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Abstract

In this paper, we obtain higher order derivative formula of the solid Cauchy integral
operator on smooth bounded domains in C. The formula allows us to develop some Calderén-
Zygmund type theorem for higher order singular integrals. We also obtain a criterion for the
solvability of the O problem in the flat category.
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1 Introduction

Let Q2 C C be a bounded domain with smooth boundary. Given an integrable complex-valued
function f in €2, consider the operator associated with the Cauchy kernel I'(z) := % as follows.

Tf(z): = — o [ v(¢— 2100 e
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It is well known that 7 is a solution operator to 0. In terms of operator theory, T is a bounded
linear operator sending C*+%(Q) into C*¥*172(Q), 0 < o < 1 and k € Z* U {0}. In Section 2, we
obtain the following explicit higher order derivative formula for 7.

Theorem 1.1. Let f € C**(Q) with 0 < a < 1 and k € Z* U {0}. Then for any z € (,

PHT(f)( / FHT(C — 2)(F(C) — PulC, 2))dT A dC
k42 onf(2) 3 1 - (1)
Qmia’f*“(mgj_g - /maz 20(C — 2)(C — )M (C = 2)"dC |

where Pi(C,2) = 32, 4 <k o M,@*“@“"’f( 2)(¢ = 2)"(C = 2)", the Taylor expansion of f at z of
degree k. In particular, if Q 1s a disk in C, then

PIT(f)(z) = — / I — 2)(F(O) — Pul(C, 2))dC A dC.
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Following the notation in the seminal work of Nijenhuis-Woolf [14], we define for f € C*t2(Q),
the operator

SATH() = g [ OTITC= 2)((G) ~ Pl A .



F2T is well defined in C*T*(Q). In fact, as a consequence of Theorem , we obtain the Holder
estimate of **2T'f in terms of the semi-norm || f||% := Ifa)%{Ha@ija} below. It is worthwhile
i+j=

to point out that, unlike the standard Schauder estimates for the elliptic operators, our estimate
neither requires to shrink the domain nor involves the boundary value.

Corollary 1.2. For any f € C**%(Q), we have *?T f € C*(Q) with
12T flla < CQE)IFIIE,
where C(Q, k) is a constant depending only on Q and k.

We next study the following principal value of the singular integral.

Definition 1.3. For k € ZT U {0} and f € C5°(C),

Pulf) i=pavcgs [ FT(C= QI N =t [ 0'D(C = 2)£(0)dE A e
Cc C\Dc(2)
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if the limit exists.

According to the classical Calderon-Zygmund theorem (see [1], 2, 4, 8, 11 [I8] etc.), P; is a
bounded operator between LP(C) for 1 < p < oco. Making use of the higher order derivative
formula for 7' in Theorem [L.1} we prove the boundedness of Py, from W#?(C) into LP(C) in
Section 3.

Theorem 1.4. Py1(f) exists for f € C(C) with k € ZT U {0}. Furthermore,

[Pt (Dllizre) < Coll Fllwer (o)

where 1 < p < oo and C,, is a constant depending only on p.

Another application is the investigation on the existence of flat solutions to the 0 problem
equipped with flat germs data. Here a germ of a smooth function at 0 is called flat if the derivatives
of its representative at 0 vanish at all levels. Flat smooth functions are one of the central subjects
in the unique continuation property (UCP) problem originated from the work of Carleman [3].
See [7, 15, [16], 20] and references therein. Motivated by a UCP problem, a natural question asks
whether there exists a flat u such that Ju = f in the sense of germs given a flat germ of a (0, 1)
form f. See recent work [9] of Fassina and the second author concerning nonsolvability of general
elliptic operators with real analytic coefficients in the flat category. In Section 4, the following
criterion for the existence of local flat solutions is obtained.

Theorem 1.5. Let f be a flat germ at the origin C. The following two statements are equivalent:
1) The Cauchy-Riemann equation Ou = fdz has a flat solution at the origin in the sense of
germs.
2) There exists some neighborhood U C C of the origin such that

> (5 [ Lacnac) ®

n=0

15 holomorphic near the origin.



Since f is flat in Theorem , the expression in is well defined. The criterion can be used to
construct examples where Ou = f is solvable in the flat category. More interestingly, we are able
to construct in Section 5 a family of smooth examples with no flat local solutions in C",n > 1.
We should mention that one can get nonsolvable examples in the flat category applying Borel’s
theorem as well (see Remark [p.6h)). However, our construction allows to investigate certain
behavior of the minimal solutions to the d problem in terms of Hérmander [12]. Recall that
a minimal solution is the unique solution to O that is orthogonal to the space of holomorphic
functions with respect to the weighted L? norms. Given two smoothly bounded pseudoconvex
domains Q; C Q, in C", a plurisubharmonic weight function ¢ and a 0 closed (0,1) form f on €,
let u; and us be the corresponding minimal solutions to Ou = flo, on £ and Ou = f on )y with
respect to L2(Q,e7?|q,) and L?(Qy, e ?) norms. It is generally understood that u; is not simply
the restriction of us on 2, yet such examples were rarely seen in the literature. Let B, be the
ball centered at 0 with radius » > 0 in C"*,n > 1. We provide a family of examples in Section 6
as follows.

