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Abstract

We study the minimal regularity required on the datum to guarantee the existence of classical
C' solutions to the inhomogeneous Cauchy-Riemann equations on planar domains.

1 Introduction

Let Q be a bounded domain in C with C** boundary, where a > 0, and let f be a (0,1) form on (.
Consider the Cauchy—Riemann equations

ou=f on Q. (1)

The standard singular integral theory (see [5, Chapter 1]) implies the solvability of (1) in several
function spaces. For instance, if f € LP(Q),1 < p < 2, then there exists a weak solution u € L%(2),

q< ;%’p to (1). Moreover, if f € LP(Q2),p > 2, then there exists a weak solution u € C7(Q), v = p%f.

On the other hand, if f € C*(§2) for some 0 < a < 1, then (1) admits a classical (i.e., C'()) solution
u € C1*(Q). The purpose of the note is to study the minimal regularity required on the datum f to
guarantee the existence of a classical solution to (1). The following example shows that continuity is
not sufficient.

Example 1.1. Consider the equation Ju = f, = f,dz on the disk D(0,1) := {z € C: |2| < 1}, where
v > 0 is fixed and
z2#0

fy(z) — { zlné|z2' 7 (2)

Clearly, f, € C(D(0, 3)). However (see the proof at the end of the paper) if v < 1, then there exists
no solution u € C*(D(0, 1)).

We consider the following subspaces of C'(£2) consisting of functions satisfying a logarithmic con-
tinuity condition. Similar subspaces of C*(2),0 < a < 1 with additional logarithmic continuity were
discussed in [4]. As will be seen in Corollary 3.5 and Example 3.6, such refined subspaces naturally

capture the optimal regularity of the Cauchy singular integral operator in the critical case C(€2).
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Definition 1.2. Let Q be a bounded domain in R", k € Z* U {0},v € R*. A function f € C*(Q) is
said to be in CHLo9"L(Q) if

k
| fllerzor ey =D sup [D7f(w)|+ Y sup |D7f(w+h) = D7 f(w)]|In|hl[" < co.

we w,w+heS)
|v[=0 Iv[=k

A (0,1) form f is said to be in C*1°9"L(Q) if all its components are in C*L°9"L((Q)).

When k = 0, the space C%%°9"L(Q)) is abbreviated as CL°"L(Q)). For any k € ZTU{0},0 < v < p,
and 0 < a < 1, we have

CP(Q) — CRETH(Q) — ORI E(Q) — CF(Q),

where every inclusion map is a continuous embedding. In our main result we prove, in particular,
that a classical solution to (1) exists whenever f is in CL°9"L(Q) for some v > 1. Here is the precise
statement.

Theorem 1.3. Let Q C C be a bounded domain with CY* boundary, where a > 0. Assume that
f e CE9"L(Q) for some v > 1. Then there exists a solution u € CHE9" " L(Q) to Ou = f := fdz such
that |[ull g1.Lew—12(q) < Cllfllgresr(q), where C' depends only on Q and v. In particular, u € Cl(),
with ||ullcr @) < CllifllcLoseq)-

Example 1.1 shows that the assumption v > 1 in Theorem 1.3 cannot be relaxed. In this sense,
Theorem 1.3 identifies the largest possible data set guaranteeing the existence of classical solutions to
(1).

The following example shows another way in which Theorem 1.3 is sharp: the loss of 1 in the order
of Log-continuity of the solution is optimal.

Example 1.4. Let v > 0 be fixed, and consider the equation du = f, = f,dz on the disk D(0, %),
where f, is defined by (2). Then f, € C**"*(D(0,3)). However (see the proof at the end of the
paper) if v > 1, there does not exist a weak solution in C°"£(D(0, 1)) for any p > v — 1.

Finally, we mention that Coffman, together with the second author and the third author of this
paper, constructed in [2, Example 3.3] a (0,1) form f € C(C) such that du = f has a solution that
fails to be in C! near 0, yet is differentiable (i.e., it has a real linear approximation everywhere) on C.
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2 Preliminaries on the integral operators 7" and 7

Let © be a bounded domain in C with C*® boundary, where a > 0. Given a function f € C(Q),
define
—1 [ f(Q



It is well known that T is a solution operator to d on planar domains in several function spaces (see
for instance [1] and [5]). For f € C(2), we have

0 0 -1 -
—Tf = —Tf=pv.— d¢ Nd¢ =: 11 3
STr=1 s =peg [ Fdcnac -y )
in 2 in the sense of distributions [5, Theorem 1.32]. Here p.v. represents the principal value.

