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Abstract

The purpose of this paper is to study the unique continuation property for a Schrédinger-
type equation Ou = Vu on a domain in C", where the solution u may be a scalar function, or
a vector-valued function. While simple examples show that the unique continuation property
fails in general if the potential V € LP p < 2n, we first prove that, in the case when u is a
scalar function, the unique continuation property holds when V € LIQZ,Z and is O-closed. For
vector-valued smooth solutions, we establish the unique continuation property either when
Ve Lf oer P> 2n for m > 3, or when V' € L%‘C for n = 2. Finally, we discuss the unique
continuation property for some special cases where V' ¢ L?O”C, for instance, V is a constant
multiple of é

1 Introduction

Let Q be a domain in C*,n > 1. Let u : Q@ — CV be a H}

. be(€2) solution to the following
Schrodinger-type equation for the 0 operator:

Ou="Vu on (1.1)

in the sense of distributions. Here the potential V' is an N x N matrix of (0,1) forms with L7 ()
coefficients for some p > 1, and the space HF (Q) := W}?(Q), where W?(Q) is the standard

loc loc
Sobolev space of functions whose weak derivatives up to order k exist and belong to L} (€2). The
equation (1.1) arises naturally from various questions in CR and almost complex geometry and
plays an important role, for instance, while studying the boundary regularity and uniqueness of
CR-mappings, as well as uniqueness of J-holomorphic curves. See [2,8] et al.

In this paper, we study the (strong) unique continuation property of (1.1). Namely, we inves-
tigate whether a solution to (1.1) vanishing to infinite order in the L? sense at one point vanishes
identically. Here a function u € L} () is said to vanish to infinite order (or, be flat) in the L?
sense at a point zo € (2 if for all m > 1,

lim r_m/ lu(z)2dv, = 0,
r—0 |z—zo|<r :
where dv, is the Lebesgue measure in C" with respect to the dummy variable z. Otherwise, u is
said to vanish to a finite order in the L? sense at z.

As demonstrated by Example 2, the unique continuation property fails in general for (1.1) with

LP potentials, p < 2n = dimg(, the real dimension of the source domain €2. On the other hand,

loc
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it should be reminded that for the real Laplacian A, the unique continuation property has been
thoroughly understood. In particular, the works of Chanillo-Sawyer [5] and Wolff [19, 20] have
shown that for a domain Q C R? and V € L (2), the unique continuation property for H7 (€2
solutions of the differential inequality

|Aul < V|Vu| on Q (1.2)

holds when d = 2, 3,4, and fails in general when d > 5.

Surprisingly, due to the more rigid structure of 0, the unique continuation property of (1.1)
holds for all d-closed L"(Q) potentials, n(= dimc) > 1, as stated in the following theorem in
the case when their solutions are scalar functions. Here a locally Lebesgue integrable form V' on
Q) is said to be O-closed if JoV A (577)_: 0 for any test form 7. This dimension independence of
the unique continuation property for 0 stands in stark contrast to the aforementioned result for
A. In view of Example 2, the theorem fails in general if the assumption V' € L?"(Q) is weakened

loc
to Ve L7 () for p < 2n.

loc

Theorem 1.1. Let Q be a domain in C". Suppose u : Q — C with u € H,,(Q), and satisfies
Ou = Vu on Q in the sense of distributions for some 0-closed (0,1) form V € L2"(Q). If u

loc
vanishes to infinite order in the L? sense at some zy € S0, then u vanishes identically.

It is worthwhile to point out that the O-closedness assumption of V in the theorem is natural
in order to guarantee the existence of solutions to (1.1), due to the following formal computation

0= u=udV —V Aou=udV —uV AV = udV.

The n = 1 case of Theorem 1.1 was established in [16] (for arbitrary target dimension N, see also
Theorem 4.1); related quantitative estimates for solutions to du = Vu were obtained by Kenig-
Wang [11]. The real-valued solution case has been proved lately in [3] concerning the gradient
operator V, given the equivalence of d to V on such solutions. See also Corollary 5.7 for a similar
result for smooth functions satisfying the inequality |0u| < V|u| for V € L2". The proof of
Theorem 1.1 relies on a classification result of weak solutions to (1.1) in the following theorem.

Theorem 1.2. Let © be a pseudoconver domain in C". Given a 0-closed (0,1) form V € L{(9),

loc

there exists a function f € W,22(Q) such that every HL.(Q) solution u : Q — C to du = Vu
on Q in the sense of distributions is of the form efh, for some holomorphic function h on Q. In

particular, u € WE9(Q) for all 1 < q < 2n.

In the second part of the paper, we study the case when solutions to (1.1), or to the following
general inequality, are vector-valued (i.e., the target dimension N > 1):

|0u| < V]u| a.e. on Q. (1.3)

Here the potential V' is a nonnegative scalar function in L7 () for some p > 1. With the help of
a complex polar coordinate formula in Lemma 4.2, we convert the unique continuation problem
on a source domain of dimension n to that on the complex plane, where [16] can readily take
into effect. As a consequence of this, we prove in Section 4 that for smooth solutions of (1.3),
the strong unique continuation property holds for L] = potentials, p > 2n. Note that in smooth
category, a function vanishes to infinite order in the L? sense at a point if and only if it vanishes
to infinite order in the usual jet sense at that point, that is, all its derivatives vanish at that point,

see Lemma 3.2.



Theorem 1.3. Let 2 be a domain in C". Suppose u : {2 — CN with u € C®(Q), and satisfies
|Ou| < Vu| a.e. on Q for some V € L} (Q), p > 2n. If u vanishes to infinite order at some
20 € ), then u vanishes identically.

See also a very recent result by Shi [17] under some stronger assumptions on the potentials.
Specifically, in the case when n = 2, we prove the unique continuation property of (1.3) for
L} . potentials, which, as indicated by Example 2, is sharp. The key to its proof in Section
7 incorporates a weighted estimate of the Cauchy integral established in [16] and a Carleman

inequality Proposition 6.3 for 0.

Theorem 1.4. Let Q be a domain in C*. Suppose u : Q — CN with u € C*(Q), and satisfies
|Ou] < Vu| a.e. onQ for some V € L} (Q). If u vanishes to infinite order at some zy € Q, then
u vanishes identically.

Due to Theorem 1.1 and Example 2, a natural question arises about whether the strong unique
continuation property holds for (1.3) with L?" potentials in the vector-valued solutions case for
any complex source dimension n. At this point we are only able to establish Theorem 1.4 for
n =2 (and in [16] for n = 1). It remains unclear whether this property continues to be true when
n > 3, in particular, in view of Wolff’s intricate counter-examples to (1.2) in higher dimensional
cases (with the real source dimension d > 5). See Remark 7.2 for unsolved questions along this
line in detail. However, it is noteworthy that the weak unique continuation property holds even
for L?  potentials, as shown in [16]. Namely, any solution to (1.3) vanishing on an open subset
must vanish identically.

Finally, despite the general failure of the unique continuation property for (1.3) with Lj
potentials, p < 2n, we explore in Section 5 and Section 6 a special case where V' ¢ L2 yet the
unique continuation property may still be anticipated. More precisely, V' here takes the form of
a constant multiple of ﬁ Interestingly, the cases of N = 1 and N > 2 under this context are
rather distinct: the unique continuation property holds true for all positive constant multiple C'

when N = 1, while when N > 2, this property fails in general if C' is large, see Example 5.

Theorem 1.5. Let Q be a domain in C" and 0 € Q. Let u : Q — CY with u € C>(Q), and
satisfy |Ou| < %|u| a.e. on Q. Assume u vanishes to infinite order at 0 € €.

1). If N =1, then u vanishes identically.
2). If N>2and C < }1, then u vanishes identically.

We point out that in the case when either N = 1 or n = 1, the smoothness assumption on
u above can be relaxed to u € H} (), as established in Theorem 5.1 and Theorem 6.1. See
also Theorem 5.5 for the unique continuation when the potentials include both powers of é and
Lebesgue integrable functions. As an application, it allows us to refine an earlier result in [3] in
terms of V, which states that near any flat point of a smooth function wu, either % ¢ L*", or u
vanishes identically there. More precisely, denote by u~1(0) the zero set of a smooth function w.
We obtain in Section 5 the following blowing-up property in terms of 0 near a flat point of w.

