €3) as above, there is a curve I'(¢), ¢t € [0, t*],
consisting of one or two pieces of line segments, such that (60) is still true: VV((FC/1 el b );*E;‘))
is nondecreasing along I'.

Write p = (a,b+i|a|?) € OH2. We distinguish two cases: (i) 7(a, b+ i|al?) € A.; and (ii)
m(a,b+ila)?) € O, — A..
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In the first case (i): for any p = (a, b+ i|a|?) with |a| < c and |b] < |alc, assuming p # 0,
we have p = ['(¢*) for some curve I'(t) = (at, it + i|a|?t?) with 0 < 3; < 1 and |a] =1
as above with some t* € [0, ¢|. In fact, we have a = o B = ITb\ and t* = |a|. By (60) the
function W((Fe; ¢, e1,¢,)117)) 18 increasing as ¢ varies from 0 to ¢*.

In the second case (ii): p = (a,b + t]a|?) with |a| < ¢ and |a| < |b] < ¢. Let us assume
b > 0; otherwise it can be proved by the same argument. In this case, we cannot find I' such
that it connects 0 and p as in the case (i). However, we can define two pieces of curves:

I'i(t 0<t<bh—
F(t): 1( )7 > U > ‘Cl’,
(), b—la|<t<b.
(07t>7 Ogtgb_|a|7

o (&@—b+mmt+i

|al

2
), b—la| <t <t*:=b.

t—b+|al

Here 7(I";) = {0} x [0,b — |a]] is a vertical line segment; and 7(I'y) is another line segment
connecting I'1(b — |a|) and the point p.

By Step e in § 3, the function W((Fe; ey e;,e,)(1)) 18 constant for 0 < ¢ < b — |a]. Next
we consider W((Fe, ¢, e,e,)Tu(r)- If We use a new variable u =t — b+ |a|, then I'»(t) can be

written as
To(u) = <%u, (b — lal|) +u+iu2), 0<wu<]al

By the remark (b) in (50), (46) is still valid for I's(u) so that W((Fe; e e e5)1n(r)) 18

nondecreasing for any b — |a| < ¢t < t*. Our claim is proved.

Step 3. The W function is constant We claim:

W((Fy, 0,000 ) = constant. (61)
: _ Hokok _ o
In (f?;;t, since fi'{,)cgfg',eg = (Fecheen)p™ and Foy o o or = (Fop e enen)q™. We have Fiy o o1 e
KRk *
= (Fy et en)™)g

Since 7(p) € O, by our choice of ¢, ¢ = (A, B —1;2'|~A]2) satisfies 7(q) € Oy, ie., |A] <ty
and |B| < to. Then by Step 2, there exists a curve I'(¢), 0 < t < t*, connecting 0 and ¢ such
that the function W((Fy ¢ e e )%"Etf)) is nondecreasing along I'. Then we obtain

WI(Fg eerey) = WIE e0,.05)10) < WIEF e00.00)000)) = W Ereper.ey)s (62)
and

W(Eg g ) = W(Espeeren)iie) < W Espgepen)iie,) =W (Fy ) (63)

€1:63,61,62 IN( 173>
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By (62) and (63), Claim (61) is proved.
Step 4. Proof of the uniqueness We next claim that (Fi . 76/2)1"1”&“) is constant:

(Fc’l,cg,e’l,eé);?:) = Fcl,c €, Vit € [07 tO] (64)

371
Let us consider the case (i) in Step 2. From (31) and Lemma 2.5, it implies that (4c}(b'¢| +
2dy) — 8b/(€e} + €5))I(t) = 0 for any ¢ € [0,¢*]. Thus by the argument in (55), we proved
A (L'(¢)) = ¢5(I'(t)) = 0 for any ¢ € [0,¢*]. This implies that (Fi ¢ e e, )7 18 the same map
for any t € [0,tp]. Claim (64) is proved. The case (ii) will be proved by similar argument as
the case (i) and by the remark (b) in (50). O

Lemma 4.2 For any point P©) = (c§°),c§°), ego),ego)) € K* — & where £ is defined in

Lemma 3.8, there is a neighborhood V' of P9 in K, a neighborhood U of PO in K* — &
and a neighborhood E of 0 in OH? such that the map ¥ : U x E — V, (F,p) — Fy s

surjective.

