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Abstract

This paper concerns the weighted Sobolev estimate of @ on bounded domains in C* covered
regularly by the polydisc. In particular, this applies to quotient domains of the polydisc, such
as generalized Hartogs triangles and symmetrized polydiscs.

1 Introduction and the main theorems

The O problem is to study the solvability and regularity of the nonhomogeneous Cauchy-Riemann
equation Ou = f on domains in C*. When the domain is smoothly bounded and pseudoconvex, the
0-Neumann theory provides a powerful technique in the study of the L2-Sobolev estimates of 0 (cf.
[19, 39]). However, for general Sobolev estimates on domains with non-smooth boundary, it seems
that the 9-Neumann theory is not quite applicable. The purpose of this paper is to investigate
LP-Sobolev regularity of 0 over some types of non-smooth domains.

One interesting example of non-smooth domains that attracts substantial attention is the Har-
togs triangle Hj; in C2?, a bounded pseudoconvex domain without Lipschitz boundary. It is
well-known that the 0 problem on H; ;1 is not globally regular [12]. Namely, there is a O-closed
(0,1)-form g that is smooth on Hj 1, such that Ov = g has no smooth solution on H; ;. On the
other hand, the works of [12, 33] show that the 0 equation on H4,1 admits Holder solutions with
desired estimates at each Holder level via integral representations. Using the 0 theory on product
domains developed in [9] and the fact that H; ; is biholomorphic to A x A*, Chakrabarti-Shaw
obtained the weighted L?-Sobolev estimates of 0 on H; 1 [10]. More recently, the LP regularity
of the Bergman projection on the Hartogs triangle and its generalizations have been extensively
studied by many authors (cf. [13, 14, 24, 25, 11, 6, 41]).

Another example is the so-called symmetrized polydisc G™, which is also a bounded pseudo-
convex domain without Lipschitz boundary (cf. Proposition 5.3 in [8]). Various analytic and
geometric properties on the symmetrized bidisc have been studied extensively (cf. [2, 3, 1, 26] and
reference therein). Since G™ has a nice Stein neighborhood basis, by the well-known results in [23],
Chakrabarti-Gorai showed that the 0 problem on G" is globally regular [8]. However, it seems
that the Sobolev estimates of the canonical solution of d is still missing. On the other hand, the
LP regularity of the Bergman projection on G™ or more general quotient domains is obtained in
[16, 15].



Chakrabarti-Shaw pointed out in [10] that it will be interesting to have a general technique to
deal with the Sobolev regularity of the O-problem on singular domains such as Hy 1. This is the
main motivation of this paper. One obvious feature of these two aforementioned domains is that
they can be viewed as quotients of the ”polydisc” type domains. Nevertheless, the singularities
of these two domains are quite different. On the Hartogs triangle, the singularity somehow can
be considered as ”product type”: the Jacobian of the quotient map can separate variables; on the
symmetrized polydisc, the singularity is somehow of ”mixture type”: the Jacobian of the quotient
map does not separate variables. However, they both can be treated using the idea of the quotient
maps. Since there have been intensive recent studies on the integral representation on the product
of planar domains and LP-Sobolev estimates of 0 have been obtained (cf. [17, 18, 27, 31, 22]), it
is natural to wonder if the LP-Sobolev estimates of @ on product domains can be transformed to
that of the quotient domains. More precisely, one may ask if the weighted Sobolev estimates of O
on Hy ; obtained by Chakrabarti-Shaw can be extended to general quotient domains.

In fact, the idea to handle the quotient domains is simple. Assume 9 : Q1 — {29 is a quotient
map. Given any d-closed (0, 1)-form on s, we pull it back to get a d-closed (0, 1)-form on €, solve
the 0 equation on 1, and then push forward the solution to get the solution of the 0 equation on
Q9. However, in order to realize this idea, we need to deal with several difficulties: the weighted
Sobolev estimates of @ on 1, and also the weighted Sobolev estimates of the Bergman projection
on (), if we wish to estimate the canonical solutions. Fortunately, these difficulties can be overcome
if the weight function is in a type of a refined Muckenhoupt’s class A} (see Definition 2.4). As one
immediately sees, the method heavily relies on the recent important development on the integral
representation on the product of planar domains for 0 (cf. [17, 18, 27]). Now we are ready to state
our main theorem.

Theorem 1.1. Let n > 2 and 2 C C" be a bounded domain covered reqularly by the polydisc. Let
p = |det Jo(¢)|? and § = %1/1*”, where m is the degree of 1. Assume p € Aj,p > 1. For any

O-closed (0,1)-form g € W(]B’ﬁ)(Q) on Q with k > n — 1, there exists a solution v € WF=+1r(Q, §')

of Ov = ¢g with | = max {O, W} such that it satisfies
[ollwiereoge, o S sl o

Furthermore, the canonical solution v of Ou =g is in W PO 2 and satisfies

<
Hu”wkm,p(g,g“’;*l)”) S lgllwen o)

We note that the method in this paper can be applied to the quotient of product of general
planar domains. However, for the simplicity of the presentation, we restrict ourselves only to
the case of bounded domains covered regularly by the polydisc as introduced in section 5. In



particular, the main theorem applies to the Hartogs triangle and the symmetrized polydisc to give
the following weighted estimates to 0 in Section 6.

Corollary 1.2. Let p > 2 and 6§ = |2|?. For any g € W(
Hy 1 with k > 1, the canonical solution u of ou = g is in Whk—1p (H1 1,0

01)(H1 1) be a O-closed (0,1)-form on

S(k 1)p .
) and satisfies

H HWk 1p< 11’53(1@ 1)p) ~ HQHW(OZ;)(HM)

Corollary 1.3. Let p > n and § = 4, <Hj<k lwj — ka)_ For any g € W(%’ﬁ)((;n) be a O-closed

_ (k—n+1)
(0,1)-form on G™ with k > n—1, the canonical solution u of Ou = g is in WF—n+Lp (G”, P p)

and satisfies

<
HUHW,C_MLP (Gn763(k—n+1)p> ~ |‘g|lw(’3ﬁ>((;n)-

The paper is organized as follows. In section 2, notations for function and weight spaces spaces
are defined. In Section 3, we establish the weighted Sobolev estimates of 0 on planar domains.
The estimates for product domains are obtained in Section 4. In Section 5, after defining domains
covered regularly by polydiscs, we prove the weighted Sobolev estimates for the Bergman projection
operator. This along with the estimates of the pullback and pushforward operators completes the
proof of Theorem 1.1. Examples and applications of the main theorem are discussed in Section 6.
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2 Notations and preliminaries

1. Weighted Sobolev spaces.

Let Q be a bounded domain in C". Given a weight u : Q — [0, 00), a function f on  is said
to be in LP(Q, u),1 < p < o0, if its weighted LP norm

T (/ ) Pu(2)dV (= >) <.