Corollary 1.6. Let Q be a domain in C". Suppose u : Q — C with u € C*(Q), and vanishes to
infinite order at some zy € Q. Then for every neighborhood U of zy in S, either U \ u=1(0) = 0,

or 5ul?
/ Oyl dv = oo. (1.4)
U

\u-to) |ul?"




Remark 1.7. One can compare Corollary 1.6 with the following entertaining facts for compactly
supported functions on real and complex Euclidean spaces.
1. [3, Theorem 2.7] For any u : R* — C with u € CX(RY),d > 2,

‘7 2
/ | u2] dv = 0.
supp u |Z”

2. [16, Theorem 1.3] For any u : C* — C with u € C(C"),

5,12
/ 94 dv = 0. (1.5)
supp u

The power 2 in (1.5) is optimal, in view of an example uy € C°(C) in [13] by Mandache, which
satisfies for all p < 2, -
Sunl?
/ [Ouo| dv < oo.
supp ug |?L0|p
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2 Moser-Trudinger inequality and applications

Let € be a bounded domain in RY. One of the technical aspects to prove our main theorems is a
chain rule for weak derivatives of the exponential of W9 functions. In this section, we shall show

Proposition 2.1. Let Q be a domain in R? and f € WEQ). Then e € WhI(Q) for all

loc loc

1 < q < d. Moreover, Ve! = e/NV f in the sense of distributions.

The W14 space is the critical Sobolev space where the Sobolev embedding theorem fails, and
instead is substituted by the classical Moser-Trudinger inequality. Recall that the Moser-
Trudinger inequality states (see [14]) that for a bounded domain © C R? with Lipschitz boundary,
there exists a positive constant C'y;r depending only on d such that

_d_
sup / e®alvl T gy < Cur|Q.
Q

d
uEW()l’ (Q)v ||Vu||Ld(Q)S1

_1
Here a4 := dw]"}, with wg_; the surface area of the unit sphere in R?, and |Q2| the volume of Q. Tt
turns out that the Moser-Trudinger inequality is exactly the key to prove Proposition 2.1. Before
proceeding to its proof, we first make use of the inequality to show that the exponential of W4

functions belongs to L? for all p < oo.

Lemma 2.2. Let Q be a bounded Lipschitz domain in R? and f € Wh4(Q). Then for any
1 <p< oo, el e LP(Q) with

He|f‘HLP(Q)§2|Q| e % + Cur | (2.1)

Cap?lfll

for some constant Cq dependent only on . In particular, e/ € LP(Q). Equivalently, if log|g| €
Wh4(Q) for some function g on 2, then g,% € LP(QQ) for all 1 < p < o0.
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Proof. Extend f to be a function f on a bounded Lipschitz domain €2, such that Q cc €, \Q\ <
219, f € W, %) with
IV F 1oy < I l5na@) < Call i) (2.2)

PV
with Cq dependent only on €. See [7, pp. 268]. Denoting by u := Tm, then

/emfdvg/epfldv:/ epf|dv+/ P g
0 o 20| f@)l<n 20 F (@) >

Since
~ ~ ~ ~ o dg ~ ~ d
(st 11> u) = e@plfo) < 2L Lo o pif) < adn@i ),
va| Ld(Q
where f := W we further have
Ld($)

_d_
/eplfdv < ePHQ) —i—/eo‘dlflld_ldv.
Q Q

Note that f; € Wy “(Q) and ||V £ ri@ = 1. Applying the Moser-Trudinger inequality to f; in
the last inequality and making use of (2.2), we get

C
QP HfllWl d(a)
d—1

/ Py < Q| (P + Cyr) <2|1Q) | e “a + Cur
Q

(2.1) is proved. Since |ef| < elfl| we further have ef € LP(Q). That g,é € LP(Q) follows
immediately from the facts that |g| = e/ and ﬁ = e~/ with f :=log|g| € W14(Q). O

It is worthwhile to note that the integrability assumption f € WH4(Q) in Lemma 2.2 is optimal
in view of the following example. Denote by B, the ball in R¢ centered at 0 with radius r.

Example 1. For each k € N, let

f:—1n|x|2k,xEB% c R4 d>2.

2

By a result of Harvey-Polking in [9], we have Vf = —% on B% in the sense of distributions.
Consequently, V f € Lq(B%) for all g < d, and thus

A direct computation shows that for each 1 < p < oo, f € LP(B1) and Vf = % on B% \ {0}.

feWh(B1) forall q<d.

1
2

On the other hand, since e/ = |x\12k on B%,




Proof of Proposition 2.1: Firstly, according to Lemma 2.2, ¢/ € L} (Q) for all 1 < p < co. By
Holder’s inequality, we have e/Vfe L} () for each 1 < ¢ < d, and for every Lipschitz subdomain
QccqQ,
||€fvf||m(§z) < ||Vf||Ld(Q)||€f||Lq*(Q) < 0, (2.3)
where ¢* = dquq. We next show that Ve/ = e/Vf in the sense of distributions. If so, then
el € W) by (2.3) for all 1 < ¢ < d, completing the proof.
Vel = e/Vf is trivially true if f € C®(Q) as a consequence of the classical chain rule. For
general f € WL4(Q) and any Lipschitz subdomain Q cC €, let fi € C(€2) converge to f in the

loc

Wh4(Q) norm. By Sobolev embedding theorem, for all 1 < p < oo,
1fe = flloy = 0 (2.4)

as k — 0o. Moreover, applying Lemma 2.2 to f and f;, we have e/, e/t € LP(Q) forall 1 <p < oo,
with
e 1l 2oy + le™ [l oy < C (2.5)

for some constant C' dependent only on [| f|lyy1.4(), Q and p.

We claim that e/* — ef in the L? norm, 1 < p < oo, and Vet — e/Vf in the L7 norm,
1 < g < d. We shall need the following elementary inequality as a consequence of the mean-value
theorem: for zq, 2, € C,

z1 tz1+(1—t)22

e*?| < sup |e ‘ |21 — 20| < |e|zl| +e|z2|‘ |21 — 23]

te€[0,1]

e

Making use of this inequality, Holder’s inequality and (2.4)-(2.5), we have for every 1 < p < oo,

€% = & gnay <N + eI fi = Flloay < N + eyl = Fllzznay =0 (26)

as k — oo. Moreover, for each ¢ < d, noting that Ve/s = e/t V fi, by (2.5) and (2.6)

IVeh — eV £l @y <N = eV fill Lagy + 17 (Vfi = V)l agay
<lle™ — efll 0 q ||vfk||Ld +llef | L @ IV fe = V fll pagy — 0

as k — oo. The claim is proved. In particular, it immediately gives eft — ef and Vel — e/ V f
on © in the sense of distributions, and thus Ve/ = e/V f on  in the sense of distributions. [

At the end of the section, we discuss another immediate application of Lemma 2.2. We say a
function f to be Holder at a point xq if there exists some a € (0,1] and a constant C' > 0 such
that for all  near z,

|f(z) = f(z0)] < Cla — x0|*.

The following corollary states that the logarithms of such functions are never in W near x.
This also generalizes a similar result in [3] for Lipschitz functions (i.e., a = 1).

Corollary 2.3. Let f be a function near xo in R? and be Holder at xo. Then In|f(x) — f(x0)| ¢
Wi near xq.



Proof. Supposing not. Then by Lemma 2.2, for all 1 < p < oo,
1 ~In|f @)~ o)
= e @Il e [P
|f(z) = f(0)|

near xg. However, by the Holder property of f at xg, this would imply that there exist some
constants 0 < aw < 1 and C' > 0, such that
1 S 1
[f (@) = f(zo)] — Clo —xol*

near xgy, which is absurd when p > i O

eLp

3 Unique continuation for the target dimension N =1

In this section, we prove the classification Theorem 1.2 of weak solutions to 9, and the unique
continuation Theorem 1.1 for scalar solutions (N = 1) in a domain Q@ C C",n > 1.