In their inspiring paper [3], Nijenhuis and Woolf introduced the related integral operator 2T". For

functions f € C*(Q2), where 0 < o < 1, define

f )

2T is a bounded operator from the space C“(Q) to itself whenever 0 < a < 1 (see [3, Appendix
6.1.¢] for a proof in the case of 2 being a disk, and [5, Theorem 1.32] for the general case). The next
proposition shows that 2T'f is well-defined also for functions f in Log-continuous spaces, and describes
the connection between the integral operators II and 2T.

Proposition 2.1. Let Q C C be a bounded domain with CY* boundary, where o« > 0. For every
e Ctes"t(Q), with v > 1, the function *Tf is well-defined in Q2. Moreover, letting

1
U(z) = 5 QC—Z

dc, zeq. (4)

we have
[If(2) =*Tf(2) = f(2)¥(2), z € Q. ()
In the special case of ) being a disk centered at 0, then

IIf(2) =2Tf(z), z€q. (6)

To prove Proposition 2.1 we need the two elementary lemmas below. Throughout the paper, unless
otherwise specified, we use C' to represent a positive constant which depends only on €2 or v, and which
may be different at each occurrence.

Lemma 2.2. Let Q C C be a bounded domain with CY boundary, where 0 < o < 1. Then ¥ defined
in (4) is in C*(). Moreover, if Q is a disk centered at 0, then ¥ =0 on €.

Proof. Write 02 = Ué-V:le, where each Jordan curve I'; is connected, positively oriented with respect
to €, and of arclength s;. Let ((s) be a parameterization of b2 in terms of the arclength s such that,
. . Ie% . . . = . 1
for every j, C|s€[23;;ll omsS s 1S A C parametrization of I';. In particular, (' = 7 # 0 on bS).
For any z € (,

_ * (¢'(s))°
" 2mi o C(s)—

Here f, is a function on bQ satisfying fo(¢(s)) = (¢'(s))? for s € [0, s0), and S is the Cauchy singular
integral defined by
1 f(©)

Sf(z):=—

21 Sy C — 2

ZEI(S) C (s)ds =: Sfo(2).

)=o)y o)

ac, z€Q,
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for any f € C(bS2). Consequently, fo € C*(bS2).
Recall that S sends C*(bQ2) into C*(Q2), with ||Sf|lce) < C| fllcewpa) for some constant C
dependent only on 2 (see [5, Theorem 1.10]). We then have Sfy, € C*(Q2) with

U ||lce@) = 1S follca) < Cll folloepay < C.

If Q C Cis a disk centered at 0 with radius R, then using the relation { = R?/¢ on bS2 and the
Residue Theorem, we get

2 2(1 _ 1y
S p— Fd¢ _{R<zz 1) ifzeQ240

Comi Jyg C(C—2) 0 if z=0.
Hence ¥ = 0 in (). [ |

Remark 2.3. In [5, Theorem 1.32], Vekua proved ¥ € C*(Q) by writing

1 ac 1 S T A T S P
qj(Z)_%/bQC—Z_% bQ(C—z)g_zm< /bQC—Z> B (SZ)

for z € Q. Here the second identity makes use of Stokes’ Theorem. However, in order that ¥ € C'%(2),
or equivalently Sz € C1*(Q), Vekua’s approach seems to necessarily require b2 € C**, instead of the
claimed C'** boundary regularity in his theorem. By using the parameterization method as in the

proof Lemma 2.2, we were able to successfully lower that unnecessary boundary regularity assumption
to the desired C'H?.

Lemma 2.4. Let v € RT. There exists a constant C' depending only on v such that, for every choice
of h,hy with 0 < h < hy < 1, the following hold:

1. fhho s72|Ins|™ds < h7'|Inh|™".

2. If v > 1, then foh s HIns|™ds < Cllnh|'"".

Proof. 1. Integration by parts yields, when v > 0 and 0 < h < hy < 1,
ho

ho
/ s72|Ins|™ds = h Y| Inh|™" — hyt|Inho| ™" — V/ s 2| Ins| " ds.
h h

In particular,

ho
/ s Ins|ds < h™ | Inh|™".
h
2. Direct integration gives, for v > 1 and 0 < h < 1,
g 1
/ s HIns|ds = ——|Inh|™" M,
0 v—1

which proves the second part of the lemma.