Here dV (z) is the standard Lebesgue measure with respect to the dummy variable z € .
Given k € Z*, the weighted Sobolev spaces W*P(€, 1) is the collection of functions whose
weak derivatives up to order k exist and belong to LP(Q, u). For f € W*P(Q, 1), denoting
DI f all j-th order (weak) derivatives of f, the norm is

1f w2, ZHD’fHpr

7=0



When g = 1, LP(Q, 1) and W*P(Q, 1) reduce to the standard LP(2) and WP (Q) spaces,
respectively.

Furthermore, we say a smooth (0,1)-form f = Z}Ll fjdz on Q is in WkP(Q, 1) if all the
coefficients f; (1 < j < n) are in W*P(Q, u).

. Ap and A} weights.

We will be focusing on weights in the following Muckenhoupt’s class.

Definition 2.1. A weight p : RY — [0,00) is said to be in A,, the Muckenhoupt’s class, if
its A, constant

Ayt = s (o [ v ) (o [ u(z)l—pdvu))p_l <o, 1)

where the supremum is taken over all balls B C R, and |B] is the Lebesgue measure of B.

Remark 2.2. One can similarly define A, spaces restricted on a domain {2 C RY. In fact,
p: Q= [0,00) is said to be in A q, if

o o 5) () <

where the supremum is taken over all balls B € RY. According to an unpublished result of
Wolff (see also [28, pp. 439], [32] etc), if there exists € > 0 such that pl*€ € A, q, then u has
an extension i € Ay,. Due to this extension result, for a weight p originally defined on €2, we
say 1 € Ap if it has an extension /i on RY such that i € Ap.

It is not hard to see that A, C A, if 1 < ¢ < p. More properties of the Muckenhoupt’s classes
can be found in [38, Chapter V]. In particular, A, spaces satisfy an open-end property: if
p € A, for some p > 1, then p € Aj for some p < p. We will also need the following
well-known fact for our examples later on.

Example 2.3. Measures of the form y = [z—c|® € A, in RY ifand only if -N < a < N(p—1),
with the A, constant independent of ¢ € RN,

In order to obtain the weighted Sobolev estimates for 0 on product domains, we impose
additional condition on the weights such that their restriction to almost every 1-dimensional
coordinate slice is A, with a uniform A, constant. More precisely, For any z € C", denote by
Z; the point in C"~! with the j-th component of z skipped. Namely, if z = (21, , z,) € C",
then 2; = (21, , 2j—1, 2j+1, ** » zn) € C*"1. We have



Definition 2.4. A weight p: C" — [0, 00) is said to be in A} if

%W%ZwﬂﬁﬁéM@W%ﬁ<é%éwdéﬂﬂqu<w,

where the supremum is taken over almost every Z; € C*1',j=1,...,n, and all discs B C C.

When n = 1, A} is reduced to A,. When n > 2, u € Aj if and only if the d-dilation
ps(z) == p(d121, ..., 0p2,) € Ap with a uniform A, constant for all § = (41,...,d,) € (RT)".
See, for instance, [28, pp. 454]. In particular, Ay C A,.

3. Uniform domains.

Definition 2.5. Given € > 0,0 > 0, a domain  C C" is said to be an (€¢,0) domain if
whenever z, 2" € Q and |z — 2/| < 4, there exists a rectifiable v C 2 joining 2z to 2’ such that

elz — £l = ¢

1
< Zlz—2 j Q) > 2
l(f)/) — 6’2 z ‘7 d’LSt(f, ) - ‘Z Z/‘ ’ ( )

for all £ € v, where () is the arc length of v. When § = oo, Q is called a uniform domain.

Roughly speaking, the first inequality in (2) says that € is locally connected in some quanti-
tative manner; the second inequality says that there exists a "tube” in ) containing -y such
that the ratio of the width of the tube at £ € v with min{|z—¢|, |2’ —£|} is bounded uniformly
from below. It is well-known that Lipschitz domains and products of uniform domains are
uniform domains. When  is uniform, it was also shown in [20, Theorem 1.1] that any
function in W*P(Q, ) extends to a function in W#P(C", ) provided that p € Ap,p>1.1In
section 5, we will assume the domains under consideration are uniform domains.

Throughout the paper, we say that two quantities a and b satisfy a < b, if there exists a constant
C > 0 dependent only possibly on k,p,{) and the A, (or A, according to the context) constant
of p such that a < Cb. We say a ~ b if and only if a < b and b < a at the same time. Z™ is the
positive integer set and Z* U {0} is the nonnegative integer set.

3 Solving 0 with weighted Sobolev estimates on planar domains

Throughout the section, D C C is a bounded domain with sufficiently smooth boundary. Define
for f € LP(D),p > 1,

11 = 2 [ Mavio. w110 =pe = [ Hoav

s (—=z



It is known that

oTf)=f oTf)=Hf (3)

weakly on D. See for instance [40] etc. The goal of the section is to prove the W*P?(D, i) estimates
for the solution operator 7' to the 0 equation on D, k € ZT U {0}, € Ap,p > 1.

3.1 Weighted L” estimates for the Cauchy integral

In this subsection, we prove the boundedness of 7" and H in weighted spaces LP(D, u) with pu €
Ap,p > 1. The boundedness of the Hilbert transform

= 1 f(Q)
Hf(z ::p.v./ dV (¢
S S A
is a classical result in harmonic analysis. For the operator 7', in particular for the case p < 2, the
boundedness in LP(D, i) can be derived from the classical result of Muckenhoupt and Wheeden [34]
on Riesz potentials. In general, we provide a self-contained proof below by modifying a standard
approach for the estimates of the non-weighted fractional integrals. See also [29].

Proposition 3.1. Assume 1 € A,,p > 1. Then T and H are bounded operators between LP(D, ).
More precisely,

I T fllLeD,w S I fllLe(pw); (4)

H fller 0y S N le (-

for all f € LP(D, ).