The following lemma concerning the local ellipticity of d for (0,1) data with I/Vl’f)cp coefficients
is well-known for p = 2 (see, for instance, [4, Theorem 4.5.1]). However, it seems difficult to find
a reference for general p, 1 < p < co. Since this property will be repeatedly used in the paper, we
present a proof below.

Lemma 3.1. Let Q be a domain in C", and 1 < p < co. Let V € L} () be a 9-closed (0,1)
form on Q. Then every solution to Of =V on Q in the sense of distributions belongs to VVlif(Q)
Furthermore, if V € Wkp(Q), k € Z*, then every solution to Of = V on § in the sense of

loc

distributions belongs to Wi P(Q).
Proof. Suppose the d-closed (0,1) form V belongs to W}*(Q) for some k € Z* U {0}. Since

loc

the lemma is purely local, and every other solution is differed only by a holomorphic function,
it suffices to show that for any zy € €2, there exist a neighborhood U of z; and a solution f; to
Of =V on U in the sense of distributions, such that f, € W'lijlp (U). For simplicity, let zy = 0
and By, CC () for some r > 0. Let 1 be a compactly supported function on By, such that n =1
on B,.

Given a mollifier ¢ on C", we have V, := V * ¢, € C®°(By,), V. is O-closed on By, and V, — V
in the LP(By,) norm. Applying the Bochner-Martinelli representation formula to nV; on Bs,, one

has

n(2)Ve(z) = = [ 0n(QOVe(Q) A Bi(¢,2) =0 | n(QVe(€) A Bo(C,2), = € B,

Bgr BQr

where for ¢ = 0,1,
By((,2) = =% 0 L4((, 2)

—9
LG2) = o s (Z dcjdz]>

See, for instance, [12, Chapter I]. Note that d(nV.) = dn A V. on By, and supp 9y C By, \ B,.
Then restricting on B,.,

with

Vi(z) = — / LAOAVONBC) =0 [ QRO ABIGA), 2e B G

BQT



By Young’s convolution inequality, there exists some C' > 0 such that

i

which goes to 0 as € — 0. Similarly,

as € — 0. Thus passing € — 0 in (3.1), we obtain

< COWWVe = Vi,
LY(B,)

/B DO AV A BIG2) ~ / O AV ABC)

—0
Li(B)

/B n(C) AVA(C) A Bo(C,2) — /B n(C) AV(C) A BolC, )

V(z)=— /B L IO AV ABG) =0 / HOVOABC.2) on B, (3.2)

in the sense of distributions.
Note that

= / I(C) AV(C) A B (C,2) € C=(B,),
B, \Br

and I is d-closed on B, by (3.2). By ellipticity of 0 for smooth data (see [4, Theorem 4.5.1]),
there exists a function vy € C*°(B,) such that dvy = I on B,. On the other hand, according to
the classical potential theory for the fundamental solution of Laplacian,

"o = — / HOV(O) A BolC, 2) € WHI2(B,).
Letting
Jo 1= v + uo, (3.3)

we have fo € WFHP(B,), and df, = V on B, in the sense of distributions by (3.2). O

loc

Proof of Theorem 1.2: Since V € L () is O-closed and € is pseudoconvex, by Hormander’s L*
theory (see [4, Theorem 4.3.5]), there exists f € L2 () satisfying f = V on Q. Noting that J
is an elliptic operator of order one for (0,1) data by Lemma 3.1 and V € L?"(Q), we further get

f € W2(Q). Hence we can apply Proposition 2.1 to @ := e/, and obtain that @ € W,9(Q) for
any ¢ < 2n, and 9 = —V@ on (2 in the sense of distributions. In particular, @ € L}, (Q) for every
p < 0o by Sobolev embedding theorem.

For each solution u € HL () to du = Vu, consider h := wuii on . Similarly as in the

proof of Proposition 2.1, we verify that Oh = 0 on € in the sense of distributions. In detail, let
ur € C*°(Q) — w in the H}_ norm. Then for every subdomain 2 CC 2, one has

[ur — Vu||L2(Q) [ur — aU“L?(Q) —0 (3.4)
as k — co. Moreover, by Sobolev embedding theorem
ok = el 2y g < Nk = @y = O (35)

as k — 0. On the other hand, by Holder’s inequality, for each k > 0, hy := ugt satisfies

1hx = Al vy = (e = w)al gy < lluk = ull 2@yl 2@y — 0

oo



as k — oo. Since u;, € C*°(Q), the product rule applies to give Oh; = Ouyti — Vgt on  in the
sense of distributions. Consequently, we use Hélder’s inequality again to infer

10hkl 1 (@) =N10urts = Vugiil] 11 g < [[(Owr = Vau)itll gy + IV (ure = w)iil] 1

<[10ur — Vull oy 1]l 2@y + 1Vl oy e — ] Mall 2@y = 0

L%(Q
as k — oo by (3.4)-(3.5). In particular, hy — h and dhy, — 0 on © in the sense of distributions.
Hence Oh = 0 on Q in the sense of distributions. Altogether, u = @~ 'h = e/h for some function
f € W2(Q), and some holomorphic function h on . Moreover, since e/ € I/Vllocq(Q) for all

loc

1 < g < 2n by Proposition 2.1, so does wu. [

Recall that a smooth function vanishes to infinite order (or, is flat) in the jet sense at one point
if all its derivatives vanish at that point. We verify below that for smooth functions, flatness in
the jet sense and flatness in the L? sense are equivalent to each other.

Lemma 3.2. Let h be a smooth function near xo € R%. Then h vanishes to infinite order in the
L? sense at xq if and only if h vanishes to infinite order in the jet sense at xy. In particular, if h
is real-analytic near xq, then either h = 0 near xo, or h vanishes to a finite order in the L? sense
at x.

Proof. Without loss of generality let zg = 0. If h vanishes to infinite order in the jet sense at
0, then for any m > 1, there exists a constant C' dependent on m such that |h(z)| < Clz|™ for
|z| << 1. Thus

r_m/ |h(2)|?dv, < Cr_m/ tmtrEmar < Crmtd
|| <r 0

as r goes to 0. Namely, h vanishes to infinite order in the L? sense at 0.

Conversely, suppose that h vanishes to infinite order in the L? sense, but vanishes to a finite
order in the jet sense at 0. Let £ > 0 be the smallest integer such that the k-th order homogeneous
Taylor polynomial py of h is nonzero, and write h(z) = pip(x) + gry1(x), where gpiq(z) is the
remaining term of the Taylor expansion of h. By definition of p,

Co i= T’_Qk/ Ipi(x)|?dS, >0
|z|=1

and is independent of r since p;. is a homogeneous polynomial of degree k. Let rg be such that for
all r < rg,

c
r_%/ | Qg1 (7)]?dS, < 2,
=1 8
Then for any 0 < r < ro, making use of the inequality |a + b|? > 2|a|? — 3[b|* for a,b € R, we have
/ Ih(z)Pdv, = / i1 / De(2) + g () 2AS, dt
|z|<r 0 |z|=1
o 3
> [ [ L@ - Slan (o) Pdsde
0 lz|=1

8 J 8(d + 2k)



In particular,

1i —(d+2k)/ h 2d D
Tli%r |z|<7"| <x)| Ve = 8(d+2]€)

Contradiction!

