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Abstract

The purpose of this paper is to study Holder estimates for the d problem for (p, q)
forms on products of general planar domains. As indicated by an example of Stein
and Kerzman, solutions to the d problem on product domains in C*(n > 2) does
not gain regularity in Holder spaces. Making use of an integral representation of
Nijenhuis and Woolf, we show that given a d-closed (p, q) form with C*® components,
0<p<nl<qg<n, keZtU{0},0 <a <1, thereis a C** solution to the d
problem on product domains for any 0 < o’ < a with the desired Holder estimate.

1 Introduction and the main theorems

The existence and regularity of the Cauchy-Riemann equations have been thoroughly studied
in literature along the line of Hormander’s L? theory. An alternative approach is to express
solutions in integral representations. Through a series of work including Grauert-Lieb [10],
Henkin [13], Kerzman [16], Henkin-Romanov [15] and Diederich-Fischer-Fornaess [5], sup-
norm and Holder estimates of solutions were established for smooth bounded domains which
are strongly pseudoconvex or convex of finite type. Higher order regularity of solutions on
sufficiently smooth bounded strongly pseudoconvex or strongly C-linearly convex domains
were studied by Siu [22], Lieb-Range [17], and more recently Gong [11] and Gong-Lanzani
[12] et al.

Let 2 C C",n > 2 be a product of bounded planer domains. Namely, 2 = Dy x---x D,,,
where each D; C C,j = 1,...,n, is a bounded domain in C such that 0D; consists of a
finite number of rectifiable Jordan curves which do not intersect one another. Then € is a
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bounded pseudoconvex domain (but not convex in general) with at most Lipschitz boundary.
A solution operator to d was first constructed in a seminal work [19] of Nijenhuis and Woolf
in an sterated Holder space over polydiscs. The supnorm estimate for C! data up to the
boundary was proved by Henkin [14] on the bidisc. Recently, Chen-McNeal [3] studied a type
of LP-Sobolev estimates for (0,1) forms on general product domains in C?. They further
showed that Henkin’s solution operator is not bounded in LP;1 < p < 2. For product
domains of arbitrary dimensions, Fassina-Pan [9] constructed a solution operator for (0, 1)
forms through one-dimensional method, from which they obtained L> estimates for smooth
data. See also Bertrams [1], Ehsani [8], Chakrabarti-Shaw [2], Dong-Li-Treuer [6] and the
references therein for investigation of the canonical solutions on product domains.

We should point out that unlike strictly pseudoconvex smooth domains, the 0 problem
on product domains does not gain regularity. Indeed, motivated by an example of Stein and
Kerzman [16], one can construct examples to show that the d problem on product domains
in general has no gain of regularity in the (standard) Holder spaces. The examples are
verified at the end of Section 5. Therefore, a natural question is, given a Holder data on
product domains, whether there exists a solution to the 0 equation in the same Hélder class.
It is our goal to generalize the result of [19] and study the classical Holder estimate of a
solution operator for (p, q) forms on general product domains.

Let C**(Q) be the (standard) Hélder space, k € ZT U {0}, 0 < a < 1, and (p, ¢) form
is said to be in C’(kI;f’;)(Q), 0<p<n,1<q<n,if all its components are in C**(Q). (See
Section 2 for the definition.) Given a function f € C*%(Q), define for 2z € Q, the solid and
boundary Cauchy type integrals below, respectively.

1 f(zla"'azj—ijvzj—i-la---azn) =
T} = - dC: A\ dC.
i) 2m /Dj G — % A

1 F(z1ye oy 2i21, Gy Ziaty -5 2n)
S. :: _ ) b ] b J7 ] ) ) d -
if(2) 2mi Jop, G — 2 G

(1)

The boundedness of these operators was established by Nijenhuis and Woolf in [19] on
polydiscs with respect to an iterated Holder norm, which is stronger than the (standard)
Hoélder norm. See Section 3 for a revisit of the related work in [19]. Thus the resulting
iterated Holder spaces are subspaces of the corresponding (standard) Holder spaces. Since
their approach relies also largely on rich symmetry of polydiscs, the method no longer works
either for the standard Holder spaces or over general product domains. In this paper,
we prove the Holder regularity for 7; and S; in the (standard) Holder spaces on general
product domains. Indeed, as demonstrated by examples in Section 4 in contrast to their one
dimensional counterparts on planar domains, the following Holder estimates for 7 and .S;
turn out to be optimal.