Proof. By the singluar operator theory (see [38] pp. 205 for instance), H is bounded from L?(C, 11)
into itself. Given f € LP(D,p), extend f to be in LP(C, u) trivially by letting f = 0 on C\ D,
denoted by f. Then Hf = Hf on D and

VHfll ooy < WH oy S W leecp = 1fllze -

For the weighted boundedness of T', first by extending f to be zero outside D if necessary, we
assume that D is a disc. Consider

r o [ Q) .
T f( )._/DK_Z|dV(C), eD.

We shall show that for any f € LP(D, p),

1T Lo (o) S Wfllo(p,pm- (5)

From this (4) follows immediately.



For each z € C with § > 0 to be chosen later, write

f(C)
T+ = dv(¢) =1+ 11I.
1) (/{—z|<6,C€D - /|§—z|>5,§eD) IC — 2| ©) -

Denote by M f the Hardy-Littlewood maximal function of f. For I,

= Z/ —Zl Z /z|< QaviC)

2k

aE<l¢—

k—1

ZQ;)D ;

1
= /IC TOV(Q)

ok—1

<> 2P riMf(z) m~ SM£(2).

k=1

To estimate I, first note that since u € A,. By open-end property there exists § < p < p such
that © € A;. By Holder inequality,

p—1

11 < ( / f(C)!pu(C)dV@))p ( / rc—zwl’m<<>11pdv<<>> ’
|(—z|>d,(€D |¢—2|>6,(eD

b—p p"_l

S hao o ( /{Z>5<€Dr<—z\ﬁ%dv<o) ([uomave)

p—p 2

<l ( / d) ' < / u(@“)liﬁdwo) '

p—1

L5 U s [ w0 av0)) "

Thus we have

p—1

T (=) < OMFE) + 6 F | Fllimiom ( / u<<>fﬁdv<<>) o

_ P
p—1\ 325
> D

1
11000 (o 1 PV ()
After choosing § = T in the above, we further get

p—1

2p 2p7p

T4 £ 11, ([ O mav(@) 7 arp) %
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Then

p—1

P51 s S, ([ s@av@) ™ 1AL,
L2P—P (D,u) D .
1w ([ rOmav@) ™ 111,77,

=1 llo0 10 ( /D u(@“)liﬁdV(o) v

Here we used the boundedness of the maximal function operator in LP(C, p) with ¢ € A, in the
second inequality. Finally, by Holder inequality,

2

T+ TP ave))”
T 71y ST ([ 00V ()

L2P—P (D,p)

(p—1)p

o |, M(C)dV(C)>% ([ moavi)

=|D|% ((’é'/[)ﬂ(g)dV(g)> <‘11)|/D,u,(§)llﬁdV(o>ﬁl> [Balrrowns

(5) is thus proved due to the fact that p € Ap.

The 1 € A, assumption in Proposition 3.1 is known to be necessary for the boundedness of
H in LP(A,pu). We remark that this assumption can not be dropped for the boundedness of T'
in LP(A, ), either. In fact, the following example shows that 7" in general does not even send
LP(A, p) into itself if p ¢ A,. This is in strong contrast to the smoothing property of 7" in the
trivial p =1 case.

Example 3.2. Let x4 = |2]? and f(z) = —m on A. Then pu ¢ Ay and f € L*(A,|z[?).
However, T'f ¢ L2(A,|z|?).

Proof. A direct computation shows that

1
INCICROE /Wdr<oo.

Namely, f € L?(A,|z|?). Consequently, zf € L?(A), and T(zf) € L?(A) by standard complex
analysis theory. Assume by contradiction that Tf € L?(A,|z|?). Then 2Tf € L*(A). In particular,



2Tf(2)=T(zf)(z) € L*(A). However, this would contradict with the following fact that for almost
all z € A,

1
STF(2) = T(2f)(2) = —% /A F(2)dV(2) ~ /0 dr = oo.

r|lnr|

3.2 Weighted Sobolev estimates for the Cauchy integral

In this subsection, we investigate the weighted Sobolev estimate for T and H in W*P(D, u), k €
ZF,p > 1. When p = 1, the boundedness of H in W*?(D) is due to a technical result of Prats
[36]. For general weights, we will make use of the following relation between T and H:

Theorem 3.3. [40] For f € WYP(D),p > 1, the following formula holds weakly in D:

af> 1 fOdC
aC

211 oD C— -
Proof. When f € C1%(D),0 < a < 1, the formula was proved in [40, pp. 60-61] pointwisely. In
particular, if f € C3°(D),

OTf(=HJ) :T< (6)

OTf = TOf. (7)

We will verify (6) if f € WIP(D). Note that by trace theorem W1P(D) < LP(dD), the last
integral in (6) is well defined.
For any testing function ¢ € C5°(D),

(OTf,8) = —(Tf,06) = /D FOT@8) )V (C). (8)

On the other hand, denote the right hand side of (6) by Rf. We then have

w0 = [ 56 [ ag’i L) v (yav(z) - % [o@ [ v

ot [ L aveavo - o [ 50 [ 2 ave
- [ acrraavee) - 5 [ HOTHOC.
D tJoD

Thus
(Rf.$) = / FONTHC)AV(C / f(¢ 4V (©). (9)

where we used Stokes’ theorem in the first equality since fT'¢ € WH1(D), and used (7) in the
second equality. The proof of the theorem is complete in view of (8) and (9).
|



For each k € Z™, the operator

1 f(¢)dC
et = 2mi Jop (C—)F

is well defined for f € WHP(D), with Jpf € C°°(D). As an immediate consequence of the above
theorem and (3), one further has following recursive formula for higher derivatives of H.

Corollary 3.4. For f € WYP(D), p > 1, we have for all k € Z, the following holds weakly on D:

ke k-1 (OFY
FTf =0 T(8C> Jif.

Before estimating the higher derivatives of T', we first observe the following inductive formula
for Jif if in addition f € W*P(D).

Lemma 3.5. Let f € WEP(D), k € Z+,p > 1. Then
Juf = I f,

where f = Z?;é ¢;fY) for some functions c; € C*(D) dependent only on D.