If h is real-analytic near 0, then either h = 0 near 0, or h vanishes to a finite order in the jet
sense at 0, which is further equivalent to vanishing to a finite order in the L? sense at 0. The
proof is complete. O

Proof of Theorem 1.1: Again, let z9 = 0, and 1o > 0 be small such that B,, C 2. For each solution
u(# 0) to du = Vu on B,, in the sense of distributions, by Theorem 1.2 there exists a holomorphic
function (% 0) on B,, and a function f € W*"(B,,) such that u = ¢/h on B,,. Applying Lemma

2.2 to —f, we further have h = ue™/ with e~/ € L% (B,,) in particular. Consequently, there exist
some constants C1, Cy > 0 such that

sup |h| <) and / e |2dv, < Cs.
|2|<3

a0
|z|< 3

Making use of Holder’s inequality, we have for any 0 <r < 2,

2 2
hi2dv, | < C? hldv, | < C? ul?dv, eI dv,
1 1
lz|<r lz|<r |z|<r |z|<r

< 01202/ lu|?dw,.
|z|<r

Since h vanishes to a finite order in the L? sense at 0 according to Lemma 3.2, the same holds
true for u. This completes the proof. O

The assumption V € L?"

loc

p < 2n, there exists a differential equation Ju = Vu with V € L
nontrivial solution that vanishes to infinite order at a specific point.

in Theorem 1.1 can not be relaxed in the following sense. For each

p . .
oe: and this equation has a

Example 2. For each 1 < p < 2n, let € € (0, 27” — 1) and consider

~ ezdz

U:WU on Blc(C”

It is straightforward to verify that V = 2‘6;'%2 € LP(By). On the other hand, uy = e TF isa
nontrivial solution to the above equation that vanishes to infinite order in the L? sense at 0.

The proof to Theorem 1.1 indicates that solutions to (1.1) inherit the unique continuation
property from that of holomorphic functions. However, from the perspective of zero set, due to the
presence of the other factor e/, such solutions could exhibit a much larger zero set than holomorphic
functions do. In fact, the following example constructs a global potential V' € L?*(C"), such that
the “zero set” of every weak solution to (1.1) with this potential contains a countable dense set in
C". Tt is noteworthy that the exponential factor e/ no longer contributes zeros if V€ LY p > 2n,
since in this case f becomes continuous by Sobolev embedding theorem.

10



Example 3. Let ¢(z) = —In(—In|z]) on B1 cC", and x(>0) € C;X’(B%) such that x =1 on Bi.
Then v := x¢ € W*(C") with 1 < 0 on C*. Given a countable dense set S := U2 {a;} C C",
consider

f(z):= ZQ‘jw(z —a;), z€C"
j=1
Clearly, f € WY2"(C™). Further let
V:=0f on C"

(Note that supp V = C".) According to the construction of V and Theorem 1.2, any solution u to
Ou = Vu on C" in the sense of distributions is of the from e/ h, for some holomorphic function h
on C". Note that near every a; € S,

1
] < ——s.
In [z — aj|
Hence for all a; € S,
lim u = 0.
Z—raj

On the other hand, u vanishes to a finite order in the L* sense at these points, as a consequence
of Theorem 1.1.

As mentioned in the introduction, when the solutions are real-valued, Theorem 1.1 can be
reduced to a unique continuation property in [3] for the inequality |Vu| < V]u| with V' € L due
to the equivalence of @ and V for real-valued functions. The following example constructed in [8]
by Gong and Rosay carries a family of continuous solutions to du = Vu with some V € L yet
% ¢ L2, as a result of which [3] fails to apply. Instead, we may use Theorem 1.1 to conclude

that none of the nontrivial solutions vanishes to infinite order at any point in the L? sense.

Example 4. Let {a;}52, be a sequence of distinct points in B% C C" convergent to 0 and consider
ou=Vu on Bi (3.6)

with

oo

(z —ag)dz

22 I 2212058, [In |2 — 0,217 £S5 k2|2 — agf2n |22 In |2 — agf2|7=

zdz

V.

.
Iz In [z — a; [*[

Then V € LQ”(B%). Indeed, since |In|z — a;]?| > 1,|In|z*| > 1 on Bi, and g(z) ==
LZ”(B%), one has

S

_ 1
|2/ 1In | =]

||V||L2”(B )y < 0Q.

1 1
4 2

1

) S “gHLQ"(B-if) + Z EHQHL?”(B
k=1

(3.6) possesses a family of nontrivial solutions. In fact, for every holomorphic function h on Bi’

h h(2)

u'(z) = -
In 2112, [In o — a1
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is continuous on B and satisfies ou = Vu on Bi\{ug‘;l{aj}u{()}}. Applying a general removable
singularity result in [9], one further has ou" = Vu" to hold on B%. Note that the zero set
(u")71(0) = U2 {a;} UR™(0) U{0}. According to Theorem 1.1, none of the nontrivial solutions
to (3.6) vanishes to infinite order in the L* sense at any of these zero points.

In particular, if h in the expression of v is a holomorphic function of one variable with zeroes
on By (say, h(z) = z1), then

_ oh
|Vuh| ~ |8uh| + |8uh| ~ (V+ l]TH) |uh|

Since 9 ¢ L*(B1) near any zero of h (see [3, Proposition 5.2]), we have

1
1

[Vu'|
ju”|

¢ (B

loc

),

1
4
where [3] fails to apply.

One can compare Theorem 1.1 with a uniqueness result for Lipschitz functions in [3]: if u is

Lipschitz and satisfies Vu = Vu for some V' € L2”(B%) and u(0) = 0, then u = 0. Note that if

the holomorphic function A in Example 4 is nowhere zero on B 1 then the continuous function u”

satisfies Vu" = Vu" for some V € L%&(Bi)’ and has infinite many zeros on Bi. The uniqueness

property fails for u" since it does not belong to Lip(B1).

1
1

4 Unique continuation for L? potentials with p > 2n

In this section we prove Theorem 1.3 for smooth vector-valued solutions (where the target dimen-
sion N > 1) to [Ou| < Vu| a.e. on a domain in C" with L? potentials, p > 2n. When N > 1, this

inequality with a solution u = (uy,...,uy) reads as
1 1
n N 2 N 2
o= (S5 ) <v (Sme) =i
j=1 k=1 k=1

2

i, Dotentials.

The following unique continuation properties have been proved for L

Theorem 4.1. [16] Let Q be a domain in C". Suppose u : Q — CN with u € H},
satisfies |Ou| < V|u| a.e. on Q for some V € L2 ().

1). The weak unique continuation holds: if u vanishes in an open subset of ), then u vanishes
wdentically.

2). If n = 1, then the (strong) unique continuation holds: if u vanishes to infinite order in the L*

sense at some zg € €2, then u vanishes identically.

(Q), and

In particular, since all the potentials under consideration in this paper belong to L? = away

from the reference point zp, their unique continuation properties can be reduced to demonstrating
that solutions vanish near a neighborhood of zy, in view of the above weak unique continuation
property.

The complex polar coordinates change formula below will play a crucial rule throughout the
rest of the paper. One can find the formula that was used in [10, pp. 260] without proof. For the

12



convenience of the reader, we provide its proof below. Let S¢ be the unit sphere in R4, and D,
be the disk centered at 0 with radius ry in C. Recall that B, is the ball centered at 0 with radius
ro in C™.

Lemma 4.2. Let u € L'(B,,). Then for a.e. ¢ € S* ! |w[*"2u(w() as a function of w € D,,

is in LY(D,,), with
/ z)dv, = / / > 2u(wC)dv, dS;.
|z|<7"0 [<|=1 J|w|<ro

Proof. First, by the standard polar coordinates change,

27 / u(z)dv, =2 / =l / u(ré)dSedr
|z|<ro |€]=1
= / / / u(r€)dSedS, dr.
0 nl=1 Jlgl=1

Here dS, and dS¢ are the Lebesgue measures over S' and S*"!| respectively. Since for each
ne s

dSe = dS. — d
/|§_1 u(ré)dSe /IC—l u(rén)|nldSe /|<_1 u(r¢n)dSe,

we further have by Fubini’s theorem,

27r/ u(z)dv, :/ 7“2"_1/ / u(r¢n)dScdS,dr
|z[<ro 0 Inl=1 J|¢|=1
:/ / r2”_1/ u(r¢n)dS,drdS;
I¢|=1J0 In|=1
:/ / 7“/ lrn|*"2u(r¢n)dS, drdS;
c=1Jo =1

:/ / | 2u(wC)dv, dS;.
I¢|=1 Jw|<ro
[

As seen below, Lemma 4.2 allows us to transform (1.3) with L] ,p > 2n potentials into new
ones with L? = potentials along almost all complex one-dimensional radial directions. On the
other hand, when the solutions under consideration are smooth, the flatness of these solutions
at a point naturally extends to their restrictions along those radial directions. Thus one can
completely convert the unique continuation property in the higher source dimension case to that

on the complex one dimension, where Theorem 4.1 can be applied.

