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Abstract
In this paper, we establish a Residue-type phenomenon for the fundamental solution
of the Laplacian. With the aid of the formula, we derive a higher order derivative formula
for the Newtonian potential and its Holder estimates with a gain of two derivatives. The
estimates allow us to obtain the solvability of a type of higher order nonlinear Poisson
system.

1 Introduction and the main theorems

Denote by Bpg the ball of radius R centered at 0 in R™, and by I'(z) := W the
fundamental solution of the Laplacian in R™ \ {0},n > 3, where w, is the surface area of the
unit sphere in R”. Motivated by the classical Residue theorem for holomorphic functions on
the complex plane, we establish for the fundamental solution of the Laplacian an analogous
phenomenon which seems to have been overlooked in the literature. In detail, denote by Py the
space of polynomials of degree k restricted in Bg, and by Z* the set of nonnegative integers.

We have, making use of zonal spherical harmonics, the following Residue-type theorem for I'.

Theorem 1.1. For any f € Py with k € Z+,

/83 (- —y)f(y)doy, € Py.

Here doy, is the surface area element of OBp.

The Residue-type theorem allows us to obtain the explicit higher order derivative formula for
the Newtonian potential on Bgr. Recall for any integrable function f, the Newtonian potential
on By is defined by N(f) := fBR U(-—y)f(y)dy =T x f.
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Theorem 1.2. Let f € C**(Bg) with k € Z*,0 < a < 1, and let B be a multi-index with
|B] = k+2. Then D°N(f)(x) exists for x € Bg. Moreover, for x € Bg,

DN(f)(x)= | DIT(z—y)(fly) - TE(H)®))dy — > cuD"f(z),

Br lul=k

where T (f) is the k-th order power series expansion of f at x and c,, is some constant dependent
only on i and n.

When k = 0, the theorem is reduced to the classical second order derivative formula for the
Newtonian potential (cf. [Fr]). We note that different from the explicit derivative formula as in
[GT], the formula in Theorem 1.2 does not require to shrink the domain, and hence allows us
to derive a uniform Holder estimates of (k4 2)-th order derivatives for the Newtonian potential
on the function space C**. Here the Holder norm || - ||, is in the sense of (3) whose definition
is postponed till Section 2.

Theorem 1.3. If f € C**(Bg) with k € ZT,0 < a < 1, then N'(f) € C*">*(Bg). Moreover,
for any multi-index B with |5] = k + 2,

I DN () Nla C D D las

lvI=k
where C' 1s a constant dependent only on k,a and n. In particular, C is independent of R.

Consequently, we investigate the existence of solutions u = (ug,...,uy) to the following
nonlinear system in R", n > 3:

A™u(z) = a(z,u, Vu, ..., V™). (1)

Here 1 < m € ZT, V/u represents all j-th order partial derivatives of the components of u,
and a := (ay,...,ay) is a vector-valued function on = and the derivatives of u up to order
2m. Label the variables of a by (p_1,po, p1, - - -, Pam), With p_; representing the position of the
variable 2 and p; representing the position of Vu, 0 < j < m.

The solvability for linear equations was widely explored since the counterexample of Hans
Lewy [Lw] in 1957. See [Hol|, [NT], [Mo], [Ho2|, [BF], [Ln], [De| and the references therein.
Unlike linear equations, there is in general no systematic theory about the solvability for non-
linear equations or systems. Recently, Pan investigated the existence problem to (1) through
Cauchy-Riemann operator in the case when n = 2 in [Panl] and when m = 1 for general n > 3
in [Pan2].

We call a family of vectors {¢;}o<j<2m—1 an appropriate jet if there exists a vector-valued
function such that for each 0 < 7 <2m —1, ¢; is the vector whose components consist of all the
j-th order derivatives of the function at a point. Namely, {c;}o<j<om—1 satisfies the necessary
compatibility conditions being the derivatives up to order 2m —1 of some vector-valued function
at a point. A vector-valued function u of class C* is said to be of vanishing order m (m < k)
at 0 if Viu(0) = 0 for all 0 < j < m—1 and V™u(0) # 0. Making use of Theorem 1.3, especially
the fact that the estimate is independent of R, we obtain the solvability for the following case.
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Theorem 1.4. Let a € C**(0 < a < 1). For any given appropriate jet {c;}to<j<om—1, there
exist infinitely many solutions of class C*™® satisfying

A™u(z) = a(x,u, Vu, ..., V" ),
u(0) = co;
Vu(0) = ¢ (2)

V2m_1u(0) = Com—1

in some small neighborhood of 0. Moreover, all those solutions are of vanishing order at most
2m and not radially symmetric.

Since the solutions are not radially symmetric, they are not obtained by, if possible, reducing
the system into an ODE system with respect to the radial variable r = |z|. This phenomenon
can be compared with the case in [GNN], where there are only radial solutions satisfying an
additional assumption.

We note that, due to the flexibility of a, Theorem 1.4 can be used to construct local m-
harmonic maps from Fuclidean space to any given Riemannian manifold. The resulting image
in the target manifold can be either smooth or singular, depending on the given jet.

When « is dependent also on the py,, variable, we obtain the following existence theorem
with some additional assumption on a.

Theorem 1.5. Ifa € C* and a(0) = V,,,,a(0) = V2, a(0) = 0, then there exist infinitely many
solutions in the class of C*™ (0 < a < 1) to the system

A™u(z) = a(x,u, Vu, ..., V" u)

in some small neighborhood of 0. Moreover, all those solutions are of vanishing order 2m and
not radially symmetric.

On the other hand, when the system (1) is autonomous, i.e., independent of the variable z,
then there exist solutions on arbitrarily large domains in the following sense.

Theorem 1.6. If a € C* and a(0) = Va(0) = 0, then for any R > 0, there exist infinitely
many solutions in the class of C*™“ to the autonomous system

A"u = a(u, Vu, ..., V> u)

in {x € R" : |z| < R}. Moreover, all those solutions are of vanishing order 2m and are not
radially symmetric.

Although the autonomous system in Theorem 1.6 is itself translation invariant, none of the
solutions is obtained by trivial translation of the radial solution, from the proof of Theorem
1.6. On the other hand, the regularity of @ in Theorem 1.6 can be reduced to C1® if a is in



addition independent of V?™u variable. This fact will be seen from the proof of Theorem 1.5
and 1.6 in Section 4 and will be used in some of the examples in Section 5.

The rest of the paper is outlined as follows. The notations for the function spaces with the
corresponding norms and a preparation lemma are given in Section 2. In Section 3, we prove
Theorem 1.1. The higher order derivative formula for the Newtonian potential along the line
of [GT] is derived in Section 4. Restricting on Bg and applying the residue-type phenomenon,
we obtain Theorem 1.2. The corresponding Holder estimates is proved in Section 5. Section
6 is devoted to the construction of the contraction map with the necessary estimates for the
application of the fixed point theorem. After a delicate chasing of the parameters, we show
the main theorems hold in Section 7, following the idea of [Pan2]. Examples and remarks
concerning solvability of the nonlinear system are discussed in the last section. In Appendix,
we compute an interesting integral concerning the fundamental solution over the sphere, making
use of Gegenbauer polynomials. This approach provides a practical way to compute the explicit
values of all the residue-type formulas for the fundamental solution. Our approach throughout
the whole paper is purely elementary.

2 Notations and an elementary lemma

Denote Bg := {x € R" : |z| < R} and 0Bg := {zr € R" : |z| = R}, n > 3. Here | -] is
the standard Euclidean norm. We consider the following function spaces and norms over Bg
following [Pan2].