Theorem 1.6. There exist a family of smooth O-closed (0,1) form f on By, such that for any given
bounded plurisubharmonic weight function ¢ and any positive decreasing sequence ra(< 1) — 0,
the minimal solution u, to du = f|p, on B, with respect to L*(B,,,e ?|p, ) is not ui|p,, .

On the other hand, in comparison to Theorem [1.6] we show in Example (see Blocki [3]
when n = 1) that there exists a smooth J-closed (0,1) form f on Bp, such that for any bounded
and radially symmetric plurisubharmonic weight ¢ on B and r < R, the minimal solution wu,
to Ou = f|p, on B, with respect to L?(B,,e"?|p ) is always ug|p . Namely, the restriction of a
minimal solution on subdomains could still be minimal in some special cases.

Notation: Throughout the rest of the paper, unless otherwise indicated, 0 < a < 1, k €
Z7U{0}, 1 < p < oo. Given u = (pu1, j12) with both entries nonnegative integers, write z/# := z+#17Z#2
for z € C.

2 Higher order derivative formula of the Cauchy operator

2.1 First order derivative formula

For any f € C*(Q2), denote its Holder norm by

17l = sup I+ Hal).

where

H,[f] :=sup {_|f(|z)_—;‘(az ) 2,7 € Q} .
Letting

S9() = g | TC= 200z 0

The following formulas and estimates are well known concerning the operators 7', S and 2T'f.

Lemma 2.1. [13] If f € CY(Q), then TOf = f — Sf on Q.



Lemma 2.2. [17, [21] If f € C*(Q), then *Tf € C*(Q) and Tf € C*T*(Q), with

oTS(:) T2 - 52 [ 1 -2
aTI(=) = 1(2).

on ). Moreover,
Ho['Tf] < C(Q, a)Ha[f].

For convenience of the reader, we provide a different proof of the formula in Lemma [2.2| along
the line of [10, [I7]. The proof will be generalized to derive the higher order derivative formula for
T in the subsequent subsection.

Proof of Lemma[2.2} Let n € C'(R) such that p=0fort <1,n=1fort>2and 0 <7 <2
for 1 <t < 2. For each z € €2, define for ¢ > 0 small enough that

we(z) :

_ -t L(¢— 2)n(¢, 2) f(OdC NdC, (¢, 2) = 77(|C — ZI)

21 Jq €

Then we have w, — T f pointwisely in 2 and

Ouwe(z) :2_71@' /Q 9. (0:(¢, 2)L(¢ = 2)) f(¢)d¢ A dg
:2—_731, / 0. (n(¢, 2)T(C — 2)) (F(C) = f(2)) dC A dC — % / 6, (¢ AT(C — ) dE AL

:Z[1—|—12

in Q. Consequently, I; converges uniformly in compact subsets of C to 2T'f(z) as € — 0 for z € €.
By Stokes’ theorem,

=28 [oocarc-anacnac =22 [ picare-ai -2 [ -2
in 2. Therefore,
_ f(z) .
OTf(z) =>Tf(z) — - /m ['(¢ — 2)d¢ in Q.

The first equation of is proved.

For OT'f, we similarly compute
_ 1 [ _ _ _
0ue) =5 [ 306 T = ) (10 = FNaC nde = 2o ( [ g aric - g nac)

= I+ I.
By definition of 1. and holomorphy of I" away from 0, /] can be rewritten as
n=_ B, (1(¢, 2) D¢ — 2) (F(0) — () dT A dc.

270 Je<ic—z|<2e, ce



Since

<L /| 2 (¢ = 2| 1£(Q) — F()AE A de

27 Jic—s<2e, ce €

sHam( : )(2e>“+1),

2r \e(a+1

I{ converges uniformly to 0 on Q as €— 0
On the other hand, I, — — (fQ — 2)dC A dC) on 2. We further claim that

) </Q (¢ — 2)dC A dg) = —27i.

Indeed, letting f(z) = z in Lemma [2.1] the claim follows from

—1 1 Cd¢
5 QF(C—z)dC/\dC— +5- N

and the holomorphy of faﬂ $9¢ with respect to z € . Hence I — f(z) on Q. Altogether, we
have dw, — f(z) on Q. The second equation of (3)) is thus proved. R

2.2 Higher order derivative formula

We first recall a classical result in [21] concerning the Holder estimates of the operator S as follows.

Theorem 2.3. [Z1] Let 90 € CHTr and f e CK(0Q). Then S(f) € Ck(Q) and ||Sf]|% <
M€, a, k)||f||,(f) for some constant M dependent only on €, a and k.

For simplicity of notations, given pu = (p1, u2) and k, we define for z € Q,

Tolk, ) (2) = —— R ! /8 =2

2mi 270 Joq (€ — 2)k+1
where (¢ — 2)* = (¢ — 2)" (¢ — 2)*2. We have the following lemma.

Lemma 2.4. The following statements hold for Zo(k, p)(z).
#2+1

a) IQ(k,N)( ) 7(k;32(,(j;.1]; s fag (Cz)k+2 1 d(

b) Za(k, 1) (2) € C*(Q) and | Zo(k, u)( Na < M(Q, k, 1) where M (S, k, ) is a constant depending
only on QU k and p.

c) When Q = D, an arbitrary disk in C, then Zp(k,p)(z) =0 for k — uy >0, ps > 0.