Proof of Theorem 1.3: Without loss of generality, let zp = 0 and r > 0 be small such that
V € LP(B,). For each fixed ¢ € S*"!, let V(w) := |w|%V(wC) and v(w) := w(w(),w € D,.
Since all jets of v vanish at 0 by assumption, the same holds true for all jets of v. Thus v vanishes
to infinite order at 0 in the L? sense by Lemma 3.2. Moreover, v satisfies

[Ov(w)] = |¢ - du(w)| <V (wl)u(we)| = w

(w)[v(w)], w e D;.

13



Here for the solution u = (uy, ..., uy) and ¢ € S*"~! realized as a complex vector ((y,. .., ¢,) € C",
the dot product |¢ - du(w()| is understood as Zszl > i1 ngjuk(w{’)‘.

We claim that |w|7¥f/(w) € L*(D,) for a.e. ¢ € S*"~1. In fact, according to Lemma 4.2,

1
/ |V (2)|Pdv, = —/ / lw > 2|V (w)|Pdv,dS; = / / w)[Pdvy,dS;.
|z|<r 27 [¢]=1 J|w|<r [¢]=1 J|w|<r

In particular, V € LP(D,) for a.e. ¢ € $?"'. By Holder’s inequality

/w|<r

p—

2 p=2
|V (w )‘ dvy < (/ |V(w)|pde)p (/ |w|2"p25"zde) ’
[wl<r |w|<r

p—2

— (/ |f/(w)\pde)p (/ |w|—4£:24de) ’
lw|<r lw|<r

Since p > 2n, we have 4;__24 < 2 and thus f|w‘<r

that V € LP(D,), gives the desired claim. Hence we can make use of Theorem 4.1 part 2) to
obtain v = 0 on D, for a.e. ( € $?*~1. Thus v = 0 on B,. The weak unique continuation property
in Theorem 4.1 part 1) further applies to give u = 0 on €. O

|w|_4pn%24de < oo. This, combined with the fact

5 Unique continuation for potentials involving - Tl for N =1
Let © be a domain in C" containing 0. Let u : Q — C¥ be an H}_(2) solution to the inequality

~ C
|Ou| < MM a.e. on {2, (5.1)

where C is some positive constant. Note that the potential < 7 ¢ L"

(€©2). The goal of this section

is to show the unique continuation property for (5.1) if the target dimension N = 1 as stated
below.

Theorem 5.1. Let Q be a domain in C* and 0 € Q. Let u : Q — C with u € H..(Q), and

satisfies |Ou| < ‘%M a.e. on §) for some constant C > 0. If u vanishes to infinite order in the L*
sense at 0, then u vanishes identically.

To prove Theorem 5.1, we need a few preparation lemmas.

Lemma 5.2. Let Q be a domain in C* containing 0. Let u € L7, () and vanishes to infinite
order in the L? sense at 0. Then for each M > 0 m € L? .(Q), and vanishes to infinite order

in the L? sense at 0.

7|Z

Proof. For each m > 1 and € > 0, by the L? flatness of u at 0, there exists § > 0 such that for
0<r<y,

/ lu|?dv, < er™™M,
|z|<r

14



Then for 0 < r <4,

[ g
|z|<r |Z|2M : :

]:

22Mj | |2d
’2M Z—ZrZM /r ” upavs
§<|Z 2]-_1

j=1

22M] 22M] 7,m—‘,-QM

2
Z 20 ul*dv, < EZ r2M 9(m+2M)(j—1)

2] 1 ]:1

_622M mzz (j—1) <€22M+17,m

In particular, |ZT € L? near 0, and vanishes to infinite order in the L? sense at 0. O

Lemma 5.3. Let Q be a domain in C" and 0 € Q). Assume that u € L2, () and is holomorphic
in Q\ {0}. If u vanishes to infinite order in the L? sense at 0, then u =0,

Proof. Write u in terms of the Laurent expansion u(z) = Y, czn @o2® near 0 for some constants

U, @ = (1, ..., ) € Z". Then for each 0 < r << 1,
/ |u|2dUz :/ Z aaaﬁzazﬁdvz — ‘aa’ / |Z |2a1 . |Z |2a”dvz
|z|<r |z|<r a,BeZn aczn |z|<r
The L? integrability of u near 0 leads to a, = 0 for any o = (o, ..., ;) with some «a; < 0. Thus
u is holomorphic on 2. By Lemma 3.2, we further see u = 0. O]

Lemma 5.4. Let 2 be a bounded domain in C" and 0 € Q. For any o, 8 > 0 with o + § = 2n,
there exists some constant C' > 0 such that

<C 1 Q.
/m T <O+, ze

Proof. Fix z € Q and let t := |z|. Let ro > 0 be large such that Q C B,,. For all ( € Q\ By,
€ =2l = [¢] =t > [¢] = 5I¢I = 3[¢]- Hence

dvg dvg "o dr
—gzﬁ/ —2B</ —)wn— <Oy (14 |Int
/Q\Bm [CIIC =217 =7 Jaya, ¢+ )W S Gl fInt])

for some constant C; > 0 independent of z. On the other hand, writing z = tzy with z, € S?*1
and applying a change of coordinates ( = tn, we have

/ dv¢ 1 / dv, / dv,
By 1C14IC — 2| towB=2n Jp In|*n — 2% Jp, 0|0 — 20]?

du7 dv77
=/ -5t a8
5, |%n — 2o B:\B, n]%n — 20|

B R
B, Ul B:\B, 17 — 2ol

for some constant Cy > 0 independent of z. Altogether, we get the desired inequality. ]
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Let us begin with the case when the source dimension n = 1. In fact, we shall prove the unique
continuation for a larger class of potentials, which take on a hybrid form involving both powers of
|  and Lebesgue integrable functions. Note that none of these potentials below belongs to L7 .

Theorem 5.5. Let Q be a domain in C containing 0 and 1 < B < oco. Suppose u : 0 — C with
u € HE.(Q), and satisfies

‘7
—|u| a.e. on Q

|Ou| < =
5

||

for some V € LZOC(Q). If u vanishes to infinite order in the L? sense at 0, then u vanishes
wdentically.

Proof. Firstly, u € LY C(Q) for all p < co by Sobolev embedding theorem. Since V € L. (Q) with
23 > 2, we have V|z[ Fu e LI (Q\ {0}) for some py > 2 by Hélder’s inequality. Thus by the

loc
ellipticity Lemma 3.1, u € W2P(Q\ {0}) € €%\ {0}), the space of continuous functions on
Q2 \ {0}, as a consequence of Sobolev embedding theorem.

For any subdomain Q CC Q containing 0, set S := {z € Q\ {0} : u(z) = 0} and let

v::{%,cm<ﬁ\{m>\&
" 10, on SuU{0}.

Then B )
Ou=Vu on (Q \{0})\ S (5.2)

in the sense of distributions. Since |V| < V|z\ " e L1(Q) for all 1 < ¢ < 2, letting

one has B
of =V on Q

in the sense of distributions. See, for instance, [18]. Moreover, by Hélder’s inequality and Lemma
5.4 with n =1,

28—1

1.~ dv 2 ~
uunsgwmﬁ@<[ s w) < M(1+[mlsl]), 2€
¢l — 2|

for some constant M > 0. Hence there exists some C' > 0 such that

C

2|

le”/| < on Q. (5.3)

On the other hand, restricting on Q\{O} we have V € L7 (Q\ {0}). Hence f € W12 (Q\ {0})
by Lemma 3.1, and further f € C°(Q2\ {0}). Applying Proposition 2.1 to f on Q\ {0}, we get

de™f = —efV on Q\ {0} (5.4)

in the sense of distributions.
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Let h := ue~/ on Q\ {0}. Then h € C°(Q2\ {0}). Repeating a similar argument as in the
proof of Theorem 1.2 to h on (2 \ {0})\ S, and using (5.2) and (5.4), one can further show that
Oh = 0 on (Q\ {0})\ S. Noting that f € C°(Q\ {0}), we have S = h~'(0) and so dh = 0 on
(Q\ {0}) \ A~1(0). By Rado’s theorem, h is holomorphic on Q \ {0}. On the other hand, since u
vanishes to infinite order in the L? sense at 0, by (5.3) and Lemma 5.2, h € L2 (Q) and vanishes

to infinite order in the L? sense at 0 as well. As a consequence of Lemma 5.3, h = 0 and thus
u =0 on . m

When g = 1, the unique continuation holds due to Theorem 4.1 part 2). When § = oo,

by employing exactly the same argument as in the proof of Theorem 5.5, with the index %

replaced by 1 (= limg_ %), and V by a positive constant C, one can obtain the following
unique continuation property. As a result, it resolves Theorem 5.1 for n = 1.