Theorem 1.1. a). T} is a bounded linear operator sending C**(Q) into C**(Q), k €

ZtU{0}, 0 < a < 1. Namely, there exists some constant C' dependent only on Q, k and «,
such that for any f € C**(Q),

1T fllcro) < Cllf ko) (2)

b). S; is a bounded linear operator sending C**(Q) into C*'(Q), k € Z+ U{0}, 0 < o/ <
a < 1. Namely, there exists some C dependent only on Q, k,« and o, such that for any
f € Che(Q),

155 fllerar @) < Cllfllore @) (3)

As an application of the boundedness of these operators in Hélder spaces, an estimate
of a 0 solution in Holder spaces is obtained with a loss of regularity that can be made
arbitrarily small as follows.

Theorem 1.2. Let D; C C, j = 1,...,n, be bounded domains with C*™* boundary,
n>2keZ"U{0},0<a <1, andlet Q:= Dy x---x D,. Assume that f € C’gf;)(Q) is a

O-closed (p,q) form on Q, 0 < p <n,1 < q<n. There exists a solution u € C(kz;‘;:l)(Q) to
du = f such that for any 0 < o' < a, [[ullgra gy < Cllflcra(q), where C depends only on

Q,k,a and . Here when k = 0, all equations are understood in the sense of distributions.

It is desirable to know whether there exists a solution operator that can achieve the same
regularity as that of the data in Holder spaces. However, we do not have answers at this
point. We also mention that another type of an iterated Holder space was studied in [4]
where estimates of the solutions depend on higher order derivatives of the data. See Remark
3.3 d) for a brief comparison of these spaces and the corresponding estimates.

For smooth data up to the boundary of the product domains, the existence of smooth
solutions for (p,1) forms has already been obtained in [2] with Sobolev estimates. As a
direct consequence of Theorem 1.2, we obtain the following corollary for (p, ¢) forms smooth
up to the boundary in terms of Hélder estimates.

Corollary 1.3. Let D; C C, j = 1,...,n, be bounded domains with C*° boundary, n > 2,
and €2 := Dy X --- x Dy, Assume £ € CF 1(Q) is a O-closed (p,q) form on €, 0 < p <
n,1 < g < n. There exists a solution u € C(";j’qfl)(Q) to Ou = f in Q. Moreover, for all
keZru{o}, 0 <o <a<l, |uflgre gy < Crawllfllore), where Cy o depends only on
Qk, « and .



The rest of the paper is organized as follows. Section 2 addresses preliminaries about
solid and boundary Cauchy integrals on the complex plane. Section 3 is a revisit of the
fundamental work of Nijenhuis and Woolf [19] on the 9 problem. Theorem 1.1 is proved
in Section 4, along with examples demonstrating those estimates are optimal in Holder
category. The last section is devoted to the proof of Theorem 1.2 and Corollary 1.3. In the
Appendix, a convergence result of the mollifier method in Holder spaces is proved.

Acknowledgement: Both authors thank Liding Yao for providing an example in
the Appendix. Part of the work was done while the second author was visiting American
Institute of Mathematics (AIM). She also appreciates AIM and Association for Women in
Mathematics (AWM) for hospitality during her visit.

2 Notations and Preliminaries

As a common notice, we use v and f to represent complex-valued functions, and boldface
u and f to represent forms. Unless otherwise specified, C' represents a constant dependent
only on Q, k, « and ¢, which may be of different values in different places.

Let Q C C" be a bounded domain, the standard Holder space C**(Q), k € ZTU{0},0 <
a < 1 is defined by

{f € C*Q) : Ifllcram) = I fllor + > HYDf] < oo},

IvI=k

Here D" represents any |y|-th derivative operator,

k
I fller@ ==Y sup|[D7f(2)]

/=0 *<
and the Holder semi-norm is
N f(z)— f(<
H[f]:= sup —| (2) /(a )|
2,2 €EQz#£2! |Z -z |

When k& = 0,0 < a < 1, we write C%*(Q) = C*(Q). For a (p,q) form f € C&Z)(Q), define
|f]lcra(q) to be the sum of the C**(2) norms of all its components.