Let C(Bg) be the set of continuous functions in Bg and C*(Bg) the Holder space in By
with order a. For f € C*(Bg), the norm of f is defined by

| flla:=Il f | +R*Hal[f], (3)
where

I f [l:= sup{|f ()| : = € Br};

/

H,[f] := sup {M :x,2' € Bg,x #1'}.
|z — a!|>
We note when f € C%(Bp), the trivial unique extension of f onto Bp is identified as an element
in C*(Bg). C*(Bg) is then a Banach space under the norm || - ||,

For 0 < k € Z*, denote by C*(Bg) the collection of all functions in Br whose partial
derivatives exist and are continuous up to order k. Denote by|| - ||+ the corresponding norm,
where

1 llex == sup{|| D°f ||- | 8] = k}
if || f]lc is finite.

CH*(Bg) is the subset of C¥(Bg) whose k-th order derivatives belong to C*(Bpg). For
any multi-index f = (f4,...,[,) with nonnegative entries, define |f| := Z?Zl B; and p! =
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Byl B, Given any f € C*(Bg), we represent DPf := V'85> --- 9P f with 9; the partial
derivative with respect to the z; variables. If f € C**(Bg), we define the semi-norm

1 £ 1189:= sup{|| D°f [la: 18] = k}.

The notation and norm || - Hgk) are naturally extended to vector-valued functions by defining

k k
I (oo f) 67 = supr gy I 1 116
Of special interest, we introduce the subset of C**(Bg) as follows.

CH(Bg) = {f € C"*Bg) : D°f(0) = 0,|8] < k —1}.

The following two preparation lemmas are elementary but essential in deriving the desired
estimates in the rest of the paper. The original proof of the lemmas can be found in [Pan2].
For the convenience of the reader, we enclose the details as follows.

Lemma 2.1. If f € C**(Bg), then for any x,2’ € Bg and 0 < a < 1,

|[f@') = TE()()] < Jo =27 ( ) Ha[D"f]).
|ul=k
Here TE(f)(+) is the k-th order power series expansion of f at x.
Proof of Lemma 2.1: The proof is based on the following identity in calculus. Indeed, for

x,x' € BR,

=T ()(=

/ /tk 1 / dt’f [tz + (1 = t)z))dtdt; ... dby— 1—|;k = D"f(x )z — )"
/ / / D (D) + (1= t)z) — (D" f)()) (2 — w)dtdty ... diy .

0
|ul=Fk
Hence

|f(z") — ') </ / / Z Hy[ D" fl|l2" — z|*|2" — x|*dtdty . . . dtx_q

0
|| =k
<|a — 2" Z H,[D"f]). 1
lul=Fk
Lemma 2.2. If f € CV*(Bg), then for anyl <k and 0 < a <1,
I I9< CRAFIE,

where C' depends only on k and n.



Proof of Lemma 2.2: If f € C;*(Bg) and 3 with |3] =1 < k, D?f € C{""*(Bg). For any
.IEBR,

D°f(x) =D"f(x) - Ty, D" f(x)

lh—1-1
/ / . / (DM DP f)(tx)ztdtdt, . .. dty_;_,
=kl
lu?

k—

= Z F,(z)x
|lu|=k—1

where F, := [I' [0 (DD f)(¢-)dtdty . .. dty__1. Note that || Fy, [|o<|| f |5,

Hence
ID°flla< D I Fulla- I 2" la< CREH) £ IS
lnl=k—1
CH*(Bg) (0 < a < 1) thus becomes a Banach space under the norm || - H&k), as a consequence

of Lemma 2.2.

From now on and throughout the rest of the paper, we use C' to represent any positive
constant number dependent only on n,a,m,k and N, where 0 < o« < 1, n > 3 and N > 1.
Especially, C' is independent of R.

3 The Residue-type theorem for the fundamental solu-
tion of the Laplacian in R"

In one complex variable, the Residue theorem implies, given any holomorphic function f defined
in  C C with B C €2, and for any z € Bp,

/ f(f)dgfzzf()
€

\Rf—z

Here % is the Cauchy kernel for the 0 operator in C. It is also related to the first derivative
of the fundamental solution of the Laplacian in R2. As a special case, if f is a holomorphic
polynomial of degree k in €2, then for z € Bpg, flf\ R 5 Zdﬁ is a polynomial of the same degree.
Theorem 1.1 in this sense serves as a suitable substitute of the Residue theorem in R™.

The proof of Theorem 1.1 makes use of zonal spherical harmonics Z;,gl) and their reproducing
properties for spherical harmonics. In particular, let H; be the set of all spherical harmonics of
degree [, then for any f € H; and x € By,

f(a) = / 200w,



Moreover, if f € H; with [ # k, then for z € By,
0= / ZP(y) f(y)do,.
0B,

Moreover, denote by PJ the space of all homogeneous polynomials of degree k restricted in
Bg. For any f € P}, there exist P;’s, some homogenous harmonic polynomials of degree j,
such that for x € Bpg,

f(x) = Pu(z) + |2|*Py_o(x) + -+ + |2|*Py(z), when k is even, (4)

and

f(z) = Pu(x) + |#*Py—a(2) + - -+ + |z|* 7" Pi(x), when k is odd. (5)

Note Pj|sg, € H;. See [SW] for more details.
We are now in a position to prove the residue-type Theorem 1.1 for the fundamental solution
of the Laplacian in R".

Proof of Theorem 1.1: Without loss of generality, we assume f is a monomial of degree k.
We also assume that R = 1. This is due to the following simple fact that for any f € P and
x € BR,
x
/ Iz —y)f(y)do, = Rk“/ F(E —y)f(y)do,.
O0BRr 0B,

Under the zonal spherical harmonics, we have when x € By \ {0},
|z 70 Y
Cn T/
Z l| |n+h—2 |z\(|y|)

2l14n—2
(n—2)wn,

where C),; = . Letting y € 0By, the above expression for x € B; \ {0} simplifies as

= > Cuilal 28 (). (6)
=0

On the other hand, since f € PP, letting y € 9B; and making use of (5), one has when &
is odd,
fly) = Pe(y) + Pialy) + -+ + Pi(y) (7)
for some harmonic spherics P; € H;. Therefore, combining (6) and (7) together with the
reproducing property of the zonal spherical harmonics, we have for x € By \ {0},

/831r(m—y>f< o, = /&)Bl(zcnmz )( \(4) + Po 2<)+...+P1(y)>day

_ xXr
= nleL’| Pk(| |)+ank,2|$| Pk72<|l’| )

= On,kpk(x) + Omk_gpk_g(l‘) 4+ 4 Cn,1P1($) € Pk.
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The formula extends automatically to x = 0 for the sake of continuity on both sides at 0. The
case when k is even can be treated similarly and is omitted here. B

It is not clear to us whether the Residue-type phenomenon is true on general domains due
to a lack of symmetry of their boundaries. On the other hand, despite of the constructive proof
of the Residue-type formula in Theorem 1.1 for the fundamental solution of the Laplacian, the
integral can actually be computed directly. See Appendix for a computation of the formula
when k = 1. The same method could practically be used for general k& > 1.

As immediate consequences of Theorem 1.1, we obtain the following two corollaries.

Corollary 3.1. For any f € Py and any multi-index 5 and x € Bg,

[0 when |B| > k + 1;
- DPI(x — y)f(y)do, = { C(f)R  when |B| = k.

Here C(f) is some constant dependent on f. In particular, C(f) is independent of R.