Theorem 5.6. Let Q be a domain in C containing 0. Suppose u : Q — C with u € H (), and
satisfies
C

|0u| <
|2|

lu| a.e. on Q
for some constant C' > 0. If u vanishes to infinite order in the L? sense at 0, then u vanishes
identically.

Next, we address the case where the source dimension n > 1. We first explore some direct
applications of Theorem 5.5 to the unique continuation problem for smooth solutions.

Proof of Corollary 1.6: Assume that (1.4) fails, say for zy = 0. Then there exists some V €
L (U) such that |0u| < V|u| on U. When n =1, u =0 on U due to Theorem 4.1 part 2). So we
assume n > 2. Let r be small such that B, C U. For each ¢ € §2"!, let V(w) := |w|nT_1V(wC)
and v(w) := u(w(), w € D,. Then v vanishes to infinite order at 0 in the L? sense by Lemma 3.2,

and satisfies
Ao(w)| = |¢ - Fu(w)| < V(wl)u(we)| = |w| =% V(w)|o(w)|, w e D,.

Moreover, for a.e. ¢ € §2*~', V € L?"(D,) by Lemma 4.2. Theorem 5.5 with 3 = n applies to
give v = 0 on D, for a.e. ¢ € S?" 1. Hence u = 0 on B,. The weak unique continuation property

Theorem in 4.1 part 1) further leads to u =0 on U. O

Theorem 5.5 also al_lows us to recover a similar result as in Theorem 1.1 for smooth solutions
without imposing the 0-closedness assumption on the potential.

Corollary 5.7. Let Q be a domain in C". Suppose u : Q@ — C with u € C=(R), and satisfies
|0u| < V|u| a.e. on Q for some V € L3"(Q). If u vanishes to infinite order at some zy € €, then
u vanishes identically.

Proof. Let r be srqall such that B, C Q. As in the proof of Corollary 1.6, for each fixed ¢ € S**~ 1,
let V(w) := |w|™ V(w¢) and v(w) := w(w¢),w € D,. Then v vanishes to infinite order at 0 in
the L? sense, and satisfies

|9v(w)| < Jw|™*F V(w)|v(w)], w e D,.

For a.e. ¢ € S we apply Theorem 5.5 to get v = 0 on D,. Hence u = 0 on B,. The weak
unique continuation property further gives u = 0. 0
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We are now in a position to prove Theorem 5.1 for H}._ solutions. We shall use the following
special case of [8, Proposition A] concerning the zero set of solutions to (1.3) with bounded

potentials.

Theorem 5.8. [§] Let 2 be a domain in C". Suppose u : Q — C with u € CY%(Q), and satisfies
|Ou| < Clu| a.e. on Q for some constant C > 0. Then the zero set u='(0) of u is a complex
analytic variety.

Proof of Theorem 5.1: Then = 1 case was proved in Theorem 5.6. So we assume n > 2. According

to Sobolev embedding theorem, u € Lloc(Q) for ¢* = 2f1. The ellipticity Lemma 3.1 of 0 and
the mequahty |Ou| < n|u] € L9 (2 {0}) further ensures u € W7 (2 \ {0}), and thus u € L4~
with ¢** . Employing a boot-strap argument eventually gives u € VVl1 20\ {0}) for some
qo > 2n. In partlcular ue O\ {0}).

Set S :={z€ Q\ {0} : u(z) =0}. Let
v {5— on (2\{0})\S
0, on SU{0}.

Then B
Oou=Vu on (2\{0})\S (5.5)

in the sense of distributions. One can also verify that
OV =0 on (Q\{0}H\S (5.6)

in the sense of distributions. In fact, given a subdomain U cC (2\ {0})\ S, since u € W% (0 \

loc

{0}) € C°(Q2\ {0}), |u| > ¢ on U for some constant ¢ > 0. Letting {u;}32, € C*°(U) — u in the
Whe(U) norm. In particular, u; — u in the C°(U) norm. Thus by passing to a subsequence, we

can assume |u;| > § on U. Let V; := % on U. Clearly 9V; = 0 on U. Moreover,
J

G )

20 - 2
<= [0us = dul| gy + S llus - ’Mb%mﬂﬁﬂhl =0

Ou; _ Ou

’LL]' Uu

i(5uj — Ou)

U

<

LY(U)

Vi = Vlzwy =

LYU)

as j — oo. In particular, V; — V in the sense of distributions. Thus the 0-closedness passes onto
Von (Q\{0})\ S.
Since |V| < C € L2 (Q\ {0}), according to Theorem 5.8, S is a complex analytic variety in

Q\{0}. If S = Q \ {0}, then we are done. Otherwise, S is of complex dimension less than n.
Since n > 2, V € L2 (Q). Applying a removable singularity result of Demailly [6, Lemma 6.9] to
(5.6),

OV =0 on (5.7)

in the sense of distributions. On the other hand, noting that v € L? () and Vu € L} (Q), we
can apply Demailly’s result to (5.5) and obtain

Ou=Vu on (5.8)

in the sense of distributions.
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Let fo,up and vy be as in (3.3) with V' defined above. Then 0fy = V on B, in the sense of
distributions for some r > 0. Restricting on B, \ {0}, use the ellipticity Lemma 3.1 to further
obtain fo € WLP(B, \ {0}) for all p < co. Hence we can apply Proposition 2.1 to fy on B, \ {0}

and get B
de~fo = —e7 oV on B, \ {0} (5.9)

in the sense of distributions. Let
h:=ue’ on B,\{0}.

Repeating a similar argument as in the proof of Theorem 1.2 to h on B, \ {0}, and using (5.8)
and (5.9), one can further show that

Oh=0 on B,\{0}.

Namely, h is holomorphic on B, \ {0}.
On the other hand, by the construction of fy in Lemma 3.1 and the fact that |V| < % on €2,
we have vy to be bounded on Bz. Moreover, apply Lemma 5.4 to uy and get

Jic—=P) =

for some constant M > 0. Hence there exists some C; > 0 such that

<0 (14 [ e ) <M k), <e s,
B,

C
—fo < L r
le o] < F on B:. (5.10)

Since u vanishes to infinite order in the L? sense at 0, by (5.10) and Lemma 5.2, h € L2 (B,) and
vanishes to infinite order in the L? sense at 0 as well. As a consequence of Lemma 5.3, h = 0 on
B, and thus u(= ef°h) = 0 on B,. Since & € L2.(2\{0}), applying the weak unique continuation

|2l

property of [Ou| < V|u| on Q\ {0} with L2, potentials, one further gets u = 0. O

Remark 5.9. It should be pointed out that, although the statement of [8, Proposition A] does not
explicitly mention it, the O-closedness of V as indicated in (5.7) near S has already been established
i its proof towards the analyticity of the zero set S. We opt to utilize the statement directly and
subsequently employ Demailly’s result to demonstrate it for the convenience of readers.

6 Unique continuation for potentials involving ‘71’ for N > 2

In this section, we study the unique continuation for a H} () solution u : Q — C¥ to the
inequality
C

|0u| <
||

lu| a.e. on Q,

when the target dimension N > 2. As stated in Theorem 5.1, the unique continuation property
holds true when N = 1 for any constant multiple C' > 0 in the potential. However, when N > 2,
this property no longer holds in general if C'is large, as indicated by an example below of the first
author and Wolff in [15]. See also [1] by Alinhac and Baouendi for an alternative example.