Proof. Let ¢ be a parameterization of 9D in terms of the arc length s with the total length sg. So
¢(s)= (¢ (8))_1. A direct integration-by-parts computation gives

(k—1) /8D (Jg(f)jfk = /080 9. (M) FC()¢ (s)ds
- [ o (=) i e

= | e onas

= /080 (C(S)l)k_l(f’(é(S))C’(S) +2£(C()C () (s))ds

FO+20"()f(Q) = f©Q -
oo ()] dc“/aD@—z)kldC

where f = f 4+ 2("(s)f. The remaining part of the lemma follows by induction.

We next extend J; to be an operator defined on the weighted Sobolev spaces W1P(D, u) with
€ Ap. In fact, let p < p be such that p € Az. Then ¢ := p/p > 1. For any function f € LP(D, p),
by Holder inequality

p—1

1 1 _1 P
/D f9dA = /D 1 R A < | oo ( /D ul—ﬁdA> <l

10



Thus LP(D, ) < L9(D), and further WHP(D, ) < Wh4(D) if u € A,. Consequently, Theorem
3.3, Corollary 3.4 as well as Lemma 3.5 passes onto WP (D, ;1) seamlessly. In particular, .J; satisfies
the following estimate on W*P(D, ).

Proposition 3.6. Given p € A,,p > 1. For each k € Z*, Ji is well defined on WHP(D, p).
Moreover, if f € W*P(D, i), then

|k fll oDy S W llwee (Do)

Proof. If f € WYP(D, ), J1f = T(g—’;) — Hf by Theorem 3.3. Hence

of
Vil < HT () o < 1 oo,

92 ) || LoD,y

When k& > 2, one makes use of the induction formula in Lemma 3.5 to reduce Ji f to Jy f , for some
f € WHP(D, 1) as defined there. The proof is complete.
i

We are ready to prove the following wighted Sobolev estimates of T" and H.

Theorem 3.7. Let € Ay,p > 1. For each k € ZT U {0},

1T fllwrr oy S N llweeop

for all f € WEP(D, u); and for each k € Z.7,

IH fllwer oy S N Fllwstiem,
for all f € WEtLP(D, 1),

Proof. It suffices to show the inequality for T' by (3). k=0 caseisa consequence of Proposition
3.1. When k > 1, let DY = 9'07 with 1+ j = k. If j > 1, then D'Tf = 9'07~1f and thus
DT flle oy S I1flwe—1p(p,)- Otherwise, we have DT f = OFTf. Tts estimate then follows

from Corollary 3.4 and Proposition 3.6 by induction on k.
i

4 Weighted Sobolev estimates for 0 on product domains

Let Q@ = Dy x--- x Dy C C" be a Cartesian product of planar domains D; with smooth boundary.
The O problem and the corresponding regularity have been investigated since the seminal work of
Nijenhuis and Woolf [35]. See also [30, 9, 17, 18, 27, 31, 22] and the references therein.

11



For each j = 1,...,n and f € L}(Q), let

1 [, 251,65 241, - 2n) =
Tif(2) = — dé; A d¢;.
]f(z) 271-7/ DJ é‘] _ Zj C] Cj

Following Chen-McNeal [18] and Fassina-Pan [27], given a O-closed (0,1) form f with w711
coefficients on 2, we define

n as—l ;
Tf:=Y (-)*' > T,--T, (azi ...5;. ) (10)

s=1 1<i1 < <is<n

Then T solves Ou = f weakly on Q. The following theorem extends the estimate of 7' to weighted
Sobolev spaces, provided that u € A7. Recall the definition for A} in Definition 2.4.

Theorem 4.1. Assume p € Ay,p > 1 and an integer k > n — 1. Then T defined in (10) is a
bounded operator from WHFP(Q, 1) into WF"+1P(Q 1), Namely,
1T fllwns-nsro@u S 1fllwee@p
for all f € WhP(Q, ).
Proof. We first show Tj is bounded from W*P(Q, i) into W*P(Q, ), j =1,...,n.

1T fllwrrw S N llwee@uw (11)

for f € WkP(Q,u). Indeed, for j = 1, write ' = Dy x --- x D,,. Given any n-tuple a =
(a1, ,0p) = (a1,d') with |a| = k, and f € WFP(Q,u), we have DT\ f = D‘Z)‘llTlf with
fi= Dg‘,/f e WrP(Q, 1), For almost all fixed 2/ € ¥, note that f(-,2") € WeP(Dy, u(-,2')), and
u(-,2") € Ap. By Theorem 3.7, DT f(-,2') € LP(Dy, p(+,2')) and

/D DT () S Y /D D F(2)Pu2)dV (1),
Thus
[ Tis@raeave) = [ [ 10 )aVE) S 1,

So (11) is proved for j = 1. The rest of the cases for (11) are proved similarly.

For any f € W*P(Q, u), and for 1 < iy < --- < iy < n,s < n, we apply (11) inductively to
obtain
88—1]02,5

s—1 f.
T' 8 f'ls - dls
82’1'1 e 8zi5_1

Finally, the theorem follows from (10) and the above inequality.

S fllwrr -
W= 1000

12



5 O equation on bounded domains covered by the polydisc

5.1 Bounded domains covered regularly by the polydisc

Let Q@ C C™ be a bounded domain such that there exists a surjective proper holomorphic map
P (A")" — Q, where (A™)* is a domain obtained from A™ minus an analytic subvariety. It
follows from the Remmert proper mapping theorem that v is a ramified covering of order m. More
precisely, letting S be the analytic subset in (A™)* where 1) is ramified, then ¢ : (A™)*\ S — Q\ S
is a regular covering of order m, where S = 1(S). We are interested in solving 9 in the following
class of domains.

Definition 5.1. A bounded domain Q C C" is called a domain covered reqularly by the polydisc
if there exists a surjective proper holomorphic map % : (A")* — € such that the pair {(A")", 9}
satisfies the following assumptions:

e (A™)" is a uniform domain.
e 1) extends smoothly to A”.

e ¢ is a Galois covering. Namely there exists a group G of order m with ((A™)*\ S) /G =
P ((A™)*\ S) such that 9|an)=\ g is G-invariant.

e the action of G on (A")"\ S extends smoothly to A”. Namely, for any o € G, there exists a
smooth map 6 : A™ — A" such that 6[any\g = 0.

e for any o € G, det J¢c(o) extends to a non-vanishing smooth function on A™. Consequently,
|det Je(0))? ~ 1.
In the following context, we will not distinguish 6 from . We also denote the local inverse
maps of 1 by ¢1, -, ¢, in the sense that
e Yo¢g;(z) =z forall z € Q;
o for every w € (A™)*\ S and 1 < j < m, there exists o € G, such that ¢; o Y(w) = o(w).