Proof of Corollary 3.2: We only need to show C(f) is independent of R for any monomial
f of degree k when || = k. Indeed, for z € Bp,

DT (x — y) f(y)do, =D} /8]3 I'(z —y)f(y)do,

=R'** D’ /8]3 F(}% —y)f(y)do,.

OBr

According to Theorem 1.1, f@Bl ['(% —y)f(y)doy is a polynomial of degree k for z € Bp.
Write [, T(%—y)f(y)do, = Pu(F)+ Ry-1(F) for some homogeneous polynomial Py, of degree
k and another polynomial Ry ; of degree k — 1. Hence for x € Bp,

| DI~ ) 1w, =RDP (PU(G) + Ria(3)
OBRr
:RIMDBP/C(%)

=RD’Py(x) = C(f)R
with C(f) = D°P,. 1
Corollary 3.2. For any f € Py and any multi-index 5 with || > k + 2,

/ DT (z — y) f(y)dy = 0, (8)
B\B.(2)

when x € B.(z) C Br. Here B.(2) is the ball centered at z with radius €.



Proof of Corollary 3.2: Write 5 = (f,...,(,). Without loss of generality, assume R = 1,
f1 > 0 and f is a monomial of degree k. Moreover we write ' = (81 — 1,...,0,). Hence
applying Stokes” Theorem on D?T'(z — y) f(y) over the domain By \ B.(z), one has

/ DET(y — 2)f(y)dy
B1\B.(2)

_ / DYT(y — ) f(y)dy + | DIT(y— ) f(y)ydo, (9)
B1\B(2) 0By

’ Yy — =
_ / D5 Ly —x)f(y) ! — lday.
8B (2) ly — 2|

Write I := [on DIT(y — 2)f(y)yidoy and 11 = [, DIT(y — ) f(y)¥==do,. We show
next that / = I in B; and therefore

/ DET(y — 2)f(y)dy = — / DIT(y — )00 f (y)dy. (10)
B1\B.(z) B1\Bc(z)

First, after a change of coordinates by letting y = z + e7, 11 is computed as follows.

Z—X

1=V [ DIT(
0B

+7)f(2 + eT)nido,

Z—X

2_ /
=21 DI'T(
OB, €

262_|’8|+k/ DyB/F(Z T T)f(T)Tdo,.
OB,

+7)(f(e7) + Peoi(7))Tdo- (11)

€

Here Py_4(+) is some polynomial of degree k — 1 such that f(z +er) = f(er) + Py—1(7). The
last identity is due to the fact that f(er) = €*f(7), together with an application of Corollary
3.1 onto Py_1(7)7.

We divide the proof of (10) into two cases. When || > k + 3 and hence || > k+2, I and
IT are both zero because of Corollary 3.1 and we are done. When || =k + 2 so |5/ =k + 1,
I is a constant in z € By dependent only on the degree k + 1 polynomial f(y)y; by Corollary
3.1. On the other hand, for 71, (11) is further simplified as

’ Z—XT
II = DJT(r + Vf(T)mdo,,
OB €

which by Corollary 3.1 again is the same constant. Therefore I = II when || > k + 2 and
hence (10) holds.



Now applying the induction process on (10), we get for z € By,

/ DET(y — 2)f(y)dy = — / DIT(y — 2)0uf (y)dy
B1\B.(z) B1\Bc(z)

Here p is some multi-index with |u| > 2 and C(f) is some constant dependent only on f and
6.1

We briefly note that by Corollary 3.2, the principal value of D°T'xf (: = lim,_,q fR"\BE =) DPT(x—
y)f(y)dy) is well defined in By whenever f € C**(Bg). Moreover, for x € Bg,

p-v.(D°T * f)(x) = i DIT(z —y)(fly) — T () (y))dy.
4  The higher order derivative formula of the Newtonian
potential

Due to the nonintegrability of the fundamental solution of the Laplacian after differentiation
more than once, the second order derivatives of the Newtonian potential becomes a distribution.
However, when the function space is regular enough, such as C%, the Newtonian potential is
twice differentiable. See Lemma 4.4 in [GT] and references therein.

We first compute the higher order derivatives of the Newtonian potential on general domains
following the idea of [GT]. Let Q C R™ be a smooth bounded open set. The Newtonian potential
over {2 is denoted accordingly by

Na(f) = / D(- — 4)f(y)dy

for any given integrable function f in €.

Definition 4.1. Giwen two multi-indices B and p, and j with 1 < 57 < n, we define for x € 1,

Zo(B, p, j)(x) = , DT (z = y)(y — x)"vydo,,

where doy, is the surface area element of Q2 with the unit outer normal vector (v1, ..., vy).

It is clear to see that Zo (S, 1, 7) € C*(Q).
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The following notations will be adopted throughout the rest of the paper. Unless otherwise
indicated, we always regard derivatives inside the integration as derivatives with respect to y
variables. For instance, inside an integral, o\I'(z — y) := %yl_y)) while 0,,'(x —y) := %l_y).
Given any two multi-indices § = (01, ..., 0,) and pp = (p1, ..., ftn), we say 8 < p if 5; < p; for
each 1 < j <nand |f| < |u|. Moreover, we define u— 5 := (1 — B, -+, oo — Bp) if < p. If

in addition |u| = |B| + 1 with 9; D" = D* for some 1 < j < n, we write pp — 3 = j.

Definition 4.2. Given a multi-index 3, we call {B(j)}le a continuously increasing nesting
of length k for 3 if |3Y| =7 for 1 < j <k and BY) < BUT) < B for 1 < j <k —1. Given
two multi-indices v and ~', we say ' is the dual of v with respect to § if D = DYD"".

Proposition 4.3. Let 3 be a multi-index with |5 = k + 2. Let {89} be a continuously
increasing nesting of length k + 2 for 5 and let BY)" be the dual of fY9) with respect to B for
1 <j<k+2. Then given a bounded and locally C** function f in Q and for any x € ),

DNalf)(w) = [ DI~ ) () = TE(H)w)dy

Q
v 1)
_ ZDB(J) ( Z D#’[{'(I)IQ<B(]1)7M76(J) - B(Jil))<m>)
j=2 |pl=j—2 '

Here TE(f) is the k-th order power series expansion of f at x.

Proof of Proposition 4.3: The proposition is proved by induction on k. When k = 0, the
theorem reduces to the case in [GT]. Fix z €  and assume (12) is true for k = ky > 0, i.e.,
for any f € Ck® and 8 with |3] = ko + 2,

DPNo(f)(z) = /Q DI (z —y)(f(y) = Tip (/)())dy

ko+2 , u (13)
— Z DB ( Z D f'<x>IQ(5(j—l)’u75(j) — @(j—l))(x))‘
=2 w=iz
We want to show for any 3 with || = kg + 3 and f € Ckotle
DNa(£)a) = [ DIV = ) (F0) = T (D)
(14)

_ ’%5 Dﬁ(j)/ ( Z Duf(a:)IQ(B(Jil)? :u7 BU) - 6(371))(,1‘)) ’
j=2

|
|p|=7—2 H

(ko+2)

Without loss of generality, assume D? = 9, D? with |3*0+2)| = ky + 2. Choose positive
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€< dist{;ﬂ,@ﬂ}

and let

vo() = / DE (e — yin(e — o) (F) — T2 (F))) dy

ko+2
B Z Dﬁ(k0+2),5(j)( Z %() (B(J n ﬁ(j) _ 5(]‘*1))(3:)),
j=2 lpl=5—2

where n.(z — y) = n(‘w u1) with 1 some smooth increasing function such that 7(t) = 0 when

t < 1land n(t) =1 when t > 2. When € — 0, v.(z) — D" Ny(f)(z) for all z € Q by
induction.
Now compute