Proof of Lemma : Let € > 0 be small enough and D.(z) be the disk centered at z € C with



radius €. Applying Stokes’ theorem gives

Tk, 1)(2) == /8 D

211 Jaq (C — z)k+1 B
_ K (C—2p 2\, K C=2p=
27 Jawn.o “ ((C — 2kt dg) " 2m /aDe(Z) C—aprm®
_k!(,ul —k— 1) ( (C — Z)#2+1 > k! (m)m B
= d ("< g Rk d
27i(pg + 1) /Q\De(z) ¢ (C — z)kt2-—m )+ o /E)Dé(z) —(C ) ¢

R W e o

T 27i(pg + 1) (/aQ (¢ — z)ft2m - /BDe(z) (C—Z)—k“*’“dc)
: .
211 Jop,(z) (¢ = 2)FH1m .

Using the polar coordinates, a direct computation gives

— 2
/ (€ — :3};2 g Z'Euzﬂnk/ ei0(—n2—k=2+p1) g
oD () (C — z)kti=m 0

_[o iy — k=2 £ 0;
—omietztm—k  _y — k=24 = 0.

Similarly,

(¢ — z)r=tt dc = 0, —pg — k=24 #0;
oD, (z) (C — 2)Ft27m —2mietHnTh Ly — k=24 g = 0.
Note that ps + 1 — k > 0 in the case when —us — k — 2 4+ p; = 0. Letting € — 0, we have the

above two expressions go to 0 and thus a) is proved. -
For b), if K+ 2 — g < 0, then Zo(k, n)(z) € C’OO(Q) automatically. When k +2 — iy > 0,

Z)#z-‘rl

we have faﬂ mdg = malﬁ-l—m faﬂ z)ra+l =22 1 Since (( _ Z)Mz-i—l c ka-i—l—/u,oa(aQ)7

Tao(k, 1) (z) € C*(Q) by Theorem
For c), we assume D = Dg(0) by translation if necessary. Then

(C—2)r=t! L (pp + 1) pp+1—j ¢
/8D(§_Zk+2 “1 4 = Z M2+1—J)Z /EJD(C_Z)k+2_“1dC
u2+1

_ Z (p2 + 1)! 2u2+1—j/ B> (.
Wp2 +1—j)! op (¢ — z)F2-m(i

Each term in the sum of the above expression is 0 by the Residue theorem. Indeed, for 7 =
07 ceey 2 + 17

1 1
— -
2mi /ap C—aprmg™
_ | s (et ) + Bes (apbmgn0) . 521

RQS m, Z) s j =0

1 dk+1—p 1 (_1)k+1*lt1+j di—1 1 .
— (k+1—p1)! dzk+1w11 (z_a) + G-1)! dzi—1 (zk+27“1) ) J=1
0, j=0

=0.



Proof of Theorem [I.1; We prove the theorem by induction on k. The k = 0 case is Lemma
2.2 Assuming (1)) for &, we shall show that for f € C¥*1 and 2 € Q,

O (f)(2) = — 5 / OFI1(¢ — Poy1(¢, 2))dC A dC
k3 (4)
=Y o ( > ,(Z)Iau L u)(Z)> -
i=2 PENEE
Let € > 0 be small enough and consider
wils) == 5 [ O = 26 2)0) = PulC. 2 A g
k+2
Sy [ S PG LG )
=2 =2 "
for z € . When € — 0,
wl(2) > 0TI + om0k 10 ([ 1= nac)| )
Q

for z € ©2. On the other hand,

ui(z) =5 [ 0 (5T = 2)n(6,2)) (F10) = PulC. )6 Adg

o [ (PET(C = 2)al€,2)) 0:(£(C) = Pel, 2))dC A d
k+2 }

-9 [Z oh+2—i ( Z 0 ;1:'(2)19(] B 2;#)(»’«’))] (6)
=2 lul=5—2 ’

k+2 e
=:L+L—) o ( > ‘ i,( )Ia(j2,u)(z)) :

J=2 |pl=j—2

We shall show as € — 0,

L4 — % / OHT(C — 2)(F(C) = Pena(C, 2))dC A dC

0"f(2) , (7)

— k+1

M;H o Talk+1,1)(2)

pointwisely in €2. Then @ will imply that
Ow(z ~ 5 / oM (¢ — Po1 (¢, 2))dC A dC

k3 (8)
_Y g ( 3 é’“i ,(Z>zg<j2,u><z>)

J=2 lul=j—2 '

7



in © and hence follows from and .
First consider 1.

—ﬁ /Q 0c (IT(C = 2)el, 2)) (F(Q) = Prra(C, 2))dC A dg
* QL > wfgac (OFFIT(C — 2)me(¢, 2)) (€ — 2)"dC A dC.

