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Abstract

Let ©Q be a product domain in C",n > 2, where each slice has smooth boundary. We
observe that the canonical solution operator for the  equation on (2 is bounded in W*?(Q),
k € ZT,1 < p < co. This Sobolev regularity is sharp in view of Kerzman-type examples.

1 Introduction

Let €2 be a bounded pseudoconvex domain in C",n > 1. According to Hérmander’s L? theory,
given a O-closed (0,1) form f € L?(Q), there exists a unique L? function that is perpendicular to

ker(0) and solves

Ou=f in €.

This solution is called the canonical solution (of the 0 equation). The L2-Sobolev regularity of
the canonical solutions has been investigated through Kohn’s d-Neumann approach for domains
with nice regularity and geometry, such as convexity and/or finite type conditions.

The goal of the note is to give the LP-Sobolev estimate of the canonical solutions on product
domains. Here a product domain €2 in C" is a Cartesian product Dy x - -- x D,, of bounded planar
domains D;,j = 1,...,n. In particular, D; need not be simply-connected. Then Q is (weakly)
pseudoconvex with at most Lipschitz boundary. The LP regularity of the canonical solutions on
product domains was already thoroughly understood through works of [5-7,12, 13,23, 26] and
the references therein. In the Sobolev category, combined efforts in [3,11,21,24] have given the
existence of a bounded solution operator of d sending W**"=2P(Q)) into W*P(Q), k € ZT,1 < p <
oo. Here W*P(Q) is the Sobolev space consisting of functions whose weak derivatives on 2 up to
order k exist and belong to LP(€2). The main theorem is stated as follows.

Theorem 1.1. Let Q) := Dy x---x D, C C",n > 2, where each D; is a bounded domain in C with
smooth boundary, j = 1,...,n. Given a O-closed (0,1) form f € WFP(Q), k € ZT,1 < p < oo,
the canonical solution Tf of Ou = f on Q is in W*P(Q). Moreover, there exists a constant C
dependent only on 2, k and p such that

|T fllwre@) < C|l fllwre)-

The proof of Theorem 1.1 is essentially an observation on a representation formula of the
canonical solutions by Chakrabarti-Shaw [3] and Li [13], according to which it boils down to
the Sobolev estimates of the Bergman projection and canonical solution operators on planar
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domains. The LP boundedness of the Bergman projection has been widely studied in several
complex variables. See [15-17,19,25], etc. on some types of domains with sufficient smoothness
and nice geometry. It is worth pointing out that the Bergman projection may fail to be LP bounded
over the full range (1, 00) of p on certain domains, such as those with rather rough boundaries like
the Hartogs triangle ( [2,4], etc.). With an application of Spencer’s formula on planar domains,
the Sobolev estimates of the Bergman projection and canonical solution operators are simply a
consequence of a result of Jerison and Kenig in [10]. In Example 1, a datum f on the bidisc is
constructed, such that f € W*4 for all 1 < ¢ < p, yet du = f has no W*? solutions. This example
indicates that the 0 problem does not gain Sobolev regularity on product domains in general, and
thus the estimate in Theorem 1.1 is sharp.

Acknowledgement: The author thanks Professor Song-Ying Li for helpful comments, and John
Treuer for pointing out a few typos. She also thanks the anonymous referee for providing valuable
suggestions.

2 Bergman projection and canonical solutions on planar
domains

Let D be a bounded domain in C whose boundary bD is smooth, and g be the Green’s function
on D. In other words, at a fixed pole w € D,

g(z,w) = —% sup {u(z) cu € SH™ (D) and limsup(u(¢) — log|¢ —w|) < oo} , z€D,

(—w

where SH™ (D) is the collection of negative subharmonic functions on D. It is known ( [9] etc.)
that g is symmetric on the two variables z and w. Moreover, there exists a harmonic function h,,
on D with hy, = 5= In|- —w| on bD such that

g w) = —%m\ —w|+hy i D. (2.1)
In particular, h,, € C*(D) and
g(z,w) =g(w,z) =0, ze€bD. (2.2)

Given f € LP(D),1 < p < oo, define
Gf = —4/ g(-,w)f(w)dv, in D. (2.3)
D

Here dv is the Lebesgue measure on C. Then G f is the solution to the Dirichlet problem

{Au:4f, in D,

2.4
u =0, on bD. (2.4)

Denote by L2(D),a € R the (fractional) Sobolev space following the notation in [10, pp. 162]
of Jerison and Kenig. By [10, Theorem 0.3], G is a bounded operator sending L? (D) into
LP(D),1 < p < oo, > 1—1). In particular, if f € W*2P(D) k € ZT U{0},1 < p < oo, then

|G fllwetropy S If[lwh-10(D)- (2.5)
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Here and throughout the rest of the paper, we say two quantities a and b to satisfy a < b if there
exists a constant C' dependent only possibly on the underlying domain, k£ and p such that a < Cb.