Do (x / o (D2 (@ — yne(x —y)) (fly) — T (F)(y))dy
/Q DT (@ — y)ne(e — 1)0u (f(y) — TE (£ () dy

ko+2 M
“a3 o 5 DI e g0 gy 0
j=2 |ul=j—2 '
ko+2 ,
—A+B-Y D (Y P Z:< 2 (B9, p, B9 — BUTD) ().
=2 lul=j—2 '
ere = * JC —Ynelx —y Y ko = 5( T
Here A = — [, ,(D!" 0%( Iz =) (F(y) = T, (£)(y))dy and B := [, DI*™'T(
Y)ne(z — xl%f —Tg(f dy We will show as € — 0,
A+ B / DI =) (F(y) = Ty (N(w))dy
(16)

B Z Duf@)ZQ/ (5(k0+2)’ﬂ, 5(k0+3) _ 5(ko+2))(x).

|
|| =ko+1 e

Then (15) gives

Do (x) — / DET(x — ) (f(y) — TZ, 1 (F)(v))dy

ko+3 N ' )
=30 (30 B g 50 — 500y,

lul=j—2

and (14) is concluded.
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To prove (16), firstly

/ o Dﬁ(ko+2) )ne(x — y)) (f(y) — Tlf()Jrl(f)(y))dy
Z D f(x) /Qal (Dﬂ(ko+2)r( —y)ne(z — y))(y — x)"dy.

|
lul=ko+1 H

Applying Stokes’ Theorem to the second term of the above expression, we then have

A=_ / 0 (DP* T — y)ne(e — ) (F) — TE 1 (F)())dy

Z Dﬂf(x) Df(ko+2)r(x . y)n6<x _ y)(y _ x)uyldo-y

|
ll= ko+1 pe Joa
(ko+2)
Py 2 / DI L~y — )on(y — o) dy.
|ul=ko-+1

On the other hand,
_ /Q D" (2 — gl — y)h, (TE () (9)) dy.
Therefore,
A4+ B=— /Qal(Df““O”)F(x —ynelz — ) (fy) = Ti 1 () () dy

Z D#f(x) Df(ko+2)r(x — ez — y)(y — 2)"do,

e M Jon
ko+2 D+ -
[ -n[ Y o -0 - 0 (1))
@ |u|=ko+1 e
=]+ 1T+ 1I1I.

Ase— 0,
I / DET (2 — ) (f(y) = T () () dy
II—- > Dilz) /m DI (@ — ) (y — 2)'vido, (17)

|
[ul=ko+1 H°

—— % P, 1))

lul=ko+1
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For I11, notice Ti7 (f)(y) = 2|#|<k0 Dt f(z) (y Il 50

0, (T2, () = 3 22w =)' 5~ D)0y = )"
|l <ko

|| <ko

u

One also observes the following identities:

S ADSEy =0 _ sn D@y 5 AP @)= o

)

| |
Il<ko K FariRR lnl<ko—1 e
3 Dl f(2)0s (y — ) 3 I D" f(x)(y — x)"
! B f! ’
[l <ko lul<ko—1
Hence
DM
S YD a0, (1 ()W) =0,
plmko+1
and
IIT =0. (18)

Combining (17) and (18), (16) is thus proved. W

Restricting on Bpg, the higher order derivative formula of the Newtonian potential can be
simplified in a fashion that the global Holder estimates can be achieved as in the next section.
The approach is motivated by the following global formula and estimate for the second order
derivative of the Newtonian potential in [Fr].

Theorem 4.4. [Fr] Let f € C*(Bg). Then for any x € Bp,
5
QON)(w) = [ 8,0, T = 9)(f) ~ Sy~ 21 (o)
Br n
Moreover, for all f € C*(Bg),
INAND<CN S o

When n = 2, [Panl] derived the derivative formula making use of complex analysis for the
higher order derivatives of the Newtonian potential. In light of Theorem 4.4, we shall state the
following higher order derivative formula of the Newtonian potential on B when n > 3.

Theorem 4.5. Let f € C**(Bg). Let B be a multi-index with |3] = k + 2 and {8V} a
continuously increasing nesting of length k + 2 for 3. Then D°N(f)(x) exists for x € Bg.
Moreover,

o2 G-, g0 — gU-D) N
DPN(f)= [ D=y (f)=TilHw)dy—=>_ > o ’“’5‘ B putso ¢,
o J=2 |ul=j-2 He

(19)
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Here BY)" is the dual of BY) with respect to B, and C(BY=V, u, BY) — U= is some constant
dependent only on (B(j—l), w, fU) — B(j—l)),

Since on the right hand side of (19), the order |+ 39| for each term in the summation is
equal to k by definition, Theorem 1.2 follows from Theorem 4.5.

Proof of Theorem 4.5: k = 0 is given by Theorem 4.4. When k > 0, for any multi-indices (3
and p with |8| = |u| + 1, one has for x € Bg by Corollary 3.1,

I, (6,1, 7)(z) = DPTI(z — y)(y — z)v;do,
OBRr
1
-5 DET(x — y)(y — x)!y;do,
OBRr
=C(B, 1, j)

with C'(8, i, j) some constant dependent only on (3, i, j). In particular, C(3, i, j) is indepen-
dent of R. Letting €2 = By in Proposition 4.3, one obtains (19). W

5 CF® estimate of the Newtonian potential on Bp

To simplify the notations, we first define the following operators.

Definition 5.1. Given a multi-index 3 with |3| = k + 2, k > 0, the operator N : C**(Bg) —
C(Bg) is defined by

No(f)(z) = /B DT (z — o) (f(y) — T2 () (9)) dy.

for f € C**(Bgr) and x € Bg, where TE(f)(-) is the k-th order power series expansion of f at
x.

Definition 5.2. Given multi-indices 3 and B' with |3| = k+ 2, k > 0 and D® = 9;D% | the
operator Sz : CH*(Bg) — C(Bg) is defined by

S5(f)(x) = /a DT =) () = T )i,

for f € C**(BR) and v € Br. Here TEF(f)(y) is the k-th order power series expansion of [ at
x, doy is the surface area element of 0Bg with the unit outer normal (vy, ..., 1vy).

Since |5'| = k+1, Sp(f) differs from DB/(IQBR I'(-—vy) f(y)v;do,) by a constant independent
of R due to Corollary 3.1.
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Definition 5.3. Given a multi-indices 3 with |3| = k+2,k > 0 and f € C**(Bg), the operator
Ts : CH*(Bgr) — C*(Bg) is defined by

k42 o . .
C(BU 1)7 7 (4 _ pgG-1) Sy
7=2 |ul=j-2 H
Theorem 1.2 can thus be rewritten as
DPN(f) = Ns(f) = Ts(f) (20)

for any f € CF*(Bg).

5.1 An induction formula for D°N

We shall first prove an induction formula for the higher order derivative formula of the Newto-
nian potential.

Lemma 5.4. Let f € C**(Bg). let 3, 8 be two multi-indices with |3| = k+2 and D? = 9;D".
We have in Bg,
Ns(f) = No (05 f) = Ss(f)-

Proof of Lemma 5.4: Making use of Stokes” Theorem and Corollary 3.1, we get for x € B,

M) =ty [ D= ) () = T )
=lim DT (x — )0 (f(y) — T (£)(y))dy

=0 Br—B-. (:L‘)

i 0, (Df’m () - Té”(f)(y))) dy
Br—Be(z)

e—0

—lim DIT(z —y)(0:f () — Ty 1(9;£) () dy

e—0 BR—BE(JJ)

— | DIT(z—y)(fy) = TE()(y))vsdo,
+ lim DIT(x —y)(f(y) — TF(f)(y))vydo,
e—0 9B (z)
Since the third term in the last identity of the above expression is 0, the formula is thus proved.