Proof: ~ We first claim that for any e, c;eie, € K* — &, the set N 1= {(F) c501.00)p
| p € OH?} is of real dimension > 2. In fact, consider a function W((F,, ¢5.¢,.,) ) on N
where T'(t) = (at, Bt + |af*t?) is a curve in OH? as (27). By (46), we have S(qi(t)) =
la| + O(Jt]) for ¢ > 0 sufficiently small. Since Fy, cye, e, € K* — &, by Lemma 3.3, we have

(4dey(bey + 2¢2) — 8b(ey + e2))(I'(t)) # 0 holds for some curve I'. Then from (33),
W(ETE an) = WTE) + |4ei(ber + 2¢5) — 8b(er + ea) | (T(1))|al AL + o([At]),  (65)

Since o € C = R?, our claim is proved.

It remains to prove dimg V(U x E) = 4. Notice that dimg £ = 4, dimg(K*) > 2, and
that the map defined by (K* — &) x 0H* — K, (F,p) — F;** is (Nash) algebraic. Then
it suffices to show that this map is injective, i.e., for any two distinct points (cy, cs, €1, €2),
(¢1,¢3,€1,€2) € K*, which are sufficiently close to (c&o)7 cgo), e§°), ego)), and for any two points
p,p € OH?, which are sufficiently close to 0 € OH?,

(1701,C3,~'31762);;*>k 7é (F51,53,€1,€2);5**' (66)

If this can be proved, it follows dimg ¥(U X E) = 4.
Recall that for a fixed F', we write

Py =H,o1,0Foa,o0G,, (67)
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where o, € Aut(H?) and 7, € Aut(H’) are defined in (18), G, € Auto(H?) and H, €
Auto(OHP).
In case (66) does not hold, i.e., we have (Fi,cyee0)y™ = (Faimaa)y ™ By (67), we
write B B
HP ©Tp© F01,C3,€1,62 ©0p© GP - HP © %P © F51753751,?52 © 511 ° G’P?

ie.,

FC1703,61,€2 = 7_p_l © Hp_l © Hp © %p © F51753,51,€2 © 5]7 © Gp o G;;l © O—p_l = (F51,53,€1,52);z*7 (68)
where py = 7, 0 ép oG, oo, 1(0).

Notice from (67) that there is § > 0 such that as p — 0, 0,,, G, 7, H,, all converge to the
identity maps in Aut(H?) and Aut(H?) respectively. We apply this fact to (68) to conclude
that for any € > 0, there exists § > 0 such that for any (cy,cs,e1,€e2),(¢1,C3,€1,62) € K*
with

dist((cl, C3,€1,€3), (cgo), céo), e§0), eg)))) < 6, di8t<(51,537517g2)7 (0(10)7 cgo), ego), eéo))) < 6,

we must have |pg| < e. We can choose € to be the ¢ as in Lemma 4.1. By applying Lemma
4.1 to (68) to conclude Fy, ¢, ¢, o = F& 55215 Lhis contracts with the fact that (1, c3, €1, e2)
and (¢1, ¢3, €1, €5) are distinct. Hence (66) is proved. [

Corollary 4.3 (Local version of Theorem 1.1(ii))  For any P©®) = (cgo), Cgo); ego),ego)) €
IC* — & where £ is defined in Lemma 3.3, there is a neighborhood U of P in K* — & such
that ¥(cy, cs, €y, €5), (cf, c3, €], e5) € U such that Fr ey on o and Fy o1 or o1 are equivalent, we
have (¢, ¢, €1, €3) = (¢4, ¢, €3, €5).

Proof:  Let U be a neighborhood of P in K* — £, E a neighborhood of 0 in OH? and V
a neighborhood of P(®) in K as in Lemma 4.2. Let U be a neighborhood of P©® in IC* — &
and ¢ > 0 be a constant as in Lemma 4.1. We choose Uy, E = {(z,u +i|z]?) € OH? | |2| <
¢,|ul < ¢}, V such that Uy € U and V N (K* — &) C U. Then by Lemma 4.2, we have

_ KoKk : /! ! 1 n\ __ / / / /
Forepen e = (Fer o erer )y with [p| < ¢, and by Lemma 4.1, (cf, c3, €], e5) = (¢}, c3, €], €5).