The Bergman projection operator P on a domain ) is the orthogonal projection of L?(£2)
onto the Bergman space A?(2), the space of L? holomorphic functions on €. Since A?%(f2) is a
reproducing kernel Hilbert space, there exists a function £ : 2 x Q@ — C, called the Bergman
kernel, such that for all f € L*(Q),

Pf= / k(-,w)f(w)dy, in Q.
Q
On a smooth planar domain D, the Bergman kernel k is related to the Green’s function g by
k(z,w) = —40,059(z,w), z#w € D. (2.6)

See [22, pp 180]. Clearly, k(-,w) € C=(D) by (2.1).

If D is simply-connected, the Sobolev boundedness of the Bergman projection P can be ob-
tained by applying the known Sobolev regularity on the unit disc and the Riemann mapping
theorem. On general smooth planar domains, Lanzani and Stein suggested an approach to esti-
mate P briefly in [14]. For completeness and convenience of the reader, the detail of their approach
to the Sobolev regularity of P is provided below.

Theorem 2.1. Let D C C be a bounded domain with C* boundary. Then the Bergman projection
P is (or, extends as) a bounded operator on W*P(D), k € ZT U{0}, 1 < p < co. Namely, for any
f e Wha(D),

1P fllwropy S 1fllwee(p)-

Proof. We shall need the following Spencer’s formula: for any f € C°°(D),
Pf+0Gof=f in D, (2.7)

where G is defined in (2.3), and for simplification with an abuse of notation, the @ and 0 operators
here and in the rest of the section represent the corresponding complex vector fields. The proof of
(2.7) can be found, for instance, in [22, pp. 73-75]. Employing a standard density argument and
the estimate (2.5) for G, we can extend P = I — 9GO as a continuous operator on W*P(D), k €
ZTU{0},1 <p < oc.

By (2.5) the (extended) operator P satisfies for all f € W*P(D),

1P fllweopy SIS llweeoy + ||G5f||wk+1,p(p) S llwer oy + HéfHWk—l,p(D) S I llwwry-

This completes the proof of the theorem.

Given f € LP(D),1 < p < oo, define

Tf:=0Gf (: —43/1)9(-,w)f(w)dyw) in D. (2.8)

We shall show below that 7T is the canonical solution operator of @ on D and improves the Sobolev
regularity by order one.



Theorem 2.2. Let D be a bounded domain in C with smooth boundary. For each k € ZTU{0},1 <
p < oo, T defined in (2.8) is the canonical solution operator of O on D, and is a bounded operator
sending W*P (D) into WktLP(D). Namely, for any f € W*P(D),

| T fllwerropy S M fllwero)-

Proof. First for f € L*(D), Tf € L*(D) following (2.5). Moreover, by (2.4) one has 0T f =
J0Gf = f on D. Furthermore, for any h € A?(D),

(Tf,h) = (TOTf,h) = (Tf — PTf,h) = (Tf — PTf,Ph) = (PTf — PTf,h) =0,

implying T'f L A?(Q)). Here in the first equality we used the fact that OT'f = f on D; in the
second equality we used (2.7) with f replaced by T'f; in the third equality we used the fact that
Ph = h when h € A%(D); in the fourth equality we used the projection properties of P, i.e.,
P* = P = P2 Thus T is the canonical solution operator of 9 on D. The Sobolev regularity of T
follows immediately from (2.5) and (2.8). O

Remark 2.3. a). We can further make use of Theorem 2.2 and the Sobolev embedding theorem
to conclude that the canonical solution operator T sends W (D) into C**(D) for all 0 < a < 1
with

| T fllckepy < Cll fllwkee(ny,

where C' depends only on D,k and «. In particular, this inequality improves a supnorm estimate
in [1]. o
b). Another well-known solution operator T' of O on D is given in terms of the universal Cauchy
kernel as follows.

~ 1

Tf:=—— Mduw m D.

T Jpw—-

It was proved by Prats in [18] that T enjoys a similar Sobolev reqularity as T (see also [20] for a
much simpler proof using Caldrén-Zygmund’s classical singular integral theory):

”TfHW’“H’P(D) 5 Hf”wk,p(D).