Proposition 5.5. Let f € C**(Bgr) and let 3,3 be two multi-indices with |3| = k + 2 and
DP = ajDB/. We have
DPN(f) = Ny (9;f) = Ss(f) = Ts(f)-

16



5.2 Estimates of Sp

We start by proving the following preparation lemma.

Lemma 5.6. For any x € By, 0 < a < 1,

1
————do, < C(1— |z)*!
| e = 00 ~1el)

Proof of Lemma 5.6: Assume x = (r,0,...,0) after rotation if necessary. One can assume
in addition that r > %

Choose spherical coordinates y; = cosfq,y, = sinfy cosbs, ..., y, = sinf;sinfy---sinb,,_1,
where 0 < 6, <mforl1 <i<n-—2 0<6,1 <27 and denote by 8B?‘1 the unit sphere in
R"!. We have,

1 ™ fon—2 [
/ S — - / e —db), / do,
=1 |z =yl 0 [(cos —r)2 +sin?6,]" 7" oB7 !
0 sin™~ 29
:C'/ —df
o [1—2rcosf+r?"z
T n 20
o
0 [(1—7r)?44rsin” 5] 2

1—r n 26 T SinniQQ
<o ST a6
- (/0 (L—mr) i /1_r (2y/rsin &)n—o )
:A _|_ B7

n29

where A :=C [ - (im: S 20.d0 and B = CJ, 2\/S;slln

For A, since sinf) < 6 when 6 > 0,

—df.

C 1-r B C o o
ASW\/O' o" 2d0:m(1—7”) 120(1—7”) 1.

For B, making use of sinf > C') when 0 < ¢ < 7 and the assumption r > %, we get
™ S'nn—Q 4 T 0 ™0
B< C/ %d@ = 0/ sin®™% —df < C/ (3) 2do < C(1—r)*'+C < C(1=r)*".
1—p (sin §)n—@ 1—r 2 1—r 2
The lemma is thus concluded. R
The following lemma in Appendix 6.2a [NW] is quoted without proof.

Lemma 5.7. [NW] If z and 2’ are two points of the open unit disk in C, and ~y is the shorter
segment of the circle through z and z' and orthogonal to the unit circle, then

[ < e
z—z
L, (I—ww)t= ~ 1—-a

17
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We are now in a position to show Sg is a bounded operator from C*(Bg) into C®(Bg).

Lemma 5.8. let 3 be a multi-index with |3| = k + 2. The operator Sz sends C**(Bg) into
C*(Bgr). Moreover, for any f € C**(Bg),

I Ss(f) lla< C Il UL

Proof of Lemma 5.8: Write g(y) := f(y) — TF(f)(y).
(i) The estimate for || Sg(f) ||. Indeed, by Lemma 2.1, for x € Bp,

0BR

[ DI g)gtomde] <O FIP R [y el s,

I fIO R [y af s,
OBRr
=C (k) o 2 1—n+ad
[l ly— %l oy
0B1
<C|f|®.

(ii) Given z, 2" € Bg, we estimate |Sg(f)(x) —Ss(f)(2)|. Assume without loss of generality

that z,2 lie on the plane {y3 = --- = y, = 0} and write x = Rz,2’ = Rz with 2,2’ € B;.
Then

Ss(f) (@) = Sp(f)(«")

/8,3 (DIT(x —y) — DET (&' — y))g(y)vdo,

=R7* /aB (DIT(z —y) — DIT(Z — y))g(Ry)v;do,
1

Let y(t) = (71(t),72(¢),0,...,0) : [0,1] = {ys = --- = y,, = 0} = C be a parametrization of

the shorter segment of the circle through z and z’ and orthogonal to the unit circle in C with
7v(0) = 2/, v(1) = z. We then have

S = SoN@) =R [ [ (DTG0 ~ ) atg(Rywie,

=R7" /Oliyg(t)dt/

. (0., DET(v(t) — ) g(Ry)v;da,.
k=1 1

Making use of Corollary 3.1, we have for any 0 <t <1,

/8 i (0., DT (y(t) — y)) 9(Ry)v;do, = /a . (05, D2 T(y(t) — ) (9(Ry) — T, (9)(Ry))v;da,
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where T, ,f ) (9)(+) is the k-th order power series expansion of g at Ry(t). Furthermore, by
Lemma 2.1,

l9(Ry) — T, (9)(Ry)| < C|Ry — Ry()[*+* > H,[D"g]
lul=k
= CR* |y —y()[F+* Y Hu[D"f].
lul=k

Therefore,
|S5(f) (@) — Sp(f)(2)

1
<C( ) HuD"f))R™ ’“/0 Dt \dt/aB [y (t) = y[> PRy — ()M do,

|ul=k k=1
1 2
C(S" HAD )R [ S hilde [ () e,
lul=k 0 k=1 OB

Applying Lemma 5.6 to |, o, [7(t) —y|7""%do, in the last expression, we have

S0)) ~ S0 <C( Y Halp )R [ Z e

|ul=k

! dt
oS mir ) |

lul=k
|dw|
:C Ha[D'uf] Ra —_l—a
(|;k ) /7 (1 —ww)
Hence by Lemma 5.7,
[S5(f) (@) = Sp(f) (@) < C( Y Ha[D"f]) Rz — C( D Ha[D"f])|x — 2’|
|pl=k ln|=k

Namely,
Ho[Sp(f)] < C( > Ha[D"f]).

|ul=k

We finally have shown, combining (i) and (ii),

1 Ss(f) o< C | fIP . m

Remark 5.9. In the proof of Lemma 5.8(i1) when carrying out the Hélder norm for Sg, the
estimate in Lemma 5.7 would fail if the curve v is chosen to be the straight line connecting z
and z instead of the geodesic as in [NW].
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5.3 Estimate on D°N

Applying Lemma 5.4 and Lemma 5.8 inductively, we eventually obtain the following formula
and estimate.

Theorem 5.10. For any f € C**(Bg), N(f) € C¥*2%(Bg). Moreover, given a multi-index 3
with |B] = k + 2, let {9} be a continuously increasing nesting for 3 of length k 4+ 2 and B
be the dual of BY9) with respect to B for 2 < j < k+2, and f € C**(Bg), we have

k+2

Dﬁ./\/’(f) ./\/:3(2 DB(Z) ZSB(J) Dﬁ(]) 7,-6’(f>7

i Br with
[N IE2< el F I
Proof of Theorem 5.10: By Lemma 5.5 together with (20),
DPN(f) = Nt (D" f) = Spossar (f) = Ta(f)
= Nﬁ(k)(Dﬁ(k) f)— 55<k+1)(D6(k+1) f) = Spen (f) — Ta(f)

k+2

= Ng(z) 6(2) Z Sg(]) 5(7> %(f)

k+2

_ D5(2) 5(2) Zsﬁ(]) B(J) 7—B(f) . 7.6(2)<D5(2)/f)

