Unique continuation for 8 with
square-integrable potentials

Yifei Pan and Yuan Zhang

ABSTRACT. In this paper, we investigate the unique continuation prop-
erty for the inequality |Ou| < V|u|, where u is a vector-valued function
from a domain in C" to CV, and the potential V € L?. We show that
the strong unique continuation property holds when n = 1, and the
weak unique continuation property holds when n > 2. In both cases,
the L? integrability condition on the potential is optimal.

1. Introduction

Let uw = (uy,...,un) be a vector-valued function from a domain Q@ C C"
into CV. We say a differential equation or inequality satisfies the strong
unique continuation property, if every solution that vanishes to infinite order
at a point zg € () vanishes identically. Here a square-integrable function u
is said to vanish to infinite order (or flat) at zo € Q if for all m > 0,

(1.1) lim rm/ lu(z)|*dv, = 0,
|z—z0|<r

r—0

where dv, is the Lebesgue measure element in C™ with respect to the dummy
variable z. A differential equation or inequality is said to satisfy the weak
unique continuation property, if every solution that vanishes in an open
subset vanishes identically.

While studying the boundary regularity and the uniqueness for CR-mappings
of hypersurfaces in [2], Bell and Lempert had proved and applied the strong
unique continuation property for |Qu| < Clu| with C' a constant. In this pa-
per, we consider the unique continuation property for the following general
type:

(1.2) Ou| < Vu| a.e.,

where the potential V' is assumed to be locally square-integrable, i.e., V €
L? (). This L? assumption on the potential is rather critical since the
strong unique continuation property fails when V' ¢ L2, as demonstrated by
Example 2 in Section 3. Moreover, Mandache in [8] constructed an example
(see Example 3) with an LP potential, 0 < p < 2, where even the weak
unique continuation property fails.
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Our first theorem below concerns the strong unique continuation property
in the case when n = 1. Denote by HF () the standard (local) Sobolev

space of functions whose weak derivatives up to order k are in L7 ().

Theorem 1.1. Let 2 be a domain in C. Suppose u = (u1,...,un) : Q —
CN with u € H} (Q) and satisfies |0u| < V|u| for some V € L (Q). If u
vanishes to infinite order at zg € 1, then u vanishes identically.

One can compare Theorem 1.1 with the following strong unique con-
tinuation property proved by Chanillo and Sawyer [3] for the differential
inequality

(1.3) |Au| < V|Vu|
with the potential V € L2,

Theorem 1.2. [3] Let Q2 be a domain in C. Suppose u = (u1,...,un) : 2 —
RY with u € H? () and satisfies |Au| < V|Vul| for some V € LE (). If
u vanishes to infinite order at zg € ), then u vanishes identically.

We note that the two inequalities (1.2)-(1.3) can easily be converted to
each other, at least in the smooth category. However, in terms of the unique
continuation property, it turns out Theorem 1.1 and Theorem 1.2 are no
longer equivalent. In fact, one can obtain Theorem 1.2 from Theorem 1.1
by applying Theorem 1.1 to du, as a consequence of the facts that A = 400
and |0u(z)| = £|Vu(x,y)| (since u is real-valued in Theorem 1.2). To deduce
Theorem 1.1 from Theorem 1.2, it would boil down to the possible existence
of flat solutions to 0 given flat data. Surprisingly, there is an obstruction
to such existence in the flat category. This phenomenon was discovered by
Liu and the two authors in [7] which constructed a smooth function f that
is flat at 0 € C, yet Ju = f has no solutions that are flat at 0. The same
phenomenon was later investigated by Fassina and the first author in [5] for
general elliptic operators with real analytic coefficients.

While Theorem 1.1 and Theorem 1.2 are concerned with local vector-
valued solutions, there are earlier results about global and /or scalar (namely,
N = 1) solutions to (1.2) and (1.3) on C with L?(C) potentials. See, for
instance, [6] by Kenig and Wang and [12] by Seo.

A well-known example of Wolff shows that the strong unique continuation
for (1.3) no longer holds when the real dimension of the source domain is
larger than 4. More precisely, Wolff constructed in [14] a smooth real-valued
function on R% d > 5, which vanishes to infinite order at the origin and
satisfies (1.3) with V' € L4(R%).