When 2 = Dy x --- x D, is a product of planar domains, for each j € {1,...,n}, the
Hélder semi-norm with respect to j-th variable for each fixed (21,...,2j-1,2j41,...,2n) €



Dy x -+ xDj_y X Djyq X -+ x D, is defined by

H](-"[f(zl,...,zj_l,-,zj+1,...,zn)] .
_ sup |f(21,...,Zj_1,C, Zj+1,...,Zn) —f(Zl,...,Zj_l,C/,Zj+17...,Zn)|
CC/ED;CAC! [

Clearly,
sup H]q[f(zl,...,zj,1,~,zj+17...,zn)] SHa[f], ]:1,7’1,

2LkE€Dy,
1<k(#j)<n

On the other hand, the following elementary lemma for Holder functions is observed for
product domains.

Lemma 2.1. Let Q2 = Dy x --- x D,, be a product of planar domains. Then

Ha[f]é Z sup H]q[f(zlv‘"7Zj—17'7zj+17"'7zn)]' (4)
1<j<n ZkeD.k’
SIS 1<k(#£5)<n

Proof. For simplicity of exposition, assume n = 2 with 2 = D; x D,. Let C be the right hand
side of (4). For any z = (21, 22) € Dy X Dy, 2’ = (21, 25) € D1 X Dy, then (21, 22) € D1 X Ds.
Hence |f(z1, 22) — f(21, 2) < [f(21,22) = f(21, 22) [ + [f (21, 22) = f (21, 25)| < Cfz = 21|

The rest of the section is devoted to classical theory in complex analysis. Let D be a
bounded domain in C with C**%® houndary, k € Z* U {0},0 < a < 1. Given a complex-
valued continuous function f € C(D), we define the following two operators related to the
Cauchy kernel for z € D:

R N A
TIE) =55 | T M NdG
1 f(€)

Sf(z):=—

" 2mi ap C— 2

dc.

Here the positive orientation of dD is adopted for the contour integral such that D is always
to the left while traversing along the contour(s). As is well known, 7" is the universal solution
operator for the 0 operator on D, while S turns integrable functions on D to holomorphic
functions in D. In the following, we state some properties of the two operators that will be
used in later sections.



Theorem 2.2. (c¢f. [25]) Let D be a bounded domain with C** boundary, f € C(D) and
f:=9% e L’(D),p > 2. Then
f=8Sf+T(fe) in D.

Theorem 2.3. (c¢f. [23]) Let D be a bounded domain with C*™Y* boundary, and f €
Ck(D),k € Z* U{0},0 < a < 1. Then Tf € C**1%(D) and Sf € C**(D). Moreover,
there exists a constant C' dependent only on D,k and o, such that

1T fllorsray < Ol fllowany;

1S fllckapy < C|l fllcrapy-

Theorem 2.4. (c¢f. [23]) Let D be a bounded domain. Then T'f € C*(D) if f € LP(D),p >
2,a = ]%7 and there exists a constant C' dependent only on D and p, such that

T fllcey < C fllLe-
Moreover, OT = id on LP(D),1 < p < oo in the sense of distributions.

For proofs of the above theorems, see p. 41 [23] for Theorem 2.2; p. 56 [23] and p. 21
[23] for Theorem 2.3; p. 38 [23] and p. 29 [23] for Theorem 2.4.

3 Revisit of Nijenhuis-Woolf’s work on polydiscs

In this section, we present the related results in the fundamental work of Nijenhuis and Woolf

[19] for the O problem on the polydisc D" := {(21,--+ ,2,) € C": |2;| < 1,5 =1,...,n}. We

shall purposely retain their notation as much as possible for the convenience of readers.
Let f be a complex-valued function on D". Define A;f to be a function on the subset

D; of D" whose points Z; = (21, , zi-1, (2i, 2}), 2Zit1, - - , 2n) satisfies z; # 2/, such that
Azf<Zz) = f(Zlf" y Ryttt 7Zn) - f(zla"' ,Zi,1,22,2i+1,"' 7Zn)-
Recursively, let I;,...;, be the subset of D"** whose points Z;, ..., = (21, , (2i,,2],), -+, (2is 2,
©, zn) satisfy z;, # zéj,j =1,---, k. Define on Dj,..;, a function

A“lkf = Alk Ail"'ikflf'

In [19], a naturally defined iterated Holder space C*(D™) (with the notation slightly
different from that of the standard Holder space) was introduced such that a function f €
c*(Dh") if

| flleswey = I flo@n + Y HEF] < oo. (5)
k=1
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Here