5 The proof of Theorem 1.1

Before proving Theorem 1.1, we mention a fact. Let o, and 0, € Aut(OH?) defined as in (18)
and F' € Rat(H? H®), then we can define a family of automorphism O, = Tsbt(1—s)a, 0 <
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s<1,and ¥, = T£+(175)a € Aut(OHP) defined as in (18) so that ¥, 0 F o ©, € Rat(H?, HP)

satisfies ©y = 0,, ©1 = 0 and

U, 0Fo0,(0)=0, Vsel0,1]. (69)

Proof of Theorem 1.1:  For any F € Rat(H? HP°) with degree 2, by [CJX06] and Lemma
3.3, F' is equivalent to another map F% z 5 € K* with the minimum property (9). By
Lemma 3.2 and 3.4, Theorem 1.1(i) is proved.

It remains to prove Theorem 1.1(ii). We need to show: if two distinct maps cho>7cg0)’e(10)7ego>

and Faw) ~0) 50 5(0) N K* are equivalent, then
1 =3 1 v2
0) ~(0) ~(0) ~(0 0) (0) (0) (0

0 (0) (0) (0 . . .
We assume that (cg ), cg ), eg ), eg )) ¢ £ where £ is defined in Lemma 3.3; otherwise these
two maps F' () ) (0 (o and Flo) o) ~0) -0y cannot be equivalent.
¢y he3 61 ey ¢y ,Cy ey eq

Step 1. Construct a curve L Since F o) o) (0 (0 and F.o) o) ~0) ~0) are equivalent,
Cy ,Cy 461 ey €y '5Cy 1€y €4

FEEO)75§0)7 0 0 = Yo cho),cgo),ego),ego) 00 (71)

o
1
where © € Aut(H?) and ¥ € Aut(H"). Notice ¥ o F o) o 0 o ©©(0) = 0 holds.
1 =3 "1 72
We take a real analytic curve L = L(s) € K* =&, 0 < s < 1, such that L(0) =

(cgo),céo),ego), ). In fact, since (cgo),cgo),ego), ego)) ¢ £ and & is closed, L could be taken

in a neighborhood of (c\”, cgo), e§0)7 ego)).

By using automorphisms of balls, Cayley transformations and (69), we can take a real
analytic family of automorphisms O, € Aut(0H?), ¥, € Aut(0H’), s € [0,1], such that
when s = 0, ©g = ©, ¥y = ¥; when s € (0,1), ©,(0) # oo, ¥, 0 Frs 0 O,(0) = 0; when
s=1,0; =1d, ¥, = Id. Then we define

A

Lo(s) := V0 Fjs 004 € Rat(H?* H°), 0<s<1,

such that Ly(s)(0) = 0 for all s, Fpo0) = Yo Fre) 0O and Lo(1) = L(1). Our goal is to
show: Lo(s) = L(s), Vs € [0,1], so that Lo(0) = L(0), i.e., (70) holds.

Step 2. Define a curve L(s) Notice that Ly must be in K, namely, F fo(s) Ay geometric
rank one at the origin for all s € [0, 1], so that (F} )™ is well defined for all s € [0, 1].
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Recall ©4(0) # oo for any s € (0,1] and ©; = Id. Then for any s € (0,1], we denote
Y(s) = O4(0) € OH? with (1) = 0, so that O, = gy(s) 0 G5 where oy is defined as in (18)
and G, € Auty(OH?), i.e., we have a continuous map w( ) € OH? such that (1) = 0 and

(Fpp)™ = (FL(S)> , Vse(0,1], and (Fj ;)™ = Frq). (72)
¥(s)

Even though (Fio(s)>*** is in K for any s € (0,1], it may not be in K* because the
minimum property (9) may not be satisfied. We claim that (F} )™ is equivalent to

another map Fig € K*. More precisely, we want to find ¢(s) € OH? so that

To define such ¢(s), we consider several cases below.