As an immediate application of Theorem 1.1, we obtain the following weak
unique continuation property for (1.2) with an L? potential when n > 2.
Here given u € H (), Ou is understood as a (0, 1) form with distribution
components.
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Theorem 1.3. Let Q be a domain in C". Suppose u = (uy,...,un) :  —
CN with u € HE (Q) and satisfies |0u| < V|u| for some V € L2 (Q). If u
vanishes in an open subset of Q, then u vanishes identically.

In contrast to the classical strong unique continuation property results
for Laplacian, the integrability assumption on the potential in Theorem 1.3
is independent of the dimension n of the source domain. On the other hand,
the weak unique continuation property fails for (1.2) with LP potentials, 0 <
p < 2, as shown by a two-dimensional Mandache-type example (see Example
5 in Section 4). This shows the integrability assumption in Theorem 1.3 on
the potential is optimal for the weak unique continuation property.

Theorem 1.3 can be applied to obtain the uniqueness of solutions as fol-
lows. Denote by (Cé\(;l) the space of IN-vectors each of whose components is

a (0,1) form.

Corollary 1.4. Let Q be a domain in C", h = (h,...,hy)T : Q — Cé\é 1)

and A = (Ajgp)i<jr<n : 2 — Cé\éi) with A G_LIQOC(Q). Suppose f,g : Q —
CN with f,g € H} () and are solutions to Ou = Au+h. If f = g in an

open subset of 2, then f =g on Q.
2. Weighted Hardy-Littlewood-Sobolev inequality

Recall that given f € L?(C), the Hardy-Littlewood Maximal function of
f, denoted by M f, is given by

M(z) = su]pul)| /D F(Qldu, = €C,

where the supremum is taken over all disks D in C containing z. The Riesz
fractional integral of f of order a € (0,2) is

I,f(z) ::/Cf(odvg, z e C.

¢ — 2>

Definition 2.1. Given a weight function V(> 0) on a domain Q C C, the
weighted L*(Q) space with respect to V, denoted by L2, (), is the collection
of all functions f on 0 such that

£l @ = ( i !f(Z)IZV(z)dvzf < co.

A more general but rather technical variant of the following theorem can
be found in [4]. We shall prove the boundedness of

[ 1©
0= [

from L3,_,(C) space to L{(C) space with respect to a weight V € L?(C)
through a much simpler approach.
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Theorem 2.2. Let V € L?(C). Then there exists a universal constant Cy
such that for any f € L},_,(C),

11 fllzz ) = CollVllzzo) I fllzz _, c)-

Proof. Throughout the proof we use C' to represent a universal constant,
which may be different at different occurrences. We first show that for any
g € L*(C),

1
(2.1) 129021 0) < CIV | E2 ey l9ll 2o

Without loss of generality, we assume g > 0.
For each z € C with § > 0 to be chosen later, write

Lig(z) = / +/ Q) g — 1411
2 IC—zl<8  J|¢—2>0 | — 2|2

By Holder inequality,

1

2 1
II 24 —d
- </Ic—z|>5 1501 Uc) </|<—z|>5 ¢ —2[3 UC)

1
*1 2 C
<Cllgllz2(c) </5 82d8> = EHQHB(C)-

[NIES

For I,

I:i/é 9(¢) do

3
1Y e <lC—zl< gy |C — 2]2

)
ok—1

‘Dlé ‘/|<z|< . 9(Q)dv
Sk—1

ok—1

Thus we have
1 _1
Iig() < C (55 Mg(2) + 6% gl 2c) ) -
After choosing § = V~1(2) in the above, we further get

I9() < C (V(2) 75 Mg(=) + V(=) lglrae) ) -
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Square both sides of the above inequality, multiply them by V', and then
integrate over C. One has

(2.2) (/c
C(1+1VIrze) 9l 2 c)-

In the last inequality, we have used the boundedness of the Maximal function
operator in L?(C) space.

We further employ the standard rescaling technique to get rid of the
constant 1 in the last line of (2.2). Indeed, for any k& > 0, replacing V' by

kEV in (2.2) and then dividing by k2, we have

(/.

Choosing k = W, this then completes the proof of (2.1).
L=(C
Therefore if V is L?(C), I 1 becomes a bounded operator from L?(C) to
L%/((C). Consequently, let I7 be the dual of 1 1 with respect to the following
2

inner product

1
2 2
hmwlwwmg <C (IMgllzzce) + IVllzzce lglzace))

2

‘ 2

I1g(2)

2

1
wamg <CQ;+WWWB )mey

/ f(2)g(2)dv, for all f ge L*C).