Hence for any f € C**(Bp),
[N I = sup || DN (f) [la

18l=k+2
k+2
2 % )’
<C s [ DN )+ 3 1 Sa0 (D" )+ 1119

Since |3U)| = j and |8Y)'| = k + 2 — j from definition, by Theorem 4.4 and Lemma 5.8, we get

k+2

I N(f) |8+ < %?‘%’2 LMD 112+ 31D 92 4| £ 18]
=k+ —3

@’ i
<C sup [ D77 flla+ I £IE772 4 £UIP ]
|Bl=k-+2

<ClfIP
Proof of Theorem 1.3: The theorem is a direct consequence of Theorem 5.10. B
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6 Construction of the contraction map
Recall that the nonlinear system under investigation is given by
AN™u(z) = a(z,u, Vu, ..., V™).
Assume a € C? in the above system first. For any vector-valued function f € (C2™*(Bg))V,
introduce w(f) := (wg)(f), . ,wﬁ)(f)) with
D@ = [ Tle= s 10 TS T )y
R

for 1 <j < N in Bg. According to Theorem 5.10, w"(f) € (C**(Bg))" and
| SN NP C N agC foee V27 F) o

wO(f) = (), .. ,w](\l,)(f)) are inductively defined for 1 < [ < m as follows. For each
1 <5< N and z € Bg,
! -1
W (£)(w) = Ny () (@),

Note that, in terms of the Newtonian potential,
wj(-l)(f) = ./\fl(aj(-, fooo, Vme)).
Therefore, by Theorem 5.10, w(f) € (C?(Bg))" and
| 18I as. fo o 27 ) D (21)

Next, define 0(f) = (0:(f),...,0x(f)) from w™ (f) by truncating degree less than 2m
terms and part of the degree 2m terms in its power series expansion at 0. Precisely speaking,
for 1 < j < N and z € Bg,

B (wl™
0,(1) () =A™ (&) — T () () = 3 2 _UDO) s (22)

|
BEA 5

where Tgm,l(wjm)(f)) is the (2m — 1)-th power series expansion of wj(-m)(f) at 0, A={p: 6] =

2m, and at least one of 3, is odd for 1 < j < n}.
From the construction, it is immediate to see that for any f € (Ca™*(Bg))N, w™(f) €

(C?m(Bg))N and so (f) € (C2™*(Bg))N. Moreover, A™0(f)(z) = a(z, f(x), Vf(a’c), VA ()

when x € Bpg.
Recall (CZ™*(Bg),| - H((fm)) is a Banach space. We now have constructed an operator
between two Banach spaces as follows.

0: (™ (Br)™ — (Cg™"(Br))"
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with the corresponding norm

2m _ 2m
I F e = max | £ s

The ball of radius v in (C;™*(Bg))" is denoted by
B(R,7) = {f € Cg""(Br)™ || £ IT™ <~}

On the other hand, recall a function u € C% is called k-harmonic if A*u = 0. Given
h = (hy,...,hy) with h; any homogeneous m-harmonic polynomial of degree 2m and for any
f e (€™ (Bg))Y, consider

On(f) = h+0(f).

Then 6,(f) € (C;™*(Br)™, A" (f)(x) = A™0(f)(x) = a(w, f(2), Vf(2),..., V" f(x)) in
Br while part of 2m jets D?6,,(f)(0) with 3 € A coincide with those of the given parameter h.

We will seek the solutions to (1) by making use of the fixed point theorem. Indeed, we first
show there exists v > 0 and R > 0, such that ¢ : B(R,v) — B(R,3) and 0 is a contraction
map. We then pick some nontrivial h as above with i € B(R, 3) and consider the corresponding
operator 6),. Consequently, 6, : B(R,~) — B(R, ) and is a contraction map. As an application
of the fixed point theorem, there exists some u € (C;™*(Bg))" such that 6),(u) = u. This
u clearly satisfies A™u = A™0,(u) = a(-,u, Vu,...,V*™u) in Bg. To obtain infinitely many
solutions, one only needs to notice there are infinitely many choices for such an h. For instance,
one can pick h(z) = cx? with 8 € A and ¢ any nonzero small constant. Each such different
input h results in a different solution out of the fixed point theorem from the construction.

Remark 6.1. Since the solution u is of vanishing order precisely 2m from the construction, u
15 not a trivial solution.

We divide our proof into two steps. In each step, we shall use Theorem 5.10.

6.1 Estimate of || 0(f) — 0(g) ||™

First, we note from (22) that for 1 < j < N, for any f,g € B(R, ),

10;(f) = 0:(9) 12 < || W™ (f) = wi™ (g) 1™ + 1| V2" (@™ (f) = wi™ (9)) |l
<2 | wi™(f) = wi™ (g) ™
=2 | N(wy" V() - < Y (g)) 1
=2 || N (w] o (f) = W™ V(g)) ™

=2 Nm(aj(-,f('),vf(')j---,VQ"‘f(')) = a;(,9(:), Va(),-.., V() 8™

Making use of Theorem 5.10 into the above expression, we have then

10;(f) = 0;(9) IS <C 1 aj (- f(), VI V) = ai(,9(), Vg (), - V() H(a -)
23
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We next proceed to prove an estimate of (23). Note that due to Lemma 2.2, when f €
B(R,), then || VI f ||< CR?*™~ I~ for 0 < j < 2m. Therefore, the variables (p_1, po, p1, - - -, Pom)
of the vector-valued function a takes value in E := {p_; € Bg,p; € Begem-i,,0 < j < 2m}

when u € B(R, 7).
| 15---3Pk—15Pk,P 1"'1p2m)_v -a(Pflv-wpk—l,P/ sPk+15e05 p2m)‘
Denote by A; := supy |V,,al, Qi := sup { 23t ALl ‘pkfp;fjj i :
(p—la'-'7pk—17pk’7pk+17"' ap2m)>(p—lv"'7pk—1apkapk+17'" ap?m) S Evpk 7£ p;c} and Lj =
supz(V2  a) with —1 < j < 2m. Therefore, for —1 < j, k < 2m,

PjpP2m

A; <C | Vpalleom< C |l alleroam

Qi < C' [l alleram), (24)
L; <C|| Vpa o< C |l a e

Here || a |lcvamy=|| a [ler +Ha[Va).
Lemma 6.2. For any f,g € B(R,~), if a € C?,
Fa(, f() V) V) = alg(), Va(), o V2 () o< 6(Ry) (| f = g I8,

where
2m—1

5(R, CZRQ’” I(Aj+ R*(Qj-1) + Z QR FDeney L L)), (25)

Moreover, if a is independent of Pom, then when a € C,

2m—1 2m—1

§(R,v)=C Z R*™ 7 (A; + R*(Qj-1) + Z Qi Ry, (26)
=0 k=0

The proof of Lemma 6.2 is similar to that of Lemma 4.3 in [Pan2]. For the completeness of
the paper, we provide with a sketch of the proof as follows.

Proof of Lemma 6.2: For simplicity of notation, we shall skip the dots in f(-) and g(-).
|| a('?fvva"'aVme) _a('agav97""v2mg) ||a
1
d
- || / Ea('a tf + (]' - t)gv V(tf + (1 - t)g)a s 7v2m(tf + (]‘ - t)g))dt Ha
0

2m
< AV = 9) lla

J=0

2m
<> Aol =g 115
7=0
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Here A}(-) := = [ Vpa(tf + (1 —8)g, V(tf + (1 = t)g),...,V*™(tf + (1 —t)g))dt. If a is
1ndependent of po,,, then the summation in the above expression runs over 1 through 2m — 1
instead of 2m.