HO[f]:=  sup {|Z‘ 1Ly f(Ziso)]| }

¢ 1<i1 <...<ip<n, =z o |z, — 2 |
Zil"'ike]Dil'”ik
Since HY" is precisely H* in Section 2, we have |- Nlee@ny < |- llea@n- In fact, one further
has (p. 485 [19])
c*("™) c c*(D™) c C»(D"). (6)

Let T; and S; be the solid and boundary Cauchy integral operators acting on functions
over j-th slice of D" as in (1). Given a (p, q) form

f= ) foigg e A Adz, ANz, A Ndz, € CF o (D), (7)
11 <+ <lip,
j1<<Jq

define T3f and S;f to be the action on the corresponding component functions. Namely,

T‘]f = Z ﬂfil...ipgl...quzil VANRERWAN dZZp VAN dijl VANRERAN deq;

1<ig <--<ip<n,
1<j1<<jg<n

Sifi= Y Sifiiieg, @z A Nz, NdZ N A,

1<i < <ip<n,
1<j1<+<jg<n

To construct a solution operator to the @ equation for (p,q) forms, [19] introduced a
projection operator 7. Precisely speaking, for the (p,q) form f given in (7) and each
1<k<n, mfisa(p,qg—1) form with

— (_1\P E = = . Ce . > . ce .
7Tk-f = ( 1) fil,,,ipkj?_,jqdz“ /\ /\ dzlp /\ dZJQ /\ /\ dZ]q.
1<i1 < <ip<n,
1<k<jo<--<jg<n

Based on these definitions, a solution operator of the d equation for (p, q) forms on polydisc
was constructed in [19] (p. 430).

Theorem 3.1. [19] If f € C(lpg)(D") is O-closed on D", then
Tf .= T17T1f + TQSlﬂ'Qf + e+ Tnsl te Snflﬂ'nf (8)

is a solution to Ou = f on D".



In terms of the norm estimates of the operators, [19] (p. 435 & p. 487) proved the
following fundamental boundedness for both 7} and S; operators in the iterated Holder
spaces.

Theorem 3.2. [19] If f € C(C;D,q) (D™), then there exists a constant C' dependent only on n
and a such that

1T llcepny < Cllf[leaory;

1S llex@ny < Cllfllee @)

Consequently, the solution operator T defined in (8) satisfies

||Tf||ca(]D)n) S CHcha(Dn)

Remark 3.3. a). Theorem 3.1 was initially constructed for polydiscs in [19]. In fact, in
exactly the same way there (p. 430 [19]), one can show that (8) solves the 0 problem
pointwisely on arbitrary product domains when the datum is C(1p7 g up to the boundary.

b). We suspect that the approach used in the proof of Theorem 3.2 could be applied
to general product domains, since the domain under consideration in [19] was exclusively
polydiscs which carry rich symmetry.

c). As will be seen in Example 4.3, the estimate of S; in Theorem 3.2 fails if we replace
C*(D™) by the (standard) Holder space C*(D").

d). Another type of an iterated Holder space AS was defined by Chen and McNeal [4]
for a product of two general bounded domains. In the context of a product of two planar
domains D; and D,

AS(Dy x Dy) == {f € C(D1 x D) : || fllag(pixps) = | fleixps) + HP[f] < 00}

A is different from C* in that the sum part in (5) for C* is replaced by the single term
HP[f] for Ag. As a matter of fact, || - [lcam2) > || - [lag(p2) and so C*(D?) C Ag(D?).

In [4], it was shown that for any O-closed (0,1) form f = fidz; + fodz, with fi, fo, % €
AS(D; x Ds), there exists a solution Tf € AY(D; x Ds) to Ou = £ such that

AS(D1xD2)

0%y
[4] compared AS with (the standard) C® by constructing an example in A§(D?) but not
in C%(D?). They also attempted to find a Lipschitz function in C%!(D?) but not in A§(D?)

I 7€ a1y < C (||f||Ag<Dlng> ; H

8



for any 0 < a < 1. However, this would contradict with (6) because for any 0 < a < 1, one
necessarily has

COL(D2) c €5 (D?) C A (D?).

The mistake is due to the fact that the constant C' in part (3) of Example 5.6 [4] actually
goes to 0. Thus the limit there would not necessarily go to oo as they have claimed.