Then Ig is bounded from L%/,l (C) to L*(C) satisfying for any f € L},_,(C),

1
11 f(z2c) = ClVI L2yl Il 2

Note that I, is a convolution operator. So one has I =1 1. Making use of

4100

the semi-group property of the fractional integrals, We obtaln L =1 10 I
2

is a bounded operator from L},_, (C) into L} (C) with the desired estlmate.
(]

3. Proof of Theorem 1.1

Throughout this section, we restrict on the case when n = 1. The key
ingredient of Chanillo and Sawyer’s proof in [3] lies in a pointwise inequality
in the spirit of a technical result of Sawyer in [11], together with a weighted
inequality for the Riesz integral operator I;. The proof of our Theorem 1.1
essentially follows their idea. Instead of using a Sawyer inequality, we only
need the following trivial identity (3.1) for the Cauchy kernel.

m

(3.1) —C Z Cl—l—l = mz=0)’ for all ¢ # z nor 0.

As usual, denote by DR the disk in C centered at 0 with radius R.
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Lemma 3.1. Let u € H'(C) has compact support. Then for almost every
z € C,

1 [ du(¢)
3.2 =— d
(32) u(z) = 1 [ T2
If in addition that u vanishes near 0, then for any l > 0,
0u(¢)
(3.3) e dve = 0.

Proof. Let Ry > 0 be such that supp v C Dpg,. For each z € C, pick
R > Ry so that z € Dg. If u € C(C), by the Cauchy-Green formula (see
for instance [13]),

_ 1 u(¢) LfoouQ), 1 [du()
U(z)_m/am{C—ZdC_W/DRC—ZdUC_W/CZ—CdUC

Here we used the fact that supp u C Dpg,. For general u in H}(Dg,), letting
u; € CH(Dp,) — w in H'(Dp,) norm, then for any R > Ry,

Ryt
T Jc - —¢C

1
<|lu — ujllL2(pg) + =

L2(Dg)

/ A(u(¢) — u;(¢))
Dpg

dvg
—¢ L2(DRr)
<Cllu = uj|lg1(py)

=Cllu = ;| g1 (pp,) = 0

as j — oo. Here the validity of the second inequality was based on the
boundedness of the solid Cauchy integral operator

1 f©)
Tf:=—— —=dv
s Dg z — C ¢
from L?(Dg) space to itself. This proves (3.2).

When w vanishes near 0, the integral (3.3) is well defined. Moreover,

du(¢)
C z—¢

dv¢ is zero near 0 by (3.2). Thus
_ : _
Gu(C)d 10 /8u(()dvc
C

=== =0.
e T TN 9 Jo e —¢

z=0

O

Proof of Theorem 1.1: Without loss of generality, we assume zg = 0.
Let xp be the characteristic function for a set B. Fix an r > 0 small enough
such that Do, C €, |lullg1(p,,) is finite, and

2
71'2

VXDT- + S a0
H 2y 2Co

,
1+ |22
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where C is the universal constant in Theorem 2.2. Replacing V by Vxp, +

TTZ\Z’ still denoted by V, we have (1.2) holds on Ds, with V € L?(C),

(3.4) V>0 on C, V>C, on Dy,

for some positive constant C, dependent only on r, and

71.2

(3.5) HV”L2 7

We shall show that © = 0 on D%. Then the rest of the proof for the strong
unique continuation property follows from a standard propagation argument.

Choose 1 € C°(C) such that n = 1 on D;; 0 <5 <1 and [Vy| < 2 on
Dy, \ Dy; n = 0 outside Da,. Let ¢ € C*°(C) be such that ¢» = 0 in Dy;
0 <9 <1and |V¢| <2on Dy )\ Dy; ¢ =1 outside Dy. For each k > 2
(then 2 < L), let ¢y (2) = ¢(kz),2 € C. Note that ¢pnu € H'(C) and is
supported inside Da, \ D 1. We apply Lemma 3.1 to ¢nu and obtain for

2€D,, meZLT,

Pl = | [ A,
m—1 Zl B 2
=y (zi 3 Cm) 5 (u(On(Ou(C)) o
=0

Making use of (3.1), we have

_ 1 / 1
) D, |Z‘2m

L /D ( /C L 19O )U<C))|dv¢>2V(z)dvz

™ ERq Iq
1 [ (Bt
m |- ™ L2,(C)
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Applying Theorem 2.2 and (3.5), we further obtain
2 2
JRECLICIRYEN

|Z|2m

C 0 (Vi (2)n(2)u(2)) |? dv,
§7T3”V”%2(<C)/C’ i |)j§m) — V(2)