As a consequence, for any w € (A™)*\ S and each j, there exists some o € G, such that

det Je(¢;)(¢p(w)) - det Je () (o(w)) = 1. (12)

Moreover, for the fixed w, when j runs from 1 to m, o exactly realizes all elements in G. Let
pw = |detJc(p)|?. Define § = %@b*u, the average of the push-forward of p in the sense of the
distribution.

13



Lemma 5.2. For any u € L}, ((A™)"), ou = > 1" ! iu almost everywhere on . In particular,
Yup*v = mo almost everywhere on 2, for any v € L} ().

Proof. For any z € Q\ S, let U be a open neighborhood of z such that ¢;, : U — (A™)* is a
biholomorphism to the image for every 1 < k < m . Assume that x is a smooth (n,n)-form with
compact support and the support is contained in U. Therefore,

[ = [ wanx= [ we —Z o x)zkzi | wnom

The lemma thus follows as x is arbitrary.

By Lemma 5.2, = = >~ |det Jc(¥)|>o¢; almost everywhere on Q. Note that 1(n) = ¢ (o(n))
yields
det Je(v)(n) = det Je(¥)(o(n)) - det Je(o) (n).- (13)

It follows from the assumption that for i, =1,...,m,

| det Jc ()% 0 ¢; &~ | det Je(v)|* 0 ¢

holds almost everywhere on 2. Therefore, for all j =1,...,m,
[det Je(¥)[2 0 &5 ~ 0. (14)

5.2 Bergman projection with Sobolev estimates

We will use w,n for the Euclidean coordinates on (A™)*, and z,¢ for those on . We further use
Dy, & and Df}z to represent the derivatives with multi-index a, 8 on (A™)* and €, respectively. For
simplicity of exposition, we assume that 1 extends smoothly to a open neighborhood of A™,

To study the Bergman projection, we make use of an expression of the Bergman kernel of 2
obtained from the Bergman transformation formula of Bell [5].

Lemma 5.3. Let Ban and Bq be the Bergman kernel functions on A™ and ), respectively. Then
forw,n € (A™)",

S Ban(w.o(n) - (det Je(@)(0(m)) = det Je(w)(w) - Ba(t(w).w(n))
Proof. Recalling the Bergman kernel transformation formula by Bell [5], we have for £ € Q,w €
(Am),
D Biany (w, ¢1(6)) - det Je () (§) = det Je(¥)(w) - Ba(y(w), ).

k=1
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Note that Bany- = Ban. Replacing & by 1(n), and by (12) and the succeeding explanation, we
have

det Je (1) (w) - Ba(v(w) ZBA" w, ¢ (¥(n))) - det Je(9x) (¥ (n))

= Bar(w.oln) - (St Ic@ o)) -

Denote by Bq and Bar the Bergman projection operator on §2 and A", respectively. Recall
that Ban = Ba o --- o Ba, where the j-th element in the composition is the Bergman projection
operator on the j-th portion of A”. When n = 1,

Baf(z) = 1/(f”olw ) fe (A

2 1 —2w)?
We also define ) f(w)
BYG) = 7 [ o dViw)

w2 Ja |1 — zw|?

When n > 1, similarly define BXTL = BX 0---0 BA.
The following theorem generalizes Theorem 1.1 in [15] to bounded domains in C" covered
regularly by the polydisc. The key idea of the proof is the holomorphic integration by parts in [7].

Theorem 5.4. Assume BY, : LP(A", ) — LP(A"™, ) is bounded, p > 1. Then for each k €
7+ U {0},

le*Ba(: NI, (An7u<k+12>p+2) S llwrw(an,
for all f € WEP(A™ ). If in addition p > 2, then

Hw*Bgz(w*f)!W,g,p(M’uw> S lweean, -
Proof. Noting ¢*¢. f(w) = > f(T(w)), we have by Lemma 5.3,

5 Ba (1, f) (w) = / Bo(d(w),€) (4.f) (€)AV(€)

—Z/ Ba(y () f(T(n))pe(n)dV (n)
T7€G
= (det Je (v 1y /an w, o )(detJ«:(W( (n)))_lf(f(n))u(n)dV(n)-
o,TeG
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We first treat the derivative terms. For 0 < |a| < k, since

(k+1)
wo > (w) and p < 1, we have

D (et Je()@) )|

(k+1)p+2
2

[ 1B ) P

<Y % [ o (s [

|1BI<k o,7€G

(w)dV(w)

p

Ban(w,an) (S T@00) A )ulnavin)

n

(k+1)p+2

1 (w)dV (w)

<Y X [ |pi( [ Bactwot (@)

|18|<k o,7€G

 (w)(w)dV (w).

-1

f(T(n))u(n)dV(n)>

On the other hand, it follows from (13) that

(AT ) = det Je(w) (o )| det Je(o)(n) -

Noting the right hand side is a non-vanishing smooth function on A™ by the fact that €2 is covered
regularly by the polydisc, we may write

(46Tt t))  HeaV(n) = glot)dVio(n).

for some smooth function g(c(n)) on A”. By the change of variables, it follows that

Baw(w, o(n)) (S Tc@)ot))  Fr(m) V)

A"

= /. Bar(w,o(n))f(r(o~ (a(m))))g(a(m)dV(a(n))

= | Bar(wn)f (r(e™" (m)))g(m)dV(n).

Given n € C\ {0}, define a differential operator T), := 7]% - 778%' Therefore,

0 ([ B (w0t (@ETOI@00)  rmmumavin )|

/n (D2 Ban(w,m)) (F(r(e™ (m)g(m) dV(n)’

= % /An Bg, (w1,m) ++ Ba, (wn, 1) T - Ty (f(r(0™" (m))g(n)) dV(n)‘

< [ Bxu.(w,n)
An

T T (Fr(o™ m)g(n) | V),

16



where the second equality and the inequality follow from (2.15) in [25] (the second equality from
Corollary 3.5 in [15] and the inequality from (3.8) in [15] as well). It thus follows from the assump-
tion that

/.