1 !
PR

Using Stokes’ theorem to the second term of the above equation, one obtains that

" 2mi / %% ak+1r 2)ne(C, )) (f(¢) = Peya(¢, 2))dC A dC

0"f(z)

o !
pi=krr

om0 2D [ (0r(c - 2l 2)) 0cc — 2 e

|
P

/ OHIT(C — 2nlC, 2)(C — 2)dE
o0

On the other hand,

L= 5 [ (0T = 2)(C, 2)) . Pu(C, 2)dC A dC.
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Therefore,
it =g [ 0 (ET(C — G 2) (F(O) = PelG,2)dC A g
Q
_ Lo 2T geir( ¢, 2)(C - 2

21 !
pi=krr M o0

= L[ (o - e, ) ( > A fz)aacz)”azpk(c,@) 4 A dC

21 Jo Pt
= . [3 + I4 + I5.

When € — 0, we have for z € ),
A / OPL(C = 2)(F(C) = Praa(C, 2))dC A d;

p _ (9)
ho-on 3 P avrg-ac-ra-- Y HEner 1)

w—ks1  H o9 ul=k+1

For Iy, since Py(C,2) = Y1, D=t iﬁ“f(z)(C — z)*, we have

0.7 (¢ z) = 3 WINCZ 2l  n DTIOC )

<k <k

,u



Notice that

AO* f(2)(C — 2)* O f(2)0:(C — 2)* AO* f(2)(C — 2)*
3 f(2)(¢ ):Z f(2)0c(¢ )+Z f(2)(€ —2)

’

i<k ! =1 ! i<kt !
O f(2)0.(¢C — z)* Q0" f(2)(C — 2)*

> ! == 2 ! -

l<k H l<ho1 "

Therefore,

> 8"f'(z)a<<< — ) = 0.P(C 2) =

PEEE

which implies that I5 = 0. Combining and @, we complete the induction. The second part
of the theorem is a consequence of Lemma [2.4¢). W

Proof of Corollary Since f € C*(Q), Tf € C*H(Q) and O* T f € C%(Q). Together
with Lemma [2.4) and (1), we have ¥ 2Tf(z) € C*(Q) and |[F2Tf(2)|la < C(Q,k, )| f(2)]|%
where C(Q, k, i) is a constant depending on €, k and .l

3 Higher order Calderén-Zygmund type Theorem

In this section, we restrict the attention on €2 = D, an arbitrary disk in C. We first prove the
following induction formula.

Lemma 3.1. Let f € C*t*(D), then for z € D,
'”QT(f)( ) =MT(0f)(2) = Sk ()(2), (10)
where Sk+1(.f)<z = Qm faD (C k+1 dC [ff € Coo( ): Sk-i—l(f)(z) =0.
Proof of Lemma [3.1} Using Stokes theorem we have for z € D,
k 1)!
BT (f) () =t / PO e nac

f(Q) = Pi(¢, 2)
_113% 27Ti /D\De(z) (¢ —2)h

D\Dc(z)

d A d¢

e—0 271 (C - Z)kJrl
k! f(Q) = Pu(C,2) = . K f(Q) = Pu(¢,2) =
Tomi Jp (oot T Mo op.(z (¢ —2)! “

27i (¢ — z)kt1

="T(0f)(2) 24,

where the last identity is because ‘ /. 8D.(2) w—%dg ‘ < Ce* — 0. Furthermore, by Lemma

(€
2.4c),
| _ k — _
i Pi(¢, 2 i Qk_zz Lo gz (¢ —2)" 7

2mi Jop (C—Zkﬂ =0 M ap (¢ —2)M*!
k
1
ZZZ; 2)Ip(k,p)(2) =0
1=0 |u|=l

9



in . The lemma is thus proved. R
Proof of Theorem [1.4 Without loss of generality, assume suppf C D with the radius R of D

to be chosen sufficiently large later. For z € D,
Pt (f)(z) =5— lim O"ID(C — 2) F(Q)dC A dC

1 OIT(C = 2) (F(C) = PolC, 2)) dC A dC

270 <=0 Jp\D.(2)

1 _
+ — lim OMIT (¢ — 2)Pe(C, 2)dC A dC
277 e—=0 D\D.(z)

R D(f)(2) + lim /D o P  RC  dc

e—0 271

Let J(f) := fD\DE(Z) OFHID (¢ —2) Pe(C, 2)d¢ Ad¢. We show J(f) = 0 in D by letting e small enough,
which by the definition of P, suffices to show that

/D\D()#dé/\dg:om D\ D(z) for 0<j <k

Indeed,
& | ()
——d d( = —— 0| ———=d
/D\De (¢ — z)k+2 CAde J+1Jp\p.(2) ((C_Z>k+2 ¢
B 1 C_j+1 B §j+1 >
TS </D (PR /m) -t

o | s
j+1 </8D (¢~ Z)HQC”ldC op. (M2 dC)

=0.
Here in the second to the last identity, the first term is 0 due to the Residue theorem; the second

term is 0 since [, <k+2dC = [op, CHQHdC =0 forany 0 < ¢ < k+ 1,k > 0 by the Residue
theorem again.
Hence we have shown from that

~Prn(f) =2T(f)
in D. Combining it with , one inductively infers that
~Pesi(f) =2 T(f)(2) =" TOf)(2) = - = T(9"f)(2),
for f € C§5°(D). Applying Calderon-Zygmund theorem, we obtain
1Prrr (Ol oipy = IPTO" ooy = IPLO" Pl zowy < CopllO fllaoy < Coll oy (12)

On the other hand, let x be the step function such that y = 0 on Dsg, and 1 elsewhere. Then
by Minkowski inequality,