L[ 100PRGE, - [ PR

(3.6) §2 ( o 22V (2) d z‘f‘/T |2]2mV (2) dv,+

+/DQT\DT |22V (z) ! Z)
A B C
=g + 5 + bR

We first have limj_,oc A = 0. Indeed, since 0v, is only supported on
D% \D%, and V > C; on D%(C D,),

2 2 2m+2
i<z 2PV (2) Cr Jpi<2

as k — oo, as a consequence of the fact that u vanishes to infinite order at
0.
On the other hand, applying the inequality (1.2) to B, we get

B<1/ [Py g,

2 =2 /p |z|2m

Subtract % from both sides of (3.6) and let k — oo. Then for each m € Z+,
by Fatou’s Lemma,

/ ‘U(Z)PV(Z)dvz < lim ’¢k(2)|2|u(z)‘2v(z)dvz
D

3 |z|2m k—o0 Jp,. | z]2m
3 2
<[ PR,
Do\D, 1217V (2)

Now multiplying both sides of the above inequalities by 2™, then
2m 2m|§ 2
/ r 5 ‘U(Z)IZV(Z)dUZ S/ r |8(277(Z)’LL(Z))| dvz
- Lz Da\D,  12PV(Z)
5 2
<[ BGEReE,
Do, \D; V(z)
Shrinking the integral domain of the left hand side of (3.7) to D, and
making use of (3.4), we further infer

1 = ~
22’”/[) [u(2) PV (2)dv. < = i 19 (n(2)u(2)) |*dvs = CrllullFp,, ),
T 2r

(3.7)

”
2
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for some constant C, dependent only on r. Lastly, letting m — oo, we have
u =0 on D%.
O

It is worth pointing out that when V € LP p > 2, the weighted Hardy-
Littlewood-Sobolev inequality is not needed to obtain the unique continu-
ation property for (1.2). Indeed, the strong unique continuation property
follows by repeating the same proof as in Theorem 1.1, except with those
integrals over the domain C substituted by those over Do,.,r < %, and with
Theorem 2.2 replaced by the following inequality

(3:8)  0flez oy = CollVileeon I fllzz _, (p,) for all f € Ljy-a(Dy)

for a constant C, dependent only on p. (3.8) can be proved by simply using
Holder inequality. This is because when p > 2, ||$HL‘1( py) 1s uniformly
bounded on D by some constant C),, where ¢ is the dual of p, i.e., %—i—% =

Therefore,
2
1£(Q)] V()2
HI f“22 < 1 : 1dv
ey / /D |<—zr§v<> C—p

/Dl /D1 = z]V '/Dl ,gﬁci‘dch(z)dvz

SCPHVHLP(Dl)/ /D 1= z]V dng(z)dvz
1

FQP V(z)
:CPHVHLP(Dﬂ/ V(C) D ‘C_Z|d’l)zd?)<
1
<CHIVIz» D1)||f||L2 (D1

Clearly the above approach no longer works when, for instance, the po-
tential V is exactly L? (namely, in L? but not in L for any p > 2) as in the
following example. For those cases, we have to use Theorem 1.1 to justify
the nonexistence of nontrivial flat solutions.

1

[

V(2)dv,

[NIE

Example 1. For 0 <e < %, let
€

up(z) = e CIEDT and V(z) =

2|z| (—In|z])"~
on Di. ThenV € L*(D1), yet V ¢ LP(D1) for any p > 2. By Theorem
2 B 2 2
1.1, the equation |0u| = V|u| has no nontrivial flat solution. Since ug is

continuous on D% and satisfies |Ou| = V|u| in D% \ {0} pointwisely, by
Lemma A.1 we have ugy € HI(D%) and satisfies |Ou| = V|u| on D%. Thus
ug can not be flat in particular. On the other hand, one can directly verify
that ug *(0) = {0}, yet ug fails to vanish to infinite order (in fact, (1.1) fails
for allm > 3) at 0.
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When V € LP p < 2, the strong unique continuation property fails in
general as seen below.

Example 2. For each 0 < p < 2, choose € € (0, 2?%73) (so that (e+1)p < 2).

1 —
Then uc(z) := e =I° vanishes to infinite order at 0 and satisfies |Ou| = V |u]
with V = 5——=+ € LP(D;) on C.

2|Z|6+1

More strikingly, Mandache constructed an example in [8] with an LP,p < 2
potential, where even the weak unique continuation property fails.