< [ o) ([ Bt |z (et et | avin) ) aviw)

p

< [ fme i Gt s nmavi)
S 3 [ |Pastrte | B0V @) 15 By,

 (w)alw)aV(w)

D8 ([ Bao w0 (@t 3cC0@) 1o

1BI<k
Finally, for the weighted LP-norm of ¢* B (1), f), noting that |det J¢(¢)(w)| ™ = p~% (w),

[ W Ba( P (w)avi)

=3 [ B o) (ETE) @IV )| awdVi)
o,7eG

S Y [ ][ Basw. o) rmglon)aviot)| utwaviw)

o,TeG mJAn

S Y [ 1] Barwa e m)avin| uwaviw)

o,TeG mIJAn

<Y [ | Bl wniaven| seavi)

Using the assumption on BX,L and the fact that € is covered regularly by A”, we further have

[ W Baw S S 1000 Wuan iy S 1 laans

o,7eG

Combining the two parts, the first part of the theorem is proved.

17



If in addition p > 2, we only need to estimate the following term when |a| = k. In fact,

(k+1)p

[ D8 Ba (6. )5 (w)aV(w)

P et1)p

<3 [ ([pressciwn [ Bswaiee anamavn| 1 waevi

o,7eG An

Y

o/ |[<k—1,0/+a/ =«

(k+1)p
2

D (@etde)w) ™ D' [ Bl frlo ))amavio|

(V)

S ZG/ Ban(w,m)f(r(e™ ())g(m)dV(n) pdv(w)
+0;G/ |a”\<k > o /M Ba (w,m) flr(o~ ()g(m)aVin)| aV(w) =1+ IT.

The term I1 is handled similarly as before, in view of the fact that u% < pu when p > 2. For the
term I, we observe that

“m)))g(m)|” av(n)

~
N
S
3
=
2
Q

S S [ ) V) S 1 ey

Here we used the known unweighted boundedness of Ban in LP(A™) in the first inequality, and the

fact that |g|P ~ Mg < p when p > 2 in the second inequality. The proof is complete.
i

Next, we study the boundedness assumption on BXn in Theorem 5.4. Given z € A, the Carleson
tent over z is defined to be

T, = {wEA ‘1—fw’ < 1—]2\}
and the Carleson tent over 0 is A. It was shown in [4, 37] that
IBX « LP(A, 1) = LP(A, )l < By(p), (15)

where

1 p—1
Byl i=sup g [ wtwiavi) (g [ i)

The following proposition shows that the assumption on the boundedness of an in LP(A"™, 1) can
be warranted whenever p € A7.

18



Proposition 5.5. Suppose p € Ay, p > 1. Then an s LP(A™ ) — LP(A™, u) is bounded. In
particular, the Bergman projection operator Ban : LP(A™ ) — LP(A™, ) is bounded.

Proof. When n = 1, a direct computation shows that T, = {w eA: ’ ﬁ <l-—|z \}, for any
z € A. Let B, be the disc in C centered at z/|z| with radius 1 — |z|2. Then T, C B, and

.| ~ (1~ |2])* ~ | B:|.

Consequently, by definition of B, and A,, we have

1 1 e p-l
Byt <sup - [ twiav) (21 ] K 5 ()i ()

1 1 E Pl
sswp 2 [ twiavi) (= [ amsarw) < a0
zen |B:| Jp. 1B:| /.
Hence for all f € LP(A, i), by (15) we have

1BX fHLP(A 1) S fllzea, w- (16)

When n > 2, write (2, z,) € A"~ ! x A. For any f € LP(A"™, ),
HB anLp An - /A . /A ‘BX © (Banlf(zG z”)) ‘plu’(z/7 Zn)dv(zn)dv(zl)

Since p € A%, u(2',-) € A, for almost all fixed 2 € A"~!. Noting that f(z',-) € LP(A, u(2,-)) for
almost all fixed 2/ € A"! we obtain from (16) that

/A ‘BX o (BXn,lf(z',zn))‘p w(2', 20)dV (z) < /A ‘(Bin,lf(z',zn))‘p,u(z’,zn)dV(zn).

We thus have
15 sy | (B £ 20) P 2V ()

A standard induction gives the desired boundedness of B, in LP(A", p).

Combining Theorem 5.4 with Proposition 5.5, we immediately obtain

Corollary 5.6. Assume p € Aj,p>1. Then for each k € 7+ U {0},

1" Ba(wu I, , (An,u(mz)p”) S [ fllweean, w)

for all f € WEP(A™, 1), If in addition p > 2, then

1" Ba(wu I, , (An,u(k““’> S I llweean, u-
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Remark 5.7. When det J¢(¢)(w) = w” for multi-index J € Z", one may obtain a better range for
p. The key difference is that, in this case, we get an additional ,ug on the fourth line of (5.2). For
example, when () = H; ; is the Hartogs triangle, since lwa|27P € A7 for any p > % by Example 2.3,
by Proposition 5.5 and the argument in Theorem 5.4, one has

19" By, (¢ )l

Wk,p(An"LL(k’—lgp'F‘l) 5 Hf”Wk,p(An7u)

for any p > 3. This is consistent with the estimates in [13].

5.3 Solving 0 with weighted Sobolev estimates

In order to use the integral representation on A” to solve 0 on £, we first state two lemmas to
transfer data between Q and (A™)* (cf. [10, 14, 15]).

Lemma 5.8. For any multi-index a = (a1, , o) with aj > 0 for all j and |a| =377 a; > 1,
D2 = (det Je() TS Pap(w)Dy (17)
1<|8I< o

where Py g(w) are bounded holomorphic functions on A™;

—s —\ “Sa,8,2 A _
D= > (det ()t (detJe(@) 7 Puslw, 0)D (18)
1<|BI<]af

with sq.81 + Sa,82 < 2|a| —1, where pa,g(w, w) are bounded smooth functions on A™; On the other
hand, for any multi-index 8 = (51, B2, B3, f4),
60&

B o ~ _
Dwﬂi} - Z Paﬂ(w’ w) 82?1 82?2 8233 8234 )
0< || <8

(19)

where Py, 5(w, ) are bounded smooth functions on A™.