19



Example 5. Let vy : C — C be the nontrivial smooth scalar function constructed in [15] that
vanishes to infinite order at 0 and satisfies |Avy| < %|V1}0’ on C for some constant C* > 0.
Letting ug := (ORvg, OSvy), then ug : C — C? is smooth, vanishes to infinite order at 0, and
satisfies |Oug| < %l|u0| on C.

In spite of Example 5, we shall prove that the unique continuation property still holds if the
constant multiple C' is small enough.

Theorem 6.1. Let Q be a domain in C and 0 € Q. Let u: Q — CN withuw € H. .(Q), and satisfy

|Ou| < |%|u| a.e. on ) for some positive constant C' < ;11. If u vanishes to infinite order in the L?
sense at 0, then u vanishes identically.

In order to prove Theorem 6.1, we need to establish a Carleman inequality for 9 (and its
conjugate d), making use of a Fourier analysis method, along with the following lemma.

Lemma 6.2. Let f : (—00,0) — CV with f € C%°((—0,0)). Then for any \, k € R,

0

/_ e, + k) fO))P dt > (A + k)z/ e 2N () dt.

oo —00

Proof. Letting g(t) := e M f(t),t € (—00,0), then its derivative g, = e (f; — Af), and further
e MO+ k) f=eMfitkf) =g+ (A+k)g= (0, +A+k)g.

Consequently,

0

/ " e (0, 4 )P dt = / (00 At B)g ()2 dt

— 00 —00

0

- / (Bt + (A + k)? / lg(t)2dt + 2\ + k)Re / (9u(t), 9(0))dt

—00 —00 —00
0

>\ +k)? / e M F (1) Pdt + 2(\ + k)Re/ (g:(1), g(t))dt.

—00 —00

0

Note that since g € C°((—o0,0)),

o= [ torar=2re( [ tougar).

We obtain the desired inequality. O]
Proposition 6.3. For any u : C — CV with uw € HY(C) and supported outside a neighborhood of
0, and for any A € Z + {%},

[u(2)|”
c |22

|Ou(2)|*
c 2

dv, <16

dv, (6.1)

and

2 3 2
[l 5, o 16/ ouC)I”
C

C |Z|2)\+2 |Z’2>‘
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Proof. We shall only prove (6.1) in terms of Ou, as Qu = 0u. Since the proof involves derivatives
on other variables as well, we use u, instead of Ju to emphasize its derivative with respect to z.

First, we consider u € C°(C \ {0}). Since the inequality is scaling-invariant, without loss
of generality we assume u is supported inside the unit disc D;. Let v(t,0) = u(e*¥?), t €
(—00,0),0 € (0,27). Write the Fourier series of v as

v(t,0) = Z vg(t)e™*,

keZ

where
1

2
—/ v(t,0)e"*dh € C=((—o0,0)).
2m Jo

According to the Parseval’s identity,

/O ot 0)Pd0 = 203 (1) (6.2)

kEZ

Uk(t) =

Then under the coordinate change r = ¢!, we have

0
[, pates= [ [t = [ oo
= / / e M u(t,0)>dbdt.
—00 J0

On the other hand, note that for z = e, one has 20, = % (0; —i0p). Thus e, = zv, =

% (8t — 289) v = %Zkez(ﬁt + k)Uk(t)eike and

(6.3)

/O " letus(t, 0)d0 = gz (0, + K)o (£)]?.

kEZ

Hence

/ |“|z = / / =22 (re®) 2drdd —/ / e N2 o, (¢, 0) [P dtdo
Dy |7

:/ 6_2’\t/ lefv, (t,0)2dodt = Z/ e (9, 4 k)uk(t)|? dt.
—00 0

kEZ

Applying Lemma 6.2 to v;, and making use of the fact that (A + k)? > % whenever \ € Z + {%}
and k € Z,
/ ’Uz(2)|2dvz >EZ()\—|—]€)2/O 2/\t|v | dt > = Z/ 2)\t|,U | dt
b 2P =9

k€EZ - kEZ

1 0 27
_L / / Myt 0)[2d0dt.
6 —00 J 0

Here in the last line we also used (6.2). The inequality (6.1) for u € C°(C \ {0}) is proved by
combining the above inequality with (6.3).
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For general u € H'(C) in the proposition, let r > 0 be small such that the support of u
is outside D,. Pick a family u; € C>(C\ D,) = u in H*(C) norm. Then applying (6.1) to
u; € C=(C\ {0}), we get

2 1 o 9 1 ' 5 1
WP, V(e =GP (R, )
o |22 o\D, |2[22+2 o |22

<r ! (/C lu(z) — uj(z)|2dvz)é 1y (/C %d%); |
([c %dvz)é < (/C\DT |us(2) |—Z|(21ij)z(z)|2dvz)§ . < / |u|zz(|§z|2dvz)5

3 2 3
< ([ - wopae: )+ ([ 14Ea)
C L
one thus has

L 1
2 3 9 1
/ U(j\)—iQ dv, ) < (r 7 A flu = gl e) + 4 / qu(zzl dv, | .
c |2 c |2

Letting j — oo, we have the desired inequality (6.1) for u € H'(C) with support away from 0. [J

Since

By employing an induction process along with a similar argument as in the proof to Proposition
6.3, one can further get the following higher order edition.

Corollary 6.4. Let k,l € Z* with k < I, and N € Z + {%} For any u : C — CY with
u € H} (C) and supported outside a neighborhood of 0, and any 2-tuples o = (a1, a2), B = (B, B2)

loc

with |a| =k, || =1 and a; < B;,7 = 1,2, there exists a constant C' dependent only on | such that

07 9% u(2)]

—‘2’2)\ V.

0°10°uz)

| 2| 2A+2(k) dv, < C

C

Proof of Theorem 6.1: Let r > 0 be small such that Dy, CC Q. Choose n € C*°(C) with n =1
on D, 0<n<1and|Vn <2on Dy, \ D, and n=0 outside Dy,. Let 1) € C>(C) be such that
¥ =0in Dy, 0< ¢ <1and |[V¢| <2on Dy \ Dy, and ¢ = 1 outside Ds. For each k > 2 (thus
2 < 1), let ¢ = ¢(k-) and uy, = ynu. Then uj, € H'(C) with support outside Ds.

Since C' < %, one can choose ¢y > 0 with

16(1 + 2¢9)C* < 1. (6.4)
Making use of the following elementary inequality

(a+b+c) <(1+20)a*+ 2+ Y+ (2+e )P, forall a,bceR,e>0,
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together with Proposition 6.3 and the inequality (5.1), we have for each A\ € Z + {%},

2 5 2
[, e i |, 2Fan
D2r ‘Z| D2r ‘Z|

[Ve(2)n(2)*|0u(z) | - |0 (2) ] u(2)
<16(1 4 2¢) /D% = dv, +16(2 + ;") /T FE= dv,
) 2 2
it [ DR,
Do, \D, 2|22~
Jur (2)[? _ [0k (2)*[ul2)|”
<16(1 + 2¢9)C? /D% PR dv, + 16(2+601)/T BB dv,

[On(2) Plu(z)|”

|Z’2)\—2

+16(2 + 601)/ dv,.