Example 3. [8] There exist two functions u € C°(C) and V € LP(C),0 <
p < 2, such that u is supported on D1 and satisfies Ou = Vu.

Despite the above examples in p < 2, the first author showed (in Lemma
7 [9]) that the strong unique continuation property may still be expected
if the target dimension N = 1 and V takes certain special form, such as a
multiple of é Note that ﬁ ¢ L2. Tt should be noted that the strong unique
continuation property no longer holds for this potential when N = 2. In fact,
Wolff and the first author in [10] constructed a smooth function vy : C — C
which vanishes to infinite order at 0 and satisfies |Av| < I%]Vfu] for some

constant C' > 0. (See also [1] by Alinhac and Baouendi for another example
in the same setting.) Letting ug := @?Rvo, 9Sg), then ug : C — C? vanishes
to infinite order at 0 and satisfies |Ju| < %]u\ for some constant C.

4. Proof of Theorem 1.3 and Corollary 1.4

We shall assume n > 2 in this section. Note that the inequality (1.2)
reads as

n N % N %
(4.1) Oul = [ D |0jur? §V<Z\uk\2> = Vlul.

=1 k=1 k=1

Proof of Theorem 1.3: Without loss of generality, assume n = 2. We
only need to show that for any ro > r1 > 0,s > 0, if u satisfies (1.2) on the
bidisk D;, x Dg and uw =0 on D;, x Ds, then u =0 on D,, x Ds.

Since V € L} (Dy, x D), by Fubini’s theorem, for almost every z; € D,
V(-,22) € L} .(D»,), and similarly for u(-, z2) € H. .(Dy,). Restricting (4.1)
at each such zo = ¢, we have v := u(-, ¢2) on D, satisfies

2

N
|0v] = (Z 31Uk('702)|2> < [Qu(-; 2)] S V(- ea)luls e2)| = V(- e2) v
k=1

Since v = 0 on D,,, applying Theorem 1.1 we have v = 0 on D,,. Thus
u =0 on D,, x Ds. The proof is complete.
O
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Proof of Corollary 1.4: Let u := f —g. Then u € H] (Q) vanishes in
an open subset and satisfies

ou= Au on 9.

Let V := Z;szl |Ajx|2, the matrix norm of A. Then u satisfies [Ju| <
Vu| with V € L2 (). By Theorem 1.3, we have u = 0 on (.

loc

O

One may modify the one-dimensional Example 1 to obtain an inequality
in higher dimensions with an exact L? potential, where Theorem 1.3 can be
applied to get the weak continuation property.

Example 4. For 0 <e < %, let

€ €
wo(21, 29) = e~ (- InlaD g~ (~Inlzal)

and

v ) € < 1 N 1 )2
zZ ,Z = — — —
P2 s ([ )P (22 (—In )T

on D1 xDi. ThenV € L?*(D1 x D1), yet V ¢ LP(D1 x D1) for any p > 2.
2 2 2 2 2 277

Moreover, since ug is continuous on D1 x D1 and satisfies |0u| = V]u| in
2 2

(D; \{0}) X <D; \ {0}), ug € H' (D1 x D1) and satisfies |0u| = V|u| on
2 2 2 2

D1 x D1 by Corollary A.2. By Theorem 1.3, any nontrivial solution, and

2 2
thus ug, can not vanish in open subsets of D1 X D1. In fact, one can directly

2 2
verify that ug only vanishes on {z1 =0} U {22 =0} in D1 x D1.
2 2

Similarly, making use of Mandache’s example, one can construct an ex-
ample in n > 2 where the weak unique continuation property fails if the
potential is at most LP,p < 2.

Example 5. For each 0 < p < 2, there exist nontrivial u € C°(C?),V €
LP(C?) such that u is supported on D1 x Dy and satisfies |Ou| < V|u| on
Cc2.

Proof. Let w, W be as in Mandache’s Example 3 with w € C°(D;), W €
LP(C) and |0w| < W]|w| on C. Define u(z1,22) = w(z1)w(z2), (21,22) €
C2. Then u € C°(C?) with support in D; x D;. One can check that for
(2’1, ZQ) S (C2,

|0u(21, 22)| <[O1w(z1)|[w(22)] + |w(z1)||d2w(z2)]
<W (21)|w(z1)|[w(22)| + W (z2)[w(21)[|w(z2)]
= (W (z1)xD, (22) + W(22)xD, (22)) [u(21, 22)|-
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Letting V (21, 2z2) := W (21)xD, (22) + W (22) XD, (22). Then |0u| < V|u| with

Wl <€ ([0 G0Pdo, + [ WGPa, ) <o
for a constant C' > 0. O
The following theorem gives an example where the strong unique contin-

uation property may hold when the potential V is a multiple of é as below.