4 Sharp Holder bounds of the Cauchy type operators
on product domains

Let D; ¢ C, j = 1,...,n, be a bounded domain with C**'* boundary, n > 2, k €
ZtU{0},0 <« <1,and Q := Dy x --- x D,. Theorem 2.3-2.4 immediately imply the
following lemma.

Lemma 4.1. There exists a constant C dependent only on ), k and o, such that for any
j=1,...,n, fEC*™(Q),0<a<1,keZU{0}, vy € ZT U{0} withy <k,

Clfllew, 7v=0

su DITif(21, .y Zie1y s Zigds - -5 2n) |lcopy < ' <C Q)
sup D}T Gttt 2l <4 100 T2 < Ol
1<i(#j)<n

SUE ||D]75jf(21, ceey Ry Ty Rl e e aZn)HCa(Dj) SCHfHCW(Q)-

zieDy,

1<I(£))<n

Here D} represents any y-th derivative operator with respect to the j-th variable.

Although the solid Cauchy integral operator T defined in Section 2 is a smoothing opera-
tor in dimension one, 7} in (1) does not improve regularity along slice of higher dimensional
domains, as demonstrated by the following example.

Example 4.2. Consider f(z1,29) = |22|* on D?. Then f € C*(D?). However a straight
forward computation shows that T f(21, 20) = z1|22|* ¢ C*T¢(D?) for any € > 0.

On the other hand, in contrast to the boundary Cauchy integral operator S in one
dimensional case, its counterpart .S; in (1) no longer maintains Holder regularity in higher

dimensions. Indeed, Tumanov ([21] p.486) constructed the following concrete function f €
C*(0D x D) but S1f ¢ C*0D x D),0 < a < 1.



Example 4.3. [21] Define for z, € D,

2l =7 <0< —|aal;

o 02& _|z |§<0<0

610 20) = ) 2 - e
f(e”, 2) 0o, 0<0< |z
22|, || <O <m

Then f € C*(0D x D). However S;f ¢ C*(0D x D). Extend f onto D?, denoted as f,
such that f € C%(D?). One can check that S;f ¢ C*(D?). See [20] for more details of the

verification.

In view of Example 4.2-4.3, Theorem 1.1 characterizes the optimal Holder bounds of the
two Cauchy type operators Tj and .S;.

Proof of Theorem 1.1. a). We only prove (2) when 57 = 1 and n = 2 for simplicity. The
other cases are proved accordingly.

We first show [|T1f|cr@) < Ol f|lcre(q) for some constant C' independent of f. Write
D" = D]"DJ, 1 + v, < k. Then DT} f = D"T1(D3* f). Hence by Lemma 4.1,

DT fllew) = sup [[DV (D52 F) (5 22) ey < CIDs? fllem @) < Cllflleree)-

22€D>
Next, we show H*[DYT f] < C|| f||cre(q) for some constant C' independent of f for all
|7| = k. By Lemma 4.1, for each zo € Dy, DVT1f((, 22) as a function of { € D; satisfies
HY[DYTLf (-, 22)] < |IDVPT(D3 F)(, 22)loe oy < CID3 fllomae) < Cllfllexeo)

for some constant C' independent of f and zs.
0 / - . D3 f(C22)—D3? f(¢2h)
n the other hand, let 25(# 22) € Dy and consider F, ., (¢) := BEeC on Dj.

Since f € CH*(Q), it follows F., ., € C"(Dy) and ||F, .t |lcv (o) < || fllena (). If 31 =0,
by Lemma 4.1,

|DI'"TVF,, o lloy) = 1TV, 2 lomy) < CllFa 2 llcomyy < Cll fllcka),

where C' is independent of f, zo and z. For 74 > 1, we have by Lemma 4.1,

DV T E, 2 llony < CllE. zllon-1emy < CllE. zllen ) < Ol fllora@
for some constant C independent of f, z5 and z}. In sum, for each fixed 2y € Dy,

| DT f (21, 22) — DYT1 f (21, 25)]

|z — 25|

= ’D’lnTleLZé(Zl)‘ < HD’llelFZQ,ZéHC(Dl) < CHfHCk*a(Q)a
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where C' is independent of f, z1,2, and 25. We have thus proved HS[DYTf(z1,-)] <
C|| fllck.ey with C' independent of f and z;, and (2) as a consequence of Lemma 2.1.