Making use of Lemma 2.2 together with the fact that f, g € B(R,~), we obtain

2m
laG, £,V f, o VP f) = a9, Vg, ,V"g) o< C Y R [LAS ol £ =g I8 . (27)
§=0
Next, we shall estimate || A’ |lo. Indeed, || A% [[< A; by definition. To show its Hélder
estimates, we denote tf + (1 — t)g by ft or even simpler but without confusion, by f Then

f € B(R,7) and hence | f H )< . For z,2’ € B, by an elementary triangle inequality
argument,

A () — Aj(2")]
2m—1

<C(@Qjcnle =21+ Y QulVH(f(2) = f@)|* + LI V*"(f(x) = f@a")])

2m—1

<C(Qjc-nle =21+ D Qu(I V' f I le =2/ + LR~ || FIT™ |2 — '|%)
k=0

2m—1

<O(Qsple =21+ Y QuRE™ V(|| F ™) —2/|* + LR || fI$™ o — ']%).
k=0

We note that if a is independent of p,,,, then L; term does not show up in the expression and
hence C? regularity of a is not needed due to the above estimates. We conclude that
2m—1

H A; ||0c§ C(Aj + Ra(@j(fl) + Z ijR(2m_k_1)a’ya) + ’ij). (28)

k=0
The lemma follows consequently by combining (28) and (27).
We then have obtained from (23), by using Lemma 6.2 that

16(f) = 0(9) 1™ < 8(R,r) || f =g IE™, (29)
with §(R,~y) given in (25) or (26).

6.2 Estimate of || 6(f) || ™
Similarly, for f € B(R,7), 1 <j <N,
16;(f) 12 < | ™ () 18 + 1| V2 (™ () |
<2 | w™(f) ||<2m>
=2 || N (a(-, £y, V2R () [12m
SC || CL]( 7f( ),Vf( )77v2mf(>> ||a .

24
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The following lemma leads to an estimate of (30) for the purpose of a contraction map.

Lemma 6.3. For any f € B(R,7), if a € C?,

I a(, fC), V), o, V) o< (R, 7),
where
2m—1
n(R,~) = la(0)] + C (R(A—l + RYQri- + Y QrRP™F o £y L)) +d(R, 7))
k=0
(31)

with 6(R,~y) given in (25).
Moreover, if a is independent of pay,, then when a € CH°,

2m—1
T](R, v) = |a(0)| + C(R(A_1 + RQ(Q(_l)(_l) + Z Q(_l)kR(Zm_k_l)QYQ)) + 75(R, ’y)) (32)
k=0

with 6(R, ) given in (26).

Proof of Lemma 6.3: The proof is similar to that of Lemma 6.2. Indeed, for —1 < j < 2m,
write B;(+) == BL(-) = [} Vy,a(t- tf,tVf,... . tV>" f)dt, then

” a(‘?fvva"wVme) Ha

1
d
— [l a0) + / Lt A F i |
0

2m
<JaO)+ | By o+ Y 1BV f |la
7=0
2m
<la(0)| + C (R By lla+ > 11 By llall £19))
7=0
2m A
<|a(0)| + C(R || By lla + > R | By [lall £IE™ ).
7=0

If a is independent of ps,, the summation in the above expression runs over 1 through 2m — 1
instead. On the other hand, using exactly the same argument as in the estimate of || A ||o in
Lemma 6.2, we have for —1 < j <2m, || B, ||< 4;, and

2m—1

I B; o< C(A; + R*(Qj-ry + Y QR F7D%) 4+ 4L;).
k=0
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As before, when a is independent of py,,, L; term does not show up in the above inequality.
The proof of the lemma is thus complete. B

Combining Lemma 6.3 and (30), we have

| 0CF) 127 < (R, ), (33)
with n(R,~) given in (31) or in (32).

7 Proof of Theorem 1.4 - 1.6

We first prove a slightly more general result following [Pan2].

Theorem 7.1. Let a € C? and a(0) = 0. There is a constant 6(< 1) depending only on n, N
and o, such that when

V2 @(0)] + V5, ,,,0(0)] <6,

P2mP2m

the system (1) has infinitely many solutions in C*™* of vanishing order 2m at the origin in
some small neighborhood.

Proof of Theorem 7.1: Our goal is to show 0 sends B(R,~) into B(R, %) for some positive
R and 7 and is a contraction map between B(R,~). In other words, we show there exist v > 0
and R > 0 such that for any f,g € B(R, ),

1o(f) —0(g) I1E™< el f—g ™ withe<1

and
| 6CH) 1™ < 2.
From (29) and (33), it boils down to show there exist v > 0 and R > 0 such that
I(R,y)<c<1
n(R,7) < % oY
Denote by 7 := |V,,,,a(0)| +|V2, . a(0)], use €, (R) to represent a constant converging to

0 as R — 0 for each fixed =, and €(R + 7y) to represent a constant converging to 0 as both R
and v go to 0. Then by continuity of a,

Apy < T+ €(R4+7), Lom <7+ €e(R+7).

(25) and (31) can hence be written as
(R, y) = Coat(1+7) +¢/(R) + e(R+7), (35)
n(R,7) = Cvo(R,7) + &(R). (36)
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with C, dependent on || a [lc2(g).

First, for each v, choose Ry such that e,(R) < I when R < Ry in (36). (35) and (36) will
suffice if we can choose v and R small enough so that 6(R,v) < ¢ := min{ﬁ, %} < 1. Indeed,
by choosing 7(< 1) and R small, we can make €,(R) + ¢(R + ) < § in (35) and hence

(R, ~) < 2C,7 + g

When 7 < ¢&-, we thus have (34) holds.

Now recall A = {f : |8] = 2m, and at least one of §; is odd for 1 < j < n}. For R
and v chosen as above, Pick h(x) = bx? with 3 € A, and make b > 0 small enough such
that || h ||&2m)< 2 and hence h € B(R, 7). Consider the operator 0;(f) := h + 6(f). Then
0n : B(R,7v) — B(R,~) forms a contraction map from the construction. By fixed point theorem
for Banach spaces, there is some u € B(R, ) such that 0 (u) = u. u thus solves the system (1)

in the class C?™® and is of vanishing order 2m by the construction. B

Remark 7.2. None of the solutions constructed in the proof of Theorem 7.1 is radially symmet-
ric. This means, even if the system (1) can be reduced into an ODE system with respect to the
radial variable r = |x|, there exist infinitely many non-radial solutions. Indeed, if the solution
u(x) = u(r) € C3™, then near 0, u(r) = er®™ + o(|r|*™) for some constant e. In particular,
DPu(0) = 0 for all 3 € A. This apparently can not happen because from the construction,
h(z) = bxP with some By € A and DPu(0) = D™ h(0) # 0.

Proof of Theorem 1.5: Theorem 1.5 is a consequence of Theorem 7.1 and Remark 7.2. B

Proof of Theorem 1.4: When ¢; = 0,0 < j < 2m—1 and a is independent of py,,, Ao, Q2m);
and L;(—1 < j <2m) are all 0 and so (29) and (33) becomes

5(R7 7) S 67(R>7
n(R,7) < la(0)] + &(R).

Here we only need Ch regularity for a from the estimates (26) and (32). Now we choose some
positive 7o so that vy > 4|a(0)|. Consequently, we choose R sufficiently small so €,,(R) < ¢ :=
min{i, 2} < 1. Hence

5(Ra 70) <c< 1)

f')/

n(Ra 70) < 30
Applying the same strategy as in the proof of Theorem 7.1, we can find a solution u € B(R, o)
to the ODE system (2) which is not radially symmetric.
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For general given jets cg’s with multi-indices 5, we write Ty, () := 2]2:0_ ! %xﬁ. Consider
the new system

A™u(x) = a(, @+ Tom—1(2), V(i@ + Tom-1(x)), ..., V7N + Tom—1 (2));
fa(0) =0, 0< |8 <2m —1.