Proof of Proposition 2.1: Fix z € 2, and let hg be such that 0 < hg < 1. By Lemma 2.4 part 2,
2 (7 1() | =| | B ag nag
</ f(C>_f(Z)d§/\d(‘+/ f(C)_f(Z)dC_/\dC
D(z,ho)NQ2 Q\D(z,ho)

- (€ —2)? (¢ —2)?
ho

SCHchLogVL(n)/ | Ins|™"s™ ds + Chg?[| fllo)
0

<C|| fllgrosr | In ho|
SCHfHCLOgVL(Q).

In particular, 2T f is well-defined pointwise in €.
A direct computation gives

Q) = . Q) =
. dCANd¢ =1 dC Nd
P / C C 5o /Q\D(z,e) C C

= oo €21 N
i FO —f) 4z R )
a 11—{% (/Q\D(z,e) (€ —2)? dnde+1(z) /Q\D(z,e) (¢ — Z)QdC ey
Note that
=IO < Ollorsiols — o 21l = =1 )

By Lemma 2.4 part 1, the function on the right side of (9) belongs to L'(€). Hence the dominated
convergence theorem implies

: FO=1E) = o
11_136 O\D(z,e) (C—2)? do A dG = —2m (2Tf(z)) ' (10)
On the other hand,
1 - 1 - 1 - 1 -
——d( A Nd( = | ——d(— d¢ = ——dC.
/Q\D<z,e) (SRR Mo /bD(z,e) (=7 a2 (1)

Here the first equality makes use of Stokes” Theorem, and the second equality follows from Lemma
2.2. Combining (8), (10), and (11), we conclude

[Lf(z) = Tf(z) - f(2)0(2), 2 €,

which proves (5).
In the case of €2 being a disk, (6) follows from (5) together with Lemma 2.2. |

3 Optimal bounds for ?T and T in Log-continuous spaces

In this section we study the boundedness of the operator 27" in the space C*°9"L(Q). We will show in
Theorem 3.4 that 27 is a bounded linear operator from C*°9"%(Q) into C*°9"'F(Q) when v > 1. As
a consequence, we derive our Main Theorem 1.3.

We begin by pointing out that 27" does not send C(Q) into itself, as shown by the following example.

>



Example 3.1. Let f be the function defined on the disk D(0, ) by

— erz Z#O
f(z)_{ 0 2 Zo

Then f € C*9'5(D(0, 1)) € C(D(0,1)). However,

1

, B 1 N A
TF(0) = / o) [P mdmdg_c/o dr = oo,

and therefore 2T f(0) is not defined. In particular, *Tf ¢ C(D(0, 3)).

The following important inequality is proved in [3].

Lemma 3.2. [3, Appendixz 6.1d] Let z € D(0, R) and r > 0. Then

1
——=d( A d 8 12
/D(OR)\D(ZT) (¢ —2)? e C’ = o (12)

Note that the disk D(z,7) may or may not be completely contained in the ambient disk D(0, R).
Moreover, the bound in (12) is independent of both R and r. The proof of Lemma 3.2 in [3] relies
on the symmetries of the disk, and unfortunately does not carry through when the disk D(0, R) is

replaced by more general domains. In the next result, using Lemma 2.2, we achieve a generalization
of Lemma 3.2 to arbitrary smoothly bounded planar domains.

Lemma 3.3. Let Q C C be a bounded domain with CY® boundary, where a > 0. Let z € Q and r > 0.
There exists a positive constant C depending only on €2 such that

1
———d( ANd C.
/Q\D(z,r) (C—2)? C/\ C’ =

Proof. Let R > 0 be such that Q CC D(0, R). Since D(0, R)\ D(z,7) = (D(0,R)\ Q)L (Q2\ D(z,71)),
Lemma 3.2 yields

1
———d( ANd
/Q\D(zr) (€ —2)? C/\ C‘

dC N d ———d( A d
OR)\D(ZT)(C Z) CndC - /OR\Q (C—2)? e (13)

<87 +

—d d
po,p\0 (= 2)? CA C‘

By Stokes” Theorem and Lemma 2.2,

1 1 - _
dcnd d¢ — d¢ e C* 4
/m)\ﬂ(c plindc= | e QC_ZC /mg_zge Q).  (14)

In particular,

—d ¢l <C
po,p\e (¢ — 2)? A C'

for some constant C' independent of r. i



We are now ready to prove the main theorem of this section, following the ideas in [3, Appendix,
6.1e].