b). As in part a), we only prove (3) for j = 1 and n = 2. Let |y| < k. Since S;f
is holomorphic with respect to z; variable, we can further assume DY = 0]'DJ)*. Write
0D, = Uj-vzlf‘j, where each Jordan curve I'; is connected, positively oriented with respect
to Dy, and of total arclength s;. Let (1(s) be a parameterization of 9D; in terms of the
arclength variable s, such that §1|86[237;11 oS s 18 A C*1e parametrization of I';. In

particular, (| = é # 0 on 0D;. For any (z1, 29) € Q, it follows by integration by part,

aS Z 23
1 1 1 2 i E /
m=15m I

2mz/zmsm TaOEm
QMZ/Z "2,

mls'm )_Zl

m 15”" ]_

)7 (Gls), )G (5)ds

pa 18m 1(8) -

)f(Ci(s), z2)ds

m=1"m e, (f(C1(s), 22))C1(8) + O¢, (f(Ci(s), 22))C1 (s) .
“omi Z /Zm Lo G(s) — = d
1 Oe, f(Cry 22) + 06, (f(C, 22))(C(s))?
- ,/m — dc.

Applying the integration by part 1nduct1vely, one shall see DS, f = S, f, for some
function f satisfying || f||ceq) < | fll ko). Therefore, we only need to prove HSlfHCa @ <

@l fHCa(Q) for some constant C' 1ndependent of f.
Firstly, by Lemma 4.1, one has

1Sifllc@ = sup 151, 22) oy < Cllfllce@

22€D2

for some constant C' independent of f. .
Next, we show H' [S,f] < C||f |co(q) for some constant C' independent of f. By Lemma
4.1, for each z, € D>, Slf(C, Z) as a function of ( € D, satisfies

Hlal[slf(‘:ZZ)] < ||51f(-,22)||ca/(D1) < CHJ;HCa’(Q) < OHJE”CQ(Q)

for some constant C' independent of f and zs.

11



We further show there exists a constant C' independent of f and z;, such that for each
2 € Dy, HY[Sif(z1,)] < C|fllcaqy. First consider 2, = ¢, € dD;. Without loss of
generality, assume t; € ['; with (j|,—o = #;. Since dD; € C*, 9D, satisfies the so-called
chord-arc condition. In other words, for any (i(s),(i(s") € I';,7 = 1,..., N, there exists a
constant C' > 1 dependent only on 0D; such that

Cu(s) = Gu(s')] < min{s — &', 5" + 55 — s} < ClGi(s) = ()],
Here s; is the total arclength of I';. In particular, when 0 < s < sy,
|d¢1| < Clds| and |(i(s) — t1| > C'min{s, s; — s} 9)

for some constant C' dependent only on D;. By Sokhotski-Plemelj Formula (see [18] for
instance), the non-tangential limit of Sy f at (t1,22) € 0Dy X Dy is
3 1 .]E (Ch 22)

1 -~
) = — — + - .
1f(t1, 22) o oD, G-t d¢y 2f<t1a 22)

Here the first term is interpreted as the Principal Value. We shall prove that for 25, 2, € Dy
with h:= |z — 25| # 0,
(@1 f (1, 22) — B4 f(t1, 25)] < CBY|| Fllow(e)

for some constant C' independent of f ,t1, 22 and 2}, essentially following the idea of Muskhe-
lishvili [18].

Let hg be a positive number such that po—o ln% <1for0< h < hy < min{l, %} Then
ho depends only on « and /. When h > hy,

~ ~ ~ ~ C a/ ~ a/ ~
|1 f(t1, 22) — Prf(t1, 25)| < 2)S1f[lcoy < Cllfllee@) < 7P I fllea@y < ChY || flloa)

i hg/
for some constant C' independent of f,#;, 2z, and 2h.
When h < hg, write
~ ~ 1 f — f(t —f ; f ;
(blf<t1,22>_q)1f(t1,2:é) - f(ChZQ) f( 1722) f(C17Z2)+f(t1722)d(1
21 Jop, G—t
N St 22) —.f(tl,ZQ) / 1 i+ St 22) = f(t, 23)
211 8D, Cl - tl 2
1 F(Gioz) = Flti, 22) — F(GL25) + Flti, 2)
=5 ¢+
211 Jop, G —t
+ (f(tla ZQ) - f(tla Zé))
=:14+1I.
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Here the second equality has used the fact that [, ﬁd(l = mi when interpreted as the
Principal Value, due to the positive orientation of 0D;. Obviously

1] < Ch*| flloa(ey

for some constant C' independent of f, 1, 2, and 25,
Let [ be the arc on 0D, that are centered at ¢; with arclength 2h. Consequently, [ C I'y
due to the fact that h < 3. Write I as follows.