S

This is a system with all the initial values equal to 0. We then obtain some solution % in the
class of C?™“ in some small neighborhood of 0. Then u = @ + Ty,,_; solves the system (2)
in the class of C*™“ in some small neighborhood of 0. Apparently, the solution obtained in
this way is of vanishing order at most 2m. Moreover, u is not radially symmetric since @ is not. B

Proof of Theorem 1.6: Since a is independent of x and a(0) = 0, A_;, Q1);, Qj(—1) and
L_ are 0 and hence in (31),

n(R,v) < Cyo(R,7).

In order to prove Theorem 1.6, we need to show for any fixed R > 0, there exists some vy > 0
such that

5(Ra 70) < 17

77(37 70) < %a

which is equivalent to showing

1 1
< c¢:=min{-, — 1.
(R, v) <c m1n{2,20}<
Indeed, since Va(0) = 0, we have for 0 < j < 2m,
A < C | Vyallerm By <Ol allezqmy) R,
Furthermore, for 0 < j, k < 2m,

Qi < C || Vy,allerm) (RPF)'* < C | aleam) (R ),
L; <C || Vyallem< Cllalee -

Therefore, (25) can be simplified as

6(R,v) = er(7),

where eg(y) represents some function converging to 0 as  goes to 0 for each fixed R > 0. (37)
is thus true and the proof of Theorem 1.6 is complete. B
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8 Remark and examples

Although the existence domain of solutions in Theorem 1.6 can be made arbitrarily large,
the neighborhood in Theorem 1.4 where the solutions exist is necessarily small in general, as
indicated by the following example of Osserman [Os].

Remark 8.1. Consider the system in R™ (n > 3) with prescribed 1-jet:

Au = u] 72

u(0) = co;

VU(O) = (.
Theorem 1.4 applies to obtain some C*>* solution over a small neighborhood of 0, say, {x € R™ :
|z| < R}. On the other hand, by a result of [Os], if the solution exists in {x € R : |z| < R}

and ¢y > 0, then R < nu(O)_ﬁ = nc, " 2. Consequently, R — 0 as co — +oo. This does
not contradict with Theorem 1.6 though, since the solutions constructed in Theorem 1.6 are of
vanishing order 2m > 2 and hence cy = 0.

As a matter of fact, a large class of the systems fit into one or more of the three solvability
theorems. In particular, we establish the solvability of the following systems.

Example 8.2. For any p > 1 and any given R > 0, the system
A"y = +|ul?

has infinitely many C*™ non-radial solutions over {x € R™ : |x| < R}, as a consequence of
Theorem 1.6. Here o = min{l — €, p — 1} with € any arbitrarily small positive number. Those
solutions are necessarily smooth after a standard bootstrap argument.

The following system has been well studied in the literature and our solvability results suit
it as well.

Example 8.3. Let H € C* and H'(0) = 0. Consider the system

Au = V(H(u))
According to Theorem 1.6, for any R > 0, the above system has infinitely many non-radial
solutions in C>*({x € R" : |z| < R}) for any 0 < a < 1.

Indeed, a straightforward computation shows in the above example that a(u, Vu) = V (H (u))
= H'(u)Vu, V, (a(u, Vu)) = H"(u)Vu and V), (a(u, Vu)) = H'(u) and hence the system sat-
isfies a € C? and a(0) = Va(0) = 0. By Theorem 1.6, for any R > 0, there exist infinitely many
solutions in the class of C*>*({z € R™ : |z| < R}) and none of them is radially symmetric.

One similarly can obtain solvability for the following m-th order Poisson type system.
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Example 8.4. Let H € C? and H'(0) = 0. Then for any R > 0,
Ay = V(H(u, Vu, ... ,V2m72u))
has infinitely many non-radial smooth solutions in C*™*({x € R™ : |x| < R}) for any0 < a < 1.

To see the solvability of the above example, a similar computation shows

2m—2
a(u, Vu, ..., V" ) =V (H(u, Vu,..., V" ?u)) = Z VH(u,Vu, ..., V" 2u) Vi,
=0
where V; H is the derivative of H with respect to V/u variable. Furthermore,
2m—2
Voo (alw, Vau, ... V")) = Y~ V;VoH(u, Vu, ..., V" 2u)V/
=0
and for k > 1,
2m—2
Vp (alu, Vu, ..., V" 1u)) =V, ( Z V;H(u,Vu, ..., V™ 2u) V)
=0
= Z V,ViH (u,Vu,..., V" ?u)V/y
0<j,k<2m—2
+ Vi1 H(u, Va, ..., V> ).
Hence a € C? and a(0) = Va(0) = 0. By Theorem 1.6, for any R > 0, there exist infinitely
many solutions in the class of C>*({z € R" : |z| < R}) and none of them is radially symmetric.

Appendix: Computation of Zp (0,0,1)

We will compute Zp, (0,0,1)(z) := [5 I'(z — y)ndo, for 2 € By. The constant ¢, in T is
omitted here for simplicity.

Write © = U - [a,0, ..., 0]", where U = (u;;)1<;j<n is some unitary matrix and a = |z|, and
then make a change of coordinates by letting y = U - § in the expression of Zp,(0,0,1). We
then get

n—2 dO’g

73,(0,0,1) :_/ ~ZO<]<~2 1;U; :
B \/(a— )2+ B+ + i

/ hn

=Uun

B \/(a— )2+ B+ + 12

y,
+ Z ulj/ J 2d0'y

2<j<n B\ (a—y )2y 2

n—2 dO'y
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Since e y]-2 == is odd with respect to y; when j > 2,
a—y1)*+ys+-+yp

Yj
R

—doy, =0

/631 Via =)

when j > 2 and hence

T5,(0,0,1) := un/ h

andO-y’
oB1 \/(a—y1)? +ys+ o+ y

Next, rewrite the above integral in terms of the spherical coordinates, then we obtain

131(0707 1) —Wn—lun/

-2 v/(a —sint)? + cos? £

s /1 ( u(l —u?)*s (38)

WP

sintcos™ 2t

dt

—du
1 (1= 2au+a?)"z

Here w,,_; is the surface area of the unit sphere in R*!

In order to compute (38), we make use of Gegenbauer polynomials. Recall for each fixed p,
the Gegenbauer polynomials are {C’(p )

w ()} in [—1,1] C R satisfying

C’ﬂ
(1—2:Et+t2 ;

n (—1,1). In particular,

p— 17
C17 () = 2pz,
1
O (@) = ~[2a(n+ p = DO (1) = (0 + 20 = 2)C 5 ).

Moreover, {C

(x)} are orthogonal polynomials on the interval [-1,1] with respect to the weight
function (1 — 22)?~z. In other words,

1
| cowe@ -yt =om £
-1

1 (0) ()12(] — 22 p—3 - — 7T21_2pF(n—|—2p)
T e
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(p)
Lettlng P = nT—Z, then m = ZS],O:O Cy(Lp) (U)(In and u = Cl (

) (38) can hence be

2p
written as

1 = (p)
C7 (u 1
IBl (07 0, 1) =Wp—-1U11 /1 nz:% Oy(zp)(u)an : 12p( )(]. — u2)p_§du
1

=W, O(P) .
w 1u11/1 7 (u)a 2

a m2'7%T(1 + 2p)

=Wn-1U117—
20 (1+p)l'(p)?
472 x
=—F-X7.
nl(%52)"

Making use of the same approach as the above, one can practically compute Zg, (5, 1, j)
for all (B, 1, ).
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