Proof. The proof is similar to the proof of Lemma 3.2 in [15] and we only point out the difference
here. By the holomorphic change of variables under ¢, we have

0 _ 9 0
ow;  Ow; 0z’

for all 1 < j,k < n. It then follows that

o _(oh\T 0 _ 4 AN
e <8wj> duw; (Je(¥)) ™ Je(¥) <8wj> 9w’
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-1
for all 1 < j,k < n, where (g%}’;) is the inverse matrix of matrix <g%}’;). By the assumption of

—1 -
¥, Je(y) <g%’;> extends smoothly to an open neighborhood of A”. Therefore, (17) follows from
induction. (18) and (19) follows directly from the standard Faa di Bruno’s formula [21].

|
Lemma 5.9. Let Q be a bounded domain covered regularly by A™. Then for | € Z+ U {0},

e " maps the space of (0, 1)-forms VV(O 1)(9, §Y) continuously and injectively into W(O’I;)((A”)*, ptth

for each k € Z+ U {0}.
e 1. maps the space of functions LP((A™)*, u!™1)) continuously and injectively into LP(,d")

and WFP((A™)*, u*1)) continuously and injectively into WHP (Q g 1>p+l> for each k €

Zt.
Proof. For any k > 0, given g = Z _,g;dZ € W(D 1)(9,5l), we have ¢*g = szzl gj o 1/;‘3—1%@@-.
Thus by the change of variables and (19),

15
w D (g] © w

Hw gHWkp (An)*, l+1) = Z Z/
<y Z / D20l 6aV =) = gl e g

\,B|<k2j 1
|a|<k j=1

p
| det Je (1)) 2dV (w)

(20)

On the other hand, given f € WF» ((A”)*,,ul*l), it follows from (18) that for k£ > 1,

.11 oo {2 Z/\D ()P 161252 Hav ()

la|<k

p
S Z/ w,w (¢*¢*f)‘ |M|l+1dV(w)
1BI<k
p
ST X [ |l troof eV S Whwesany o
ocG |B|<k

similarly for k = 0,

4607l o, / e fP 61V (2) S 3 / 1 0 0P [ AV (W) < 1| namye, i),

oeG

Here the last inequality in both cases follows from (14) and the fact that o extends smoothly to
An,
|
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In order to apply the weighted Sobolev theory of 0 on A" for the quotient domain 2, we also

need to verify that, if the datum g € W(o 1)( ) is O-closed, then 9*g is d-closed on A". This is

not immediately clear by definition of Q since ¢*g is only pulled back onto (A™)*. The following
proposition justifies this to be true when p € A,.

Proposition 5.10. For each k € Z*, let f = Y7, f;dw! € W(o 1)((A")* ,1t) be O-closed on (A™)*.
If (A™)" is a uniform domain and p € Ap,p > 1. Then f extends as a O-closed (0,1)-form on A™.

Proof. According to Theorem 1.1 [20], one can obtain an extension of f, still denoted by f with
f € WYP(A™ u). In particular, for all 1 < j,k < n, the weak derivatives % € LP(A™, ). We
only need to show that f is 0-closed on A™.

Let x be smooth (n,n — 2)-form in A™ with compact support. Then

Ofy  Of Ofx  Of;y 1+ 1 _
/8fo— Z /n<8zj_6z;]§> Z /n(a%—%i>#p'up'Xjk,

1<j<k<n 1<j<k<n

where Y is the coefficient of x with respect to dz' A -+ Adz™ Adz' A --- A dZ with dZ7 A dZF
omitted. Here <2—J;§_ afﬂ> wr € LP(A™), as f € WIP(A", ). Since p € A,, we have u € A for

1
some 1 < p < p. Thus p ~F1 €~L1(A”), or equivalently, u » € L%(A”).
Let ¢ > 1 be such that % + pp%l + % = 1. Let x, be a sequence of smooth (n,n — 2)-forms in A"
with compact support in (A™)*, such that (x¢);x — Xk in L9(A™) as € — 0. By Holder inequality,

ofc  Of\ 1 1
H(afj_aii) ue - r '((Xé)jkz_Xjk)

(2 - 25
8Zj 8zk

as € — 0. Hence

=

L1(An)

[un

_1
J

3|

Lp(A) L%(An) H(Xg)jk o XijLq(An) —0

8f/\x—hm Of A Xe
An An

which is 0 by the d-closedness of f on (A™)*. Therefore, 9f = 0 in A" in the sense of currents.
|

The next proposition allows us to transfer the solution of d on A™ to that on .

Proposition 5.11. Let (A™)" be a uniform domain and p € Ap,p > 1. For each k € Z", let g €
W(]B 1)(9) be a O-closed (0,1) form. If T is a solution operator of & on A", then 51[)*(T(w*g)) =g
on 1.
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Proof. Suppose that x is a smooth (n,n — 1)-form with compact support in .

[ v ax== [wawoynox==[  Tw9rvoy
- / T(*g) A O™ (x) = / T (¢*g) Ab*(x)
(anmy* (amy*

= [ wrenvo= [ wtgn=m [ onx

where the second equality in line 2 follows from that 1 is proper (so ¥*(x) has compact support
n (A™)*), and the first equality in line 3 holds due to Proposition 5.10.
i

Now we are ready to prove the main theorem.

Proof of Theorem 1.1. It follows from Lemma 5.9 and Proposition 5.10 that ¢*g € Wk’p)(A",,u)

(0,1
is O-closed and W9|’wggg)(m ) HgHwkp>( q)- By Theorem 4.1 and Lemma 5.9,

* *
HT(@Z) g)HW"'_”‘HJ’(A”,u) S ||¢ gHW(]?)’ﬁ)(A"v#) 5 ”g”W(%ﬁ)(Q)

Combining Lemma 5.9 and Proposition 5.11, v = %w*(T(zb*g)) solves Ov = ¢ on ) and satisfies
the weighted Sobolev estimates

[vllyr—nsrps S 1T 9] l+1_<2(k—n+1)—1)p) SITW Pllwr—ntroan, py S ||9||W(k0v§)(9)'

Wk—n+1,p (An7 I

Here we used the assumption that [ > w in the second inequality.

For the estimate of the canonical solution, note that T'(y*g) € LP(A",u) and thus v =
Ly (T(¢*g)) € LP(Q) by Lemma 5.9. Therefore u = v — B is the canonical solution of du = g.