1 F(G2a) = [t 22) = (G, %) + (01, 2h)

" =00 o G —t o
L b (f(Gy20) = [t 22)) = (F(G, %) — f(thzé))dgl
2mi G —1h
L L (f (G, 22) = F(G1,28)) = (f(tr, 20) = f(t, Zé))dC1
21 Juy ,r, G—t
= ]1 + .[2 + 13.

For I5, since U}_,T'; does not intersect with I'y and ¢; € T'y, [¢1 — 1] > C on UL, T'; for some
positive C' dependent only on 9D;. On the other hand, the absolute value of the numerator
in I3 is less than Ch®|| f||ce(q). It immediately follows that

|I5| < ChY(| f]|co(e)-

For I, the absolute value of the numerator of the integrand is less than C|¢; —t1|%]| floaq)-
We infer from (9) that

- 1 . h 1 -
L] < C| flle=@) /—l_a!dCﬂ < CHcha(Q)/ —ads < Ch%|| fllceo)
16—t o S

for some constant C' independent of f,¢;, zo and 2. Now we treat with the remaining term
I;. Rearrange I; so it becomes

1 F(G,z0) — f(Cb Zy) f(tb 29) — f(tla ) 1
Il < |2_7” m\l G—t dal + | 2mi /yl\l G—1h

The second term of the above inequality is bounded by Ch®||f ||co(q) for some constant C'

ddy|.

independent of f ,t1,22 and 24, as in the argument for II. The first term when h < hg is
bounded by
51

~ 2] 1., - P~
ChO‘HfHCa(Q)/h gdS < Ch® ]_HEH]C”C&(Q) < Ch® ||f||C°‘(Q)‘

13



We have thus shown there exists a constant C' independent of ¢; and f, such that for
each 21 = t; € 9Dy, HY[®,f(t1,-)] < C| fllce(). Notice that for each fixed ( € Do,

S1f(#1,¢) is holomorphic as a function of z; € D; and C* continuous up to the boundary
with boundary value equal to ®;f(z1,() by Plemelj—Privalov Theorem. For each fixed z;

and zf, with |25 — 25| # 0, applying Maximum Modulus Theorem to the holomorphic function

Siftaze)=S15@12) of o, 4p D, we immediately obtain

22—z
sup |51f(21, 22) - Slf(zla Z§)| < sup |‘I)1]F(t17 22) - q)lf(tla Z§>|
2eD; |zo — 2] " 1,edD, |20 — 25|
= sup Hy'[D1f(t1,")]
t1€0D1
<C fllce(,;

with C independent of f, z1, 2o and 25. Therefore
H5'[S1f(z1,-)] < Ol flloee

with C independent of f and z;. The proof of (3) is complete.

5 Proof of Theorem 1.2 and Corollary 1.3

As an immediate consequence of Theorem 1.1, we obtain the following theorem.

Theorem 5.1. Let D; C C, j = 1,...,n, be bounded domains with C**'* boundary,
n>2keZ U{0},0<a<1,andletQ:= Dy x---xD,. Letf € C’(];’z)(Q), 0<p<

n,1 <q<n. Then for any 0 < o/ < «a, Tt defined in (8) belongs to C(kz;f;/_l)(ﬂ) with
1Tt cror ) < Cllfllcra(oy-

Proof. The operator T' defined by (8) is well defined on C(IZ;Z)(Q) due to Theorem 1.1.
Choose some positive constant € < =% Then o + (n — 1)e < a < 1. Applying Theorem

n—1

1.1 repeatedly, it follows for each j < n,

[ 7551+ - Sjoamjf||oror ) < Cl[S1- -+ Sjoamjl|orar ) < Climiflora@) < Clf[lorao)-

Therefore, | Tf||cra ) < Cllf[lore(q)-

14



Remark 5.2. Tt is worth pointing out that at the top degree ¢ = n, under the same assump-
tions as in Theorem 5.1, Tf will maintain the same regularity as its data to be in C’(kp’ifl)(Q)
with