O*T(C — 2)Pdz AN d ;d_ d
LP(CF/DR”“)’(/C\DM‘ (= 2)Pdz A ) Ende

1 P
= /D 7<) (/C\Dm (G d’z) A 1 de;

10
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which converges to 0 as R — +00. By selecting R large enough, Hx(z) fDQR OFT (¢ — 2) £(O)dC A d(HLP(C)

can be bounded by C'[| f||w#»(c) for some universal constant C. Therefore,

1Pt (F)llir I P (Dl + 101 = X)) Pesr (Dl
H [ 90— =)0 g

+ [ Prr1 (Nl o (Do)
Lr(C)

Applying with D replaced by Dsg, we conclude that

IPrri(Hllerc) < Collfllwesey

The operator Py extends as a bounded operator from W#?(C) into LP(C) since C§°(C) is dense
in W*?(C). The proof of the theorem is complete. B

4 A criterion for the existence of flat solutions

We first recall some classical UCP results for the Laplacian A and the Cauchy-Riemann operator
0 in real and complex domains:

(1) Let V € L*(D) and u : D C R*> — RY be smooth. If |[Au| < V|vul, then UCP holds, i.e.,
whenever u is flat at 0, then u =0 in D.

(2) Let V € L*(D) and v : D € C — CM be smooth. If |dv| < V|v|, then UCP holds, i.e.,
whenever v is flat at 0, then v =0 in D.

Properties (1) was proved by Chanillo-Sawyer [6]. An interesting question is to see whether
the two statements (1) and (2) are themselves equivalent. It is not hard to see that (2) implies
(1). Indeed, assume u(z,y) = (ui (2, y), ..., upr(7,y)) € C"’O(D,]RM) is flat at 0 and satisfy |Au| <
V|vu|. Write z =z +1iy, § = 1(2 — zaay) 0=32+iZ ) then A = 400. Consider

v(z) = (11(2), ..., vm(2)) = (Qus(z,y), ..., Qup(z,y)).

Hence v(z) is flat at 0. Moreover, since |Au| = 4|0v| and |v(z)| = ,/ijvil |Ou;|?
= 1|Vu(z,y)|, we have [dv| < 1V |v|. If (2) holds, then v = 0, which gives u =0 in D.

However, it is not clear to us that (1) necessarily implies (2). The obstruction lies in the
existence of flat solutions to Cauchy-Riemann equation. Indeed, assume v(z) = (v1(2), ..., var(2))
is flat at 0 and satisfies [Ov| < V|v|. Let u(z) = (u1(2),...,up(2)) be a smooth solution to the
equation Ou = v. Write u;(2) = tgj_1(x,y) + itgj(x,y) with dy;_1 and @y; both real-valued
functions for j = 1, ..., M and denote @(z,y) = (4, ..., U2pr). Then |Aa| = 4|0v| and

M
> vl = ZW ligj1 + illa;)|” <\/—|VU($ Y-
=1

7=1

Consequently, |0v| < V|v| gives |Ad| < 2v/2V|Vil. If one would be able to find a flat solution u
to Ou = v locally, then applying (1) gives & = 0 and hence v = 0. This steers us to study the flat
solutions of the Cauchy-Riemann equation.

Along a slightly different direction, similar questions were raised in the literature to see if there
exists a compactly supported solution to du = f in C" whenever f is a compactly supported

11



O-closed smooth (0,1) form. By a classical result, this is true for n > 2. It fails when n = 1, which
can be argued as follows. Let h be a nontrivial holomorphic function on C. Given any function
f € C§°(C), if there is a compactly supported solution u to Ju = f, then

[ @15 ndc = [ b©)du(©)dC nd¢ =~ [ BhCyutc)dC ndc =0.
C C C
This implies A = 0, a contradiction.

Proof of Theorem Without loss of generality, assume that f is defined on D := D,(0) for
some r > (0. Any smooth solution u to Ou = fdz in D can always be written by

u=Tf+hin D,
where h is some holomorphic function on D. Hence for any integers a > 0 and 8 > 0, we have

Ofu(z) = 03T f(2) + 03h(z), z € D;

0J0%u(2) = 070 T f(2) = 9] 7102 f(2), z € D.
Restricting z at 0 in the above expressions and applying the flatness of f, one gets
OZu(0) = 02T f(0) + 921 (0);
9°79%u(0) = 0.

By Theorem [I.1] and the flatness of f again, u is flat if and only if

0°h(0) = —0°T(f)(0) = 2 /D I 42 .

" omi Catl

Since h(z) is holomorphic on D, the above expression is furthermore equivalent to

= 1 f(C) ~ e}
2 (30 [, ot ac)

is holomorphic near 0. The proof of the theorem is complete. B

Remark 4.1. The flat solution in Theoremﬁ is unique. Indeed, if u; and uy are two different flat
solutions to du(z) = f(z) for z € Q, then 0(u; —ug) = 0, which means that u; —uy is holomorphic
on () and flat at the origin. Thus u; —us = 0, 2z € € by the uniqueness of holomorphic functions.

Using Theorem [I.5] one can easily construct nontrivial examples of Cauchy-Riemann equations
which have flat solutions at the origin as follows.