Also, since
= i¢* <T (V*g) —¢"Ba <11/1*T(1/1*9)>> ;
m m

it follows from Lemma 5.9 similarly and Corollary 5.6 that

Jul sy 7 w0) — w0 (vrw))|

Wk—n+1,p (Q, 5 Wh—nt1p (An “WH)

ST W gl wr—ntroan, )

S HgHW(kpl>(Q)'
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6 Examples

6.1 Generalized Hartogs triangles
For [; € Z" with ged(ly,- -+ ,1n) = 1, let
Q=Hy, .5, ={2€C": [z]" < < |z < 1}

be the generalized Hartogs triangle introduced in [6] (see also [41] and a special case with Iy = -+ =
l, = 11in [14]), where the L? boundedness of the Bergman projection is investigated in [6]. Let k; €
Zt with kyly = -+ = kply, and ged(kq, -+ , k,) = 1. There exists a proper, surjective holomorphic
map ¢ : A x (A*)"1 — Hy, ...y, given by ¥(w) = ((wy -+ wp)™, (wg -+ wy)k2, - Jwkr). Direct
calculation shows Jo(v)(w) = [T/, ki - wit twht =t pkithettbn =1 and the degree of 1 is
m = H;LZI k;. One may thus verify that 2 is covered regularly by A™ since G consists of rotations
of the form o = (e‘/jwl, e ,e‘/jw"), for (61,---,0,) € R™ depending on (k1,--- ,k,). Note that
A and A* are uniform domains and it follows that A x (A*)"~! is also a uniform domain. Let
o= %w*,u. In the case when Q is the Hartogs triangle Hj 1, ¥(w) = (wiwe, we) : A x A* — H; ;
is a biholomorphism and thus 6 = |23]? by a direct calculation. We obtain the following estimates
for the canonical solution on Hj; ... ;,, from which Corollary 1.2 follows.

Theorem 6.1. Let p > 3 1<, kj. For any O-closed (0,1)-form g € W(If;pl)(th...Jn) on Hy, ... 1,

with integer k > n — 1, the canonical solution u of Ou = g is in
3(k—n+1)p

Wh—n+lp (th_”’lnj 5#) and satisfies

<
HuHWkHLP(HH,M,M,&W) Slollween @,y

Proof. Let m := Zlgjgn k;. Then m > 2. By Theorem 1.1, it boils down to show that p =
[Jc(¥)|* € A3 if p > . For any fixed w; € C*~! such that neither of its components is zero, and
for all discs B C C, we notice

<|;\/B:“(w)dV(wj)> <|;/B'u(w)ll”d‘/(wj))pl

where m; = Zl§i§ j k; > 1. By Example 2.3 the right hand side is uniformly bounded if and only
if 2m; — 2 < 2(p — 1), or equivalently, p > m;. Since m; < m for j = 1,...,n and m, = m, we
have u € A} if p > m.

i

Remark 6.2. By modifying the argument in the previous section, one may also obtain the weighted
Sobolev estimates of the canonical solution of d on the bounded monomial polyhedrons in [6],
which is a much more general quotient domains of A™ than the generalized Hartogs triangles.
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6.2 Symmetrized polydiscs

The n-dimensional symmetrized polydisc is defined by
Q=G"={z= (p1(w),pa(w),...,pp(w)) € C" : we A"},

with p; being symmetric polynomials given by

n
pr(w) = wj, pa(w) =Y wjwy, -, pu(w) = wiws - wy.
Jj=1 i<k

One may verify that ¢(w) = (p1(w),p2(w), -+ ,pp(w)) : A™ — G™ is a surjective proper
holomorphic map. Moreover, €2 is covered regularly by A™ with G being the permutation group S,
with action of o € G on G" given by o(21, -+ , zn) = (25(1),* " * » Zo(n)) for any (21, -+, 2,) € G" and
the degree of ¢ is m = nl. It is obtained in [26] (cf. also [16]) that Jc(¥)(w) = [];<;jcp<, (W) —wi).

Therefore, § = 14, (H1§j<k§n lwj — wk|2> .
Proof of Corollary 1.3: Again we just need to verify that u = [Jc(¥)|? € A7 when p > n. Fixing

w1 = (wa,...,w,) € C"! such that all components are mutually distinct, and a disc B € C, u
is reduced to the function c[[;_;,, w1 — w;|* of wy for some nonzero constant ¢ > 0. By Hélder

inequality
_1
n—1
[ navio) = T[ ([ o= wPoDavi) )™
B 1<j<n VB
1
2(n—1) n—1
/u(w)llpdV(wl):c I1 (/ wy — w;| 1w dV(w1)> .
B 1<j<n VB
Thus

(o) Gy )

1 2(n—1) 1 ey T
= I1 {57 ) for = PO Ravien (g | Jen =l 75 v :

1<j<n

By Example 2.3 again, the last term is uniformly bounded if and only if 2(n — 1) < 2(p — 1).
Namely, u(-,101) € A, in C with a uniformly A, constant when p > n. The rest of the cases is due

to the symmetry of p.
|
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6.3 L? boundness of Bergman projection operators

It was shown in [16] that Bq is bounded in LP(€) provided that Ban» is bounded from LP(A™, u)
into itself with p = |det J¢ (w)]%p . Combined with this result, our Proposition 5.5 readily applies
to obtain the following boundedness result of the Bergman projection operator on €.

Corollary 6.3. Let 1y : (A™)* — Q be a surjective proper holomorphic map. Suppose |det J@(w)|2_p €
A3, p> 1. Then Bq is bounded from LP(Q) into itself.

Since the condition |det J¢(4)[* 7 € A3 can be checked in many cases fairly easily, we immedi-
ately obtain boundedness of the Bergman projection operator in the following examples, recovering
these interesting known cases. In fact, the LP boundedness of BHzl,m ., 1s originally due to [6, 41]
(with totally different approaches); the LP boundedness of Bg» is mentioned in a remark in [15]
without detailed proof. We believe the method also applies to the bounded monomial polyhedrons
studied in [6] and leave the detail to interested readers.

Corollary 6.4. Bg is bounded from LP(S2) into itself

[ ifp ~ ( 21 ?Tl) fOT Q= Hll,---,ln with m = Zlgjgn k‘j;

m+1>m
o ifpe (Zy,2y) for Q=G

Proof. OnHy, ... 5, |det Jc(v)[* ™ € A} if and only if =2 < (m—1)(2—p) < 2(p—1), equivalently, if
and only if p € (22, 21) On G™, |det J@(lﬁ)\l*% € Ajifand only if =2 < (n—1)(2—p) < 2(p—1).

M1’ m—1
The desired boundedness interval for p follows.
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