If s =1, since Fpq) € K* and ¢ (1) = 0, we define ¢(1) = 0.

If s € (O, 1] at Wthh the minimum property (9) holds, we define ¢(s) = 0.

If s € (0,1] at which (9) does not hold, we consider a continuous curve I'®)(¢t) € OH?—Zp,

0 <t < 1, with I®(0) = 0 such that the function value W(( Fp o)1 (t)) is decreasing along

I'®). We denote by £, the infimum of W((F io(s))1n) over all such curves. Then there exists

a sequence of curves T in 9H?2 such that

= tim Wi ) (74)
Since W((Fj,(5));") = a1 (p)? — e1(p) — ea(p), the decreasing property implies ¢;(p), —e;(p)

and —eq(p) are bounded (cf. [CJX06, Step 1, §4]), so that (Fio(s))’lf'gj)(t), regarded as a point,

is inside K and is contained a compact subset of IC that is independent of re. Therefore,
by taking subsequences, we may assume that the limit lim,, . (F' To (5))*** exists as a point

i ()
in K* and that lim, ..o I (1) € OHZ exists. Let us define

It remains to show that ¢(s) € JH? can be defined such that Fy = (Fro(s))ney:

By the choice of L(1) and Corollary 4.3, there exists a neighborhood U of L(1) in ¥,
such that if a point (c1,c3,e1,e2) € U such that Fi ., e, and Fr1y are equivalent, then
(C1,03,61,€2) :L(l) )

Let us consider K N B*(Ly(s),r), the intersection of K with the sphere in C* which is
centered at Ly(s) with radius 7. We also consider K* N B2(Lo(s), r), the intersection of K*
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with the sphere in C* which is centered at Lo(s) with radius 7. We take 7 so small that
K* NB%(Lo(s),r) C U.

Step 3. Claim on Fﬁ(s) — FLO(S) Regarding Fi(s) as points in K, we claim:
dist (Fﬁ(sy Fio(s)> —0, ass— 1. (76)
Suppose (76) is not true. Then there exists a sequence sy — 1 such that
dist (Fﬁ(sk)7 Fio(sk)) > 0y, as k — oo. (77)

for a certain 6y > 0. By (75), we can take integer my, for each sy such that

0< W((Fﬁo(Sk))rﬁjfg(l)) — Ly, < i and dist ((Fio(sk))rgz§>(1)a Fﬁ(sk)) <% (78)
k k
By (77) we have
. Kk 50
dZSt((FLO(Sk‘))Fs,SLISC; (1), F[A/O(Sk)> Z 5 (79)

Then we can choose r < %0. Then {(Fﬁo(sk))ﬁ:k) }eepo,], regarded as a curve in /C initiated
mSk

from the point F} ), must be across through the sphere (KN OB*(Ly(si), 7)), i.e.,
{(Frq ()50 beelo) N (KN OB (Lo(si), 7)) # 0. (80)
mSk

Let Q) be a point in the intersection (80) and then Q**) = (Fio(Sk));E’;sk(tk) for some ), €

[0,1]. By taking subsequences, we assume @ := lim;_., Q*¥) exists. By the construction,
we see that the Fg is equivalent to Fr(;) and

Q€ K", and dist(Q,L(1)) =r.

Since Q € K* NAB2(Ly(1),r) C U, by Corollary 4.3, Q = L(1), i.e., dist(Q, L(1)) = 0, but

this is a contradiction. Claim (76) is proved.

Step 4. Proof of L(s) = L(s)  From (76), we have
dist (Fﬁ(s), FL(S)) — 0, ass—1.
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Since both Fﬁ(s) € K* and Fp) € K* — & where s € (s9,1] for some sy > 0 such that
0 <1 — s is sufficiently small, by Corollary 4.3 and the choice of L(1), we conclude

Ff,(s) = FL(s), Vs € (So, 1].

Repeating this process. Finally by continuity Fﬁ(s) = Fr(s), Vs € [0,1]. When restricted at
0, Fi 0y = Fio) = Fr(0), so that (70) is proved. [
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