Theorem 4.2. Let p € C®°(R,C) be flat at 0 and g be harmonic in D. Then du(z) = f(z)dz :=
o(|z])g(2)dz, z € D has a flat solution locally. In particular if g is anti-holomorphic in D, then

2_711‘ 15 é(_c; d¢ A dC is the flat solution to Ou(z) = f(z)dz in D locally.

Proof of Theorem : By assumption, f(z) is flat at 0. Write the harmonic function g as

o0

g(z) = Z(anz" +b,2"), z € D(= D,(0)). (13)

n=0
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We have

p(l¢)yg
%/ Cotl d¢ A C_ /D <|<o|¢11( )dCAdC

_ pICh > nz anC” (1) 3 buC”
T omi / Ca+10 d¢ N dC + =— 5 /D CO‘H d¢ A d¢

zmz v ﬂ dC A d¢+ 5 Zb /7 Cﬂfndmdc
:;nzgan/o d9/0 o(r)yreenmagr 4 — Zb/ dQ/ e gi(-n—a=1) g,.

1 oo

27 e 2
_ i(n—a—1) n—o i(—m—a—1) —n—a
==Y a, e d@/ o(r)r dr—i—— E bn/ e d@/ o(r)r dr
d n=0 /0' 0 d n=0 0 0

R
:2aa+1/ o(r)rdr = Kag1,
0

where K = 2 fo r)rdr is a constant. Therefore,

> (27” étrgﬂ dC A dg) =K ap12"
n=0 n=0

which is holomorphic in D according to (13). Thus du(z) = f(2)dz, » € D has a flat solution
locally by Theorem [1.5

When g(z) = Y07 b,2", then 5= [ Cfa(ﬁld( A d¢ = 0 for all nonnegative integers oe. Hence the
holomorphic function h = 0 in the proof of Theorem [I.5]in order that u is flat at 0. W

It is worth pointing out that in the proof of Theorem [4.2] the flatness of ¢ is essential for the
integrability of the mtegral f I 1©) d¢ A d¢ for all nonnegative integers o.

<a+l

5 Examples of non-solvability in the flat category

In this section, we construct a family of germs of smooth O-closed (0,1) forms f,, flat at 0 € C",
such that there are no flat smooth solutions to du = f,, in the sense of germs.

Theorem 5.1. There exists a family of germs of flat O-closed (0,1) forms f,, such that the
Cauchy-Riemann equation Ou = f,, has no flat solution in the sense of germs.

We first give such examples in n = 1. Our construction essentially follows from Coffman-Pan
[7], which in turn was motivated by Rosay [19]. Let s be a real-valued nondecreasing smooth
function on R* such that s =01in [0,1],0<s<1on (1 3) and s =1 on [2,00). Let {r,}3
a decreasing positive sequence such that r; = R and lim,,_,,, 7, = 0. Denote Ar, :=r, — rn+1,
annuli A, := {z € C: rpy1 < |z| < r,} and smooth functions X, = s(%) A, — R. Then
D = (UA,,) u{0}.

Let {p(n)}>2, be an increasing positive integer sequence with p(0) = 0, and {F(n)}>°, a
positive sequence with F(0) = 1. Letting g,(z) = F(n)2zP™, we define the function f : D — C by

gn(2), z € A, for odd n,
f(z) = Xu(2)gn-1(2) + (1 — X, (2))gns1(2), 2z € A, for even n, (14)
0, z=0.
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By construction, the function f is smooth on D\ {0}. Moreover, if the parameters are carefully
chosen as in the following lemma, then f can be made to be smooth and flat at 0.

Lemma 5.2. [7] If (Ar(j;’s% is a bounded sequence and for each integer k > 0,

L p(n+1)—4k
lim F(n+1)(p(n+1))*ry

— 15
Jm B fr)F ° (15)

then f 1s smooth and vanishes to infinite order at the origin.

We denote by S the set of functions f of the form satisfying as well as either one of

the following conditions:

lim "X/ F(n)Ar,r,.1 = oo,
n—oo
n—oo (
(
(

)

lim #/F(n)(Ar, 1)? = oo,

lim */F(n)Ar,_yr, = oo, (16)
)
)

n—oo
Jm YN F(n)(Arps1)? = o0,

lim ”("\)/F(n ATy 179 = 00.

n—0o0

Hence in particular, every element in S is a representatives of a flat germ. The following example
of Rosay [19] gives some f € S.

Example 5.3. [19] Choose R = 1, p(n) =n, r, = 27"t Ar, =27 F(n) = 2""/2, Indeed,

_ F(n+ 1D (p(n+ 1)keR0D=0 0 ont)?/2(y 4 q)k(Q-nt1ynt1-dk
lim = lim = 0;
n—00 (ATn/T'n)k n—00 (2*1)]C
dim /F() (AP = lim 25275 = o

In fact, one can get ample elements in S by choosing r,,, F/(n) and p(n) in the following manner.