3 Canonical solutions on product domains

Let Q := Dy x ---x D, C C", n > 2, where each D, is a bounded planar domain with smooth
boundary. Denote by P; the Bergman projection operator of D;,j = 1,...,n. Then the Bergman
projection P of €2 satisfies

P=P.--P, (3.1)

Let Tj be the canonical solution operator on D; defined in (2.8), with D replaced by D;,
j=1,...,n. Given a O-closed (0,1) form f = >""_, f;dz; € LP(Q), it was shown in [3, Lemma 4.4]
and [13, Theorem 2.5] (or, through a repeated application of (2.7) together with the 0-closedness
of f) that

Tf=Tfi+ToPifo+ ---+T,P - P, 1fn (32)

is the canonical solution to du = f on . Note that when j # k, the two operators P; and Ty,
(or P;) commute on LP(€2) due to Fubini’s theorem. The following proposition gives the Sobolev
boundedness of T; and P; on €.



Proposition 3.1. Let Q := Dy x --- x D,, C C", where each D; is a bounded domain in C
with smooth boundary, j = 1,...n. Then T; and P; are bounded operators in W*P(Q), k €
ZTU{0},1 < p < oo. Namely, for all f € WFP(Q),

Hij”W’W(Q) S HfHka(ﬂ); HijHW’W(Q) S HfHW’W(Q)-

Proof. For simplicity yet without loss of generality, assume j = 1 and n = 2. Denote by V;
the gradient in the z; variable. Since 0,71} = id and 0P, = 0, we only need to prove for all
/{Zl,kg eZtu {0}, ki + ke = k,

107 TV V52 flleiy S I flweoys 107 PiV52 flley S L fllweao)

In fact, making use of Theorem 2.2 and Fubini’s theorem,

||8f1T1V’§2f||l£p(Q) :/ |08 Ty (V52 £) (.7w2)||’2p(D1) AV,

< Z/ V718 £ (-, wy HLP (D) Ay < HfHWM

m1=0

The estimate for P, is done similarly with an application of Theorem 2.1.
O

In particular, the proposition states that 7} does not lose Sobolev regularity. This estimate
of Tj is also the best that one can expect when n > 2. This is because T; only improves the
regularity in the z; direction and has no smoothing effect on the rest of the variables.

Proof of Theorem 1.1: The proof to Theorem 1.1 is a direct consequence of Proposition 3.1 and
(3.2).
]

Proposition 3.1 and (3.1) also immediately give the following Sobolev regularity of the Bergman
projection operator P on general product domains. We mention that the Sobolev regularity of P
on the polydisc was due to [8, 11].

Theorem 3.2. Let ) := Dy x --- x D, C C*",n > 1, where each D; is a bounded domain in
C with smooth boundary, j = 1,...,n. The Bergman projection P is (or, extends as) a bounded
operator in W*P(Q), k € ZT U {0}, 1 < p < co. Namely, for any f € W*P(Q),

1P fllwrr) S I llwer)

~ Denote by A? the bidisc in C*. The following Kerzman-type example demonstrates that the
0 problem in general does not improve the Sobolev regularity. In this sense the Sobolev estimate
of the canonical solution operator in Theorem 1.1 is sharp.

Example 1. For each k € ZTU{0} and 1 < p < 0o, consider f = (z5 — 1)k_%d21 on A? if p # 2,
or f = (2 —1)"log(zs — 1)dz on A? if p=2, 17 < arg(zo — 1) < 3m. Then f € WH4(A?) for
all 1 < q < p, and is O-closed on \?. However, there does not exist a solution u € WFP(A?) to
ou= f on AZ.



Proof. One can directly verify that f € W*4(A2) for all 1 < ¢ < p and is d-closed on A2. Suppose
— 2

there exists some u € W*P(A?) satisfying u = f on A% Then u = (20— 1)" 72, + h € WhP(A?)

for some holomorphic function h on A2. For each (r,29) € U := (0,1) x A C R3, consider

v(r, z3) == / u(z1, 20)dzy.
|z1]|=r

By Fubini’s theorem and Hélder’s inequality,

p T p
||8kv||Lp ) = Obu(zy, 20)dz | dv.,dr = |05u(re®, z)|d6| drdv.,

| |z2|<1

-
U 0 0
1 27
5/ / / ]agu(r 29)[PdOrdrdy,, < ||u||Wkp a2y < 00
|z2|<1 J0O 0

Thus d5v € LP(U).
On the other hand, by Cauchy’s theorem, for each (r, z9) € U,

z1|=r

2

(29 — 1)_%21d21 = Cip(20 — 1)_% / 7“—dzl = 27C)pr%i(2p — 1) 77

|21|=r <1

Oho(r, z0) = Chp /

|z1]=r

for some non-zero constant Cy,, depending only on k and p. However, 72(2z; — 1)_% ¢ LP(U). This
is a contradiction!

]
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