We note that when n > 2, ﬁ is in L? but not in L?". Let B; be the unit
ball centered at 0 € C™.

Theorem 4.1. Let u be a smooth function from B1 C C" to C satisfying

= C
(4.2) Bul < ZJul
]
for some constant C > 0. If u vanishes to infinite order at 0, then u vanishes
identically on Bj.

Proof. For each z € B; \ {0}, define w(r) := u(rz), 7 € D

vanishes to infinite order at 0 and satisfies

\ll' Then w

0w (7)] < |2l|0u(rz)] < flw(f)!-

Making use of Lemma 7 in [9], we have w vanishes on D S and thus u

C
7|

vanishes identically on Bj.
O

Appendix A.

The following lemma is known in folklore, and is particularly useful while
checking for weak derivatives in examples. For convenience of the reader,
we provide a proof below.

Lemma A.1. Let f: Dy — C and f € L(Dy). Suppose u : D1 — C with
u € L*(Dy) satisfies
ou=f in Dp\ {0}
i weak sense. Then
ou=f in D
m weak sense.

Proof. Let n € C2°(D;) be a cut-off function with 7 =1 on D1 and [Vn| <
2

3 on D;. For each k > 0, let ni(z) = n(kz),z € C. Given a fixed testing
function ¢ € C°(Dy),

/| u(:)D0(:)i

- / u(2)3 (1(2)b(2)) dvs + / w(2)3 (1~ (=) b(2)) dvs == A+ B.
Dy

Dy
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Since (1 —ng)¢ is a testing function on D; \ {0}, by assumption
B=-| f(2) (1 = mk(2)) ¢(2)dve — — ; f(2)(z)dv.

when k& — oo. For A, since 7, and |0ny| are only supported on D 1 with
Ink| < 1 and |0ng| < 3k, we have by Hélder inequality
A< [ @@l + [ linE)106()dv.
1

Dy

<3k /D [u(2) (=) |dvs + /D fu(2)36(2) | dvs

k

7T T 7
§3kf\eru¢HL2(D}c) + {Hua@ﬁHL?(D )

=

SCHUHP(D%)

for some constant C' > 0 (dependent only on ¢). Letting k& — oo, we get

|A| — 0. The proof is complete.
]

We remark that the assumption u € L?(D;) in Lemma A.1 can not be
further relaxed, as indicated by the following example.

Example 6. Let ug(z) = 1,2 € Dy. Then ug satisfies
ou=0 in Dp\{0}.

However, ug is not a weak solution to Ou=0 in D;.

Proof. We only need to verify for a general ¢ € C°(Dy), fDl 5(1;(2) dv, # 0.
Indeed, by Stokes’ theorem,

/ a(ﬁ(z)dvzzlim/ a¢(z)dvz
D, z e—0 Dl\De z

~L i 0 <¢(Zz>dz>

2 e—0 Dl\De

= — 1lim Mdz
2 e—0 8D5 yA
= — ¢(0)mi.

O

One can immediately extend Lemma A.1 to higher dimensions as follows.
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Corollary A.2. Let f; : D1 — C and f; € L'(Dy), j = 1,2. Suppose
u; : Dy — C with uj € L*(D1) and satisfies

Bu; = f; in Di\ {0}
in weak sense for each j. Then u(z1,z2) := ui(z1)ua(22) satisfies
Oru(z1, z2) = fi(z1)uz(z2) and Oqu(z1,20) = ui(21) fo(ze) in Dy x Dy
in weak sense.

Proof. We only prove the first equation holds in Dy x D; in weak sense.
For a fixed testing function ¢ € C°(D; x Dy), by Fubini’s theorem,

/DlXD1 u(z1, 22)01(¢(21, 22))dv. z/D1 uz(zz)/D1 w1 (21)81 ($(21, 22)) dvs, dvs,.

Since ¢(+,z2) € C°(Dy) for each zo € Dy, applying Lemma A.1 to u;, we
get

/ u(z1, 22) 00 (B(21, 22))dv, = —/ u2(22) f1(z1)P(21, 22)dv, dv,
D1><D1 Dl Dl

:—/ Fi(z1)us(22)(z1, 22)dv.
Dy xDq
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