Example 5.4. Choose R = 1, and three polynomial functions p,t and ¢ of degree d,, d; and
d, on the variable n respectively, such that all leading coefficients of these three polynomials are
positive, t(1) = 0, d, > d,, d, > d; and d, < d, + d;. Let r, := 27" F(n) := 29", We have

2q(n+1) 1))* 2—t(n) p(n+1)—4k
2 4 1) 21)

n—o00 (2*1)]C - O

since d, < d, + d, and

2t(n+1) _ 2t(n) 2t(n)

_ o9—t(n) _ o—t(n+l) _ —
AT" =2 2 T 9t(n)+t(n+1) = ot(n)+t(n+1) T'nt1

for sufficiently large n. Then

(n) —26(n)
lim "%/ F(n)(Ar,_1)? > lim 29 2 w(m) = 0,

n—oo n—o0

due to the fact that d, > d, and d, > d;. Therefore, this type of functions belong to S as well.
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The proposition below essentially says that the two types of the UCP problems in Section 4
are not equivalent.

Proposition 5.5. For every f € S, there does not exist a flat smooth u such that Ou = fdz near
the origin.

Proof of Proposition To prove du = fdz does not have a flat solution locally, it suf-
fices to show that for any neighborhood U near 0, the radius Ry of convergence for h(z) :=
Yool (ﬁ fU ga(ﬁ)l d¢ A dQ) 2™ is 0 by Theorem . Since the convergence of h is independent of

the choice of U, we choose U = D and denote Ry by Ry. First notice that

°n0) 1 [ f(Q) - 1 f(©) =
- _%/DcwdgAdg_;%/An carndC A dC. (17)

When n is odd,

271'2. An Ca Ca
1 [27 ™ R p(n) pip(n)é
——/ deo (n)r , j rdr
T Jo—o S roeta ( )
27 Tn 18
:F<n) / ei(p(n)—a)ede/ Tp(n)_oH_ld?”
™ 0=0 Tn+1
o, p(n) # o
F(n)(r; = rpp), pn) =«
When n is even,
]_ — 1 Xn n— 1 - Xn n -
SRy GP Ry g CVSTGEES OISO
2mi Ja, C 210 J 4, &
27 Tn
:1 / do Xn(rew)F(n o 1)rp(n—l)—oH-lei(p(n—l)—oz)O
m 0 Tn4+1
+ (1 = X, (re)) F(n 4 1)pprt-otleipnr)=a) g,
1 2 ) N Tn P — Toi N
=— el Pn=1=a)0 jg s(——2)F(n — 1)ppn-b-atlgy
T Jo _— Ar,
.1 / " (=) gp / B (1= s("— ) F(n 4 1)p?nD ety
T Jo _— Ar,
2/ (1-— s(m))F(n + rdr, p(n+1)=q,
_— Ar,,
= =T
2 —— )F(n—1)rd —-1)=
| R b =0,
L0, otherwise.
(2K F(n+ 1)(Ar,)? + 2K, F (n 4+ 1) 741 Ary, p(n—1) =q;
= (1 =2K)F(n—1)(Ar,)? + (2 = 2K3)F(n — Drp1Ar,, p(n+1) = a;
L0, otherwise.
(19)
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Here 0 < K := fo (1—s(t)tdt < 3 and 0 < Ky := fl(l — s(t))dt < 1 are constants.
Now we consider the subsequence a(n) :=p(n) — 1 for all odd n € N*. By and (19)),

92" h(0)
a(n)! 2772 / Ca ")“ AC A dC

f©) 1 f(©)
27”/ L ) g ndc+ - / At NG+ 5 @/ | Ghsadadc 20

>2F (n)Ar, i1 + 2K F(n)(Arp_1)? + 2Ky F (n)r, Ar,_y
+ (1 — 2K1)F(n)(Arn+1)2 —I— (2 — 2K2>F(7’L)’T‘n+2ATn+1.

Since each term in the above equation is positive, from the Cauchy-Hadamard Formula and ,
the radius Ry of convergence for h satisfies
1 . 0%h(0)

L 0MMR0)
Rg =l sup(== )% > lim (=2 )0 = lim (< 5

) = 00, (21)

which gives rise to Ry = 0. The proof of the proposition is complete. B

Proof of Theorem [5.1} Without loss of generalization, we assume n = 2. Let f € S and write
f(2) = f(21)dz. Then f is flat. In particular, Of = 0. Let u(z;) := T'f(z1), then du(z) = f(21)
and u(z;) is a solution to du = f. Hence any solution to du = f satisfies

u(z) = u(z1) + ¢(2),
where ¢ is a holomorphic function, say, on a ball B C C2.
Assume by contradiction that there exists a flat solution u at the origin, then for any a >

0,58 >0,
0= 02u(0,0) = 92u(0) + 9% ¢(0,0), 0= 0202 u(0,0) =920 $(0,0).

Therefore, 02 ¢(0,0) = —02 w(0) = 92 T(f)(0) and 82 92 $(0,0) = 0. Since f € S, consider the

subsequence a( ) p(n) — 1 with odd integers n as we did in the proof of Theorem [5.5] Then

li_)m a(n\)/ —GZ(R;CZ(”TE;:)(O) = 00. (22)

Hence the radius of convergence for the holomorphic function ¢(z;,0) = Y o, 821(2( )zl is 0,

which is impossible. The proof is complete. B

Remark 5.6. a). One can also make use of Borel’s theorem to construct nonsolvable examples
to 0 in the flat category. In fact, let @ be a smooth function near 0 whose Taylor expansion is
equal to, say, Y~ nlz" by Borel’s theorem. It is easy to verify that f := Ot is flat at 0. Assume
there exists a flat solution u solving du = f near 0. Then 9(@ — u) = 0 and thus there exists a
holomorphic function h near 0 such that A~ = @ — u. However, by the flatness of u, this would
mean that the jets of h match with those of @ at all levels. Contradiction!