D2T\Dr

Noting that (6.4) holds, one can subtract 16(1 + 2¢y)C? ngr %—gpdvz from both sides and get

2 2 2 2 2
/ WGPy, ( / Vol g, / Va()u(z) d> 65
Do |2l D, 2] Doy \Dr ]

where ( )
16(2 + ¢
Co = 0 > 0.
O 1 —16(1 4 2¢0)C?
Next, we show that
\V4 2 2
lim / VoI, g, (6.6)
k—oo |1 |z|2A—2

Indeed, since V1), is only supported on D% \D%,

2 2 2 2
/ ‘v¢k(2)| |U(Z)| dvz S/ |v¢k('z>| |U(Z>| dvz < k,Q)\/ |u(z)\2dvz 0
o %<|z|<% |Z‘<%

|Z|2)\—2 |Z’2)\—2

as k — 00, as a consequence of the flatness of u at 0 in the L? sense.
Letting k — oo in (6.5), and making use of (6.6) and Fatou’s Lemma, we obtain that

2 2 2
RNy < CIaTC
D2r DQT\DT

| 22> 2222
Since .
2 ) )
R L [ O (Y [ i
[2[** | z]2A r
DQT D% D%
" [Vn(2)*|u(z)|? 1
n(2)*|u(z
/D b, 1222 dv: < r2A—2/D . [Vi(2)]? [u(2)]*dv.,
27 r - N
we have

Co?"2

[ epa < [ 9n@Pla() P
D D2T\Dr

5
Letting A — oo, we see u = 0 on D:. Finally, apply the unique continuation property Theorem
4.1 part 1) to get u = 0. O
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Proof of Theorem 1.5: Let r be small such that B, CC €. For each fixed ¢ € S*"7!, let v(w) :=
w(w(),w € D,. Then v vanishes to infinite order in the L? sense at 0 and satisfies

- - C C
[0v(w)] = [ - Ou(w()| < —|u(w()| = —[v(w)], w e D,
|w |w
For a.e. ¢ € "', we apply Theorem 5.1 when N =1, or Theorem 6.1 when N > 2 and C < 1,
to get v =0 on D,. Hence u = 0 on B, in either case. The weak unique continuation property
further applies to give u = 0. O

7 Proof of Theorem 1.4

In this section, we prove Theorem 1.4 — the unique continuation property for [Ou| < V|u| on
Q) C C?, with the target dimension N > 1, and V € L} . As already seen in the proof of Theorem

loc*
1.3 in Section 4, its proof can be reduced to that of the following theorem on the complex plane.

Theorem 7.1. Let Q be a domain in C and 0 € Q. Suppose u : Q@ — CN with u € H. (), and
satisfies

|Ou| < |z|_%V]u| a.e. on S (7.1)

for some V € L} (Q). If u vanishes to infinite order in the L* sense at 0, then w vanishes
tdentically.

Note that the N = 1 case in Theorem 7.1 is a special case that has been proved in Theorem
5.5. On the other hand, since |z|~2V ¢ L2 _(Q) given a general V € L (), Theorem 4.1 does
not apply.

The key element in proving Theorem 7.1 involves an idea in [16] that utilizes the Cauchy
integral, coupled with the technique employed in establishing Theorem 6.1. To begin with, let
us recall a representation formula for v € H'(C) with compact support in terms of the Cauchy
kernel:

u(z) = %/ au(odvg, a.e. z € C. (7.2)

cz—¢
See, for instance, [16, Lemma 3.1]. Denote by ||f||L%/(Q) the weighted L?*(Q2) norm of a function f
on 2 C C with respect to a weight V' > 0, with

Il = ( [ |f(2)|2V(z)dvz>%,

It was proved in [16, Theorem 2.2] that, given a positive function V' € L?*(C), the Riesz potential
c|¢—-]

is a bounded operator from L?,_,(C) to L3,(C). More precisely, there exists a universal constant
Cp such that for any f € L?,_,(C),

11z @) < ColV 2ol fllzz ) (7.3)
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Proof of Theorem 7.1: Fix an r > 0 small such that Dy, CC €2, and

4
7T2

1% < T
X, + = 128C2’

T
L+ 2] paey

where Cj is the universal constant in (7.3), and xp, is the characteristic function for D,. Replacing
V' by Vxp, + 17, we have (7.1) holds on Dy, with V' € LY(C),

V>0on C, V>C, on D,, (7.4)

1+\

for some C). > 0 dependent only on r, and

7T2

||‘/||L4 — 12802

(7.5)

We shall show that u =0 on D:.
Let n and vy, be as defined in the proof of Theorem 6.1. Then uy := wknu € H'(C) and is
supported inside Dy, \ D1 So is Zk for each m € Z*. Applying (7.2) to Z&, we obtain

du(C) y
/c (e

2

2
1
lun(2)® _ 1 e Dy

2

|Z’2m _7r

and with V := V2, one has

lur(2)]? - 1 ( 1 [Ou(C)| )2
/w TR /D T e ) Vo<

J (1]

12 (C)
Make use of ( 3) with respect to the weight V to further infer
Do, |Z|
c? - 0 2
c 2PV (2)
202 P 2 2 215 2 5 2
28 g ([ DU, [ IR, [ DO, )
Dy 2PV (2) w2V () D\, 2PV (2)
=:A+B+C.
(7.6)
Note that for B, by the inequalities (7.1) and (7.5)
2C3 ¥ (2)?|u(z)]” 1 Jui(2)]?
b= _HVHL C)/T | 2|2t dv, < 6_4/Dw || 2m+1 dv,
Thus we apply Theorem 6.3 with A = m — % to have
5 2
B SE/ —|8uk(z)] dv,
4 fp, Pl
GG TG R AT TR G TG P
2 Do, ‘Z‘2m 1 2 i ‘z’2m71 2 Da\D, ‘Z’2m71
L[ ()] - / |09 (2) P |u(2)? 1/ |0n(2)Plu(2)]?
<- V(2)dv, dv, + = dv,
_Q/Dgr EER (2) +2 i 2|21 v +2 DarD, 221 v
=:E+F+G
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Here we used (7.1) in the third inequality. Combining (7.6) with the above,

2 ~
/ g . < A+ v B+ PG
D2'r

|z|2m

One further subtracts £ from both sides to get

Jug(2)]?
V(z)dv, < 2A+42C + 2F +2G. (7.7)
DQT

|Z|2m

Similarly as in the proof to (6.6) along with the fact that V> C? on D,,, one has

lim A = lim F =0.

k—o0 k—o0
Together, after passing k — oo and using Fatou’s Lemma in (7.7), we obtain

PR Do) o)),
/Dzr ( ) = /Dzr\Dr Tt /Dzr\Dr : (7.8>

|2[*m |2[2mV (2) |2[2m=1

Now multiply two sides of (7.8) by . On the left hand side,

2m 2 2 2m N N
/ r |77(2)L Ju(2)] V(2)dv. > / L |u(2) PV (2)dv. > 22’”/ u(2) [V (2)dv..
D |2[2m D, |z|2m Dy

On the right hand side, using the fact that V > C? on D,, again,

2m| 9 2 2m| 9 2 2
[ UGN, [ i,
DQT‘\DT‘ D2r\D'r

|22V (2) [z

10 (n(2)u(z)) [*dv: + 7“/ Vn(2)Plu(2)Pdv. < Collullip p,)»

DQT‘\DT

<5
OT DQT\DT

for some C, dependent only on r. Thus

2 [ )PV (o < ol
Dy
Letting m — oo and making use of the positivity of V on D:, we have u =0 on Dz. The proof
is thus complete as a consequence of the weak unique continuation property. O

Proof of Theorem 1./: As in the proof to Theorem 1.3 yet with n = 2 and p = 4, let 2o = 0
and r > 0 be small such that V € L*(B,). For each fixed ¢ € $3, let V(w) := |w|2V (w¢) and
v(w) = u(w¢),w € D,. Then v vanishes to infinite order at 0 in the L? sense. Moreover, v
satisfies

|0v(w)| < |w|_%‘~/(w)|v(w)|, w € D,.
Note that for a.e. ¢ € S3, V € L*(D,) by Lemma 4.2. According to Theorem 7.1, v = 0 on D, for
a.e. ( € S3 Hence u =0 on B,. Apply the weak unique continuation property to get u =0. O
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Remark 7.2. The following two questions still remain open. In particular, with an approach
similar as in the proof to Theorem 1./, the resolution of Question 1 can be converted to that of
Question 2.

1. Let 2 be a domain in C",n > 3 and N > 2. Suppose u : 2 — CN is smooth on Q and satisfies
|0u| < V|u| a.e. on Q for some V € L?"(Q). If u vanishes to infinite order at some zy € ), does
u vanish identically?

2. LetQ be a domain in C containing O,ﬁfmd n,N € Z* withn > 3, N > 2. Suppose u : Q — CV

is smooth on ) and satisfies |Ou| < |z|="% V|u| a.e. on Q for some V € L (). If u vanishes to
infinite order at 0 € 2, does u vanish identically?
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