Theorem 3.4. Let Q C C be a bounded domain with C** boundary, where o > 0. Then ?T is a
bounded linear operator from CT°9"L(Q) into CT9" " L(Q), v > 1.

Proof. Let f € CL9"L(Q) and z € Q. Let hg be fixed with 0 < hy < 1. By (7),
TS < Ol lorer o
Next, given z,z + h € Q, where |h| < hq, set Dy := QN D(z,2|h|). Then
PTf(= ) 2Tf<z+h)

— FO=1E) e p g - /f Z+hdg‘/\dg'
T P TS ey
‘/Q\Do(f“) o) [~ e NG AP
f(Q)— f(2) .- B f(Q) — f(z+h)
+ DO—(C—Z)2 d¢ N d¢ [ T— dg/\dg“’ S|+ I+ I3+ L.

Let 7 be the segment connecting z and z + h. We can rewrite |I;| as follows:

1| =2 /Q\Do(f(é)—f(wh)) U o }dwdc\
—9 dw - C J+h>dC_AdC'.

Note, if ¢ € Q\ Dy and w € 7, then |( —w| > | — 2| — |z — w| > |h|. Thus

=2 =h] <|C—wl+|w—2z—=h] <[¢—w|+[h] <2[C—w].
Writing ¢ = w + se? we see, in particular, that Q\ Dy C {¢ € C : |h| < s < 2R}, where R is the
diameter of . By Lemma 2.4 part 1 and the fact that f € C°9"1(Q),

2R
1| <C||fllcros (o] ‘/H I s| s~ 2ds
h

2R
/ |Ins| s 2ds
ho

)

ho
<O fllgros eyl bl (’/ |In s| s 2ds| +
|A|

<C[fllczos () (| I [R][™ + |A])
<O||fllgrosr (o n ]| 7+,

The estimate for |I5| follows directly from Lemma 3.3, and the estimate of |I3] is a straightforward
consequence of Lemma 2.4 part 2, as shown below:

|h
/ |Ins| s 'ds
0

Finally, I, is estimated in the same way as I3. i

[I3] < O fllcrosz(a) < C|| fllerose gy In|h|| 7+




Combining Proposition 2.1 with Theorem 3.4, we obtain the next corollary on the solution operator
T, from which our Main Theorem 1.3 follows immediately.

Corollary 3.5. Let Q be a bounded domain in C with C** boundary for some o > 0. Then T is a
bounded linear operator from CL°9"H(Q) into CV1o9" " L(Q), v > 1.

Proof. Let f € Ct9"L(Q). Then IIf € C’LOQV*IL(Q) by Proposition 2.1 and Theorem 3.4. Hence,
by (3), T'f is a continuous function whose weak derivatives are in C'**""'F(Q). Using a standard
mollifier argument, we further know that (3) holds pointwise in €2, and in particular T'f € C*(2). The
CLog"L(Q) estimate for T'f is again a consequence of Theorem 3.4.

Example 3.1 implies that the assumption » > 1 in Theorem 3.4 cannot be dropped. Furthermore,
the following example shows that the loss by 1 in the order of Log-continuity in Theorem 3.4 and
Corollary 3.5 is optimal in a very precise sense.

Example 3.6. Let f, be defined by (2) for some v > 1. Then f, € CL9"L(D(0, 1)). However,
1. Tf, ¢ CtLos"E(D(0, 1)) for any pp > v — 1.
2. 2T f, ¢ CLo9"E(D(0, 3)) for any pn > v — 1.

Proof. For the first statement, first check that u, = m satifies Zu = f, on D(0, 3)) . Hence

there exists a holomorphic function h on D(0, %) such that T'f, = w, + h. In particular, T'f, has
the same regularity at z = 0 as u,, which is not in C#°9"% near 0 for any u > v — 1. The second
statement is a direct consequence of the first, in view of the identity 27T f, = %T f, on D(0, %) i

Proof of Example 1.1 and Example 1.4: One can check that

Y Z 1
_ | aowE VF
w(2) { sin(ln)2)?) v=1

is a solution to du = f, on D(0, 3). Let u be any weak solution to du = f, on D(0,1). Then u differs
from u, by a holomorphic function, which is always smooth near 0. However, when v < 1, u,, fails to
be C' near 0. Moreover, for any g > v — 1 > 0, u, (and therefore u) is not in CF°9"L near 0. |
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