b). Bo-Yong Chen suggested a different construction of some function f vanishing in a neighbor-
hood of the origin such that Ou = f has no flat solution. Let y be a compactly supported smooth
cut-off function satisfying x = 1 in a neighborhood B4 of 0 and f be an unbounded holomorphic
function on By (DD suppx). Consider du = fOx := v in By. Then v = 0 in By and dv = 0 in
By. If there is a flat solution u € C*°(B;) to du = v, then u = 0 in B4 since u is holomorphic
there. It follows that h := fx — u is holomorphic in B; and in particular, h = f on B4, which
implies f has a holomorphic extension h to B;. This is a contradiction! We note this example
does not serve our purpose since v = 0 in the sense of germs.
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6 Minimal solutions to the Cauchy-Riemann equations

In this section, we shall make use of the construction in Proposition to analyze the behavior
of the restriction on subdomains of a minimal solution to 0 with respect to a weight.

Proof of Theorem We show any f € S will suffice the theorem. Indeed, let f € S
and assume there exist a bounded plurisubharmonic weight function ¢ and a positive decreasing
sequence t,(< 1) — 0, such that u, := u;|p,, is the minimal smooth solution to du = f(z1)dz|5,,
on By, with respect to ¢|p, . By Hérmander’s classical L* theory and the boundedness of ¢, we
have for each n > 1,

J

Here and in what follows, C' represents a positive constant independent of n, which may be different
at different places. Since f € S,

J

Jug [2dV < c/

up, |*e~%dV < Cti/
B

By,

wm%meUWWWW (23)

B

tn tn tn

2T
feopav < [ [ 1pePraras
0 r<tpn
<C Z F(k;)2/ P2+ g 4 o Z F(k— 1)2/ 2p=1)+1 g,

k odd, rp<tn, Tk+1 k even, r,<t, Tk+1

Tk
+C Z F(k+1)? / P21+ g,

k even, rp<tn, Tk+1

Tk Tk+1
<C > F(ky / PPt g C N F(k)? / 2B+ gy

k odd, rp<tn Tk+1 k odd, ri41<tn Tk+2

Tk—1
+C Y F(k)? / I ARRY: 8

k odd, rip_1<tn

tn

<C S EWEIP O YRR
Tk;<tn Tk+1<tn
+C Z rk 1
Tk— 1<tn

(24)

For each N > 0, let n be large enough so that p(k) > N for all k with r,1 < ¢,. By (15), we
obtain that

_ cty
F(k)ri(k) < F(k)rifl) Nl < (l:) when 7 < t,;
YL

F(E)rP® < F(k)rpB)=Np.N L Ot h <t 25

()k+1 ()k1 k+1—p(k) when 7y < tp; ( )

p(k) sty-N N _ Ot
F(k)r,] < F(k)rp ey < 0 when 7,1 < t,.
D

Combining , , and the fact that p(k) > k, we have thus shown that for each N > 0,

/ Juy [2dV < CtY
B

tn
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for large n. Since u; is smooth near 0, u; is flat at 0. This would mean that Ju = f(z1)dz; with
f € S has a flat solution, which contradicts with the conclusion in Theorem [5.1 B

In comparison to Theorem [1.6] Blocki [3] constructed an example where the restriction of a
minimal solution of the Cauchy-Riemman equation onto some subdomains can be minimal. The
example can be generalized in C" as follows.

Example 6.1. Let f; and g be holomorphic in Bg such that ¢(0) = 0 and % = f; in Bg. Then

given any bounded and radially symmetric plurisubharmonic weight ¢ on Bg, u(z) = g(z)|s, is
the minimal solution to du(z) = f;(2)dz;|s, in B, in L*(B,,e ?|p,) norm for every r < R.

Proof of Example 6.1} Since u(z) = g(z)|s, is a solution to du(z) = f;(z)dz,|p,., we only

need to show g(z)|p, is minimal in L?(B,, e~ ?|p,) norm, which is equivalent to showing given any
nonnegative multi-index o # 0, r < R, z¢ is orthogonal to 27 for all nonnegative multi-index v in
L*(B,, e ?|p,) norm. This is obvious due to the following observation. Without loss of generality,
we assume n = 2.

<2a7z’y>L2(Br,5_¢|Br) :/ 20276—¢(|Z\)dv

T

/ Z?Hr’yl / 2§2+72eid’('Z‘)szngdzldzl
|z1]<r [z2[<y/1—|21]2
r 171% 2 2
1 1 — 2192 i(—ap — i(—ag —
:/ T,?l+'¥1+ / T2012+’Y2+ e ¢(\/r1+r2)dr2drl / ez( a1—1)601 del / ez( o 72)92d92
0 0 0 0

2T 2
— . C’(r,a,’y)/ ei(—al—%)éﬁdgl/ ei(—az—vz)%d‘%
0 0

for some positive smooth function C(r,«,~y). Notice the last expression is nonzero only when
aq + v and ap + ¥ are both zero, which is impossible since oy +ap >0 and v; > 0,5 =1,2. B
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