[Tt ora) < Cllf]lorago)-
This is because when g = n, f = Zl§i1<--~<z‘p§n Jireipdziy N+ - Ndziy NdZy A+ - - NdZ, for some
firoiy € CPQ). Thus Tf = (=1)P 30,5 i o T firoidzig Ao Ndziy NdZ2 N - Ny €
C’f o ,(€2) by definition (8). The desired estimate follows from that of 7} in Theorem 1.1.

p,n—1
As stated in Remark 3.3 a), it was proved in [19] that if f € C’(lm)(Q) is O closed, then
(8) is a solution to du = f on Q. We thus have

Proof of Corollary 1.3. Observe that C(";’q)((l) C C@;Z)(Q) for any integer k € Z* U {0} and

0 < a < 1. Theorem 1.3 follows directly from the proof of Theorem 5.1 and Remark 3.3 a).
[ |

Remark 5.3. When f € C&Tll)’a(Q), T defined by (8) coincides with the solution operator
constructed in [3][9] by repeated application of Theorem 2.2. Therefore the same supnorm
estimate in [9] passes onto 7' if the data is smooth up to the boundary. It would be interesting
to know whether the supnorm estimate holds for (p, ¢) forms smooth up to the boundary.

Assuming f € C%(0),0 < a < 1, the d equation is interpreted in the sense of distri-
butions. The following proposition shows that T'f defined by (8) solves du = f in this
sense.

Proposition 5.4. Let D; C C,j =1,...,n, be bounded domains with C** boundary, n > 2,
0<a<landQ:=D;x--xD, Assumef € Cf () is O-closed in Q in the sense of
distributions, 0 < p <n,1 < q <n. Then u:= Tf defined in (8) solves Ou = f in Q in the
sense of distributions.

Proof. Given f € Cf, () for 0 <o <1, T € C® . (Q) with 0 < o/ < a by Theorem 5.1

(p7q_1) _
with £ = 0. We use the standard mollifier argument to show that Tf solves du = f in () in

the sense of distributions.
For each j € {1,...,n}, let {D;D 2, be a family of strictly increasing open subsets of
D; such that

a). for 1 > Ny € N, 0D\ is €2, & < dist(D, D5) < L;

b). H]@ :Dj — Dj(j) is a C! diffeomorphism with lim;_, HHJ(-I) — Id||cp,) = 0.

15



Let QU = Dgl) x - x D be the product of those planar domains. Denote by Tj(l)7 Sj(l)
and T the operators defined in (1) and (8) accordingly, with Q replaced by Q®. Then
TOf ¢ C’(C;:’qfl)(Q(l)) for each 0 < @/ < a. Adopting the mollifier argument to f € C, (),
we obtain f¢ € C(lz;?;)(Q(l)) such that for each fixed 0 < o' < a, [[f* — ][ g (qu) — 0 (see the
Appendix) as € — 0 and of¢ = 0 on Q.

Fix an o/(< «). For each I, TOfe € C(lp’?;l_l)(Q(l)) when ¢ is small and 9TVfe = f
in QO by Theorem 5.1. Furthermore, applying Theorem 1.1 at k = 0, we have ||[T("fc —
TOf|| ooy < C||f— f[|car oy — 0 as € — 0. We thus have lim. TWfe exists in QO and
is equal to TWf C&:qfl)(ﬂ(l)) pointwisely.

Given a testing (p,q — 1) form ¢ with a compact support K, let [y > Ny be such that

K c QW2 Denote by (-,-)q (and (-, -)quy) the inner product(s) in L%p,q—l)<Q) (and in
L2

o qfl)(Q(lo)), respectively), and 0* the formal adjoint of . For [ > [, one has
(TUF,0"¢)que = lm(TVE,0°0)gup) = im(ITVE, §)gay = im(£S, @)gun = (f,0)a- (10)
We further claim that
(Tf,0"¢)q = lim (TOF, 0% ) g0 - (11)
—00

To prove this, for simplicity of notations yet without loss of generality, assume 7;f contains
only one component function f;, so is for ¢. We will also drop various integral measure,
which is clear from context. For each j > 1,

(=20)" (i) (TS0 - 5U 78, 87 ) o

sek Jgep® Jaeopd  Jeieon, (€L —21) (G — %)

B fiC e, Gy Zjgn, - 7zn)xD;_z> (¢)0*¢(2)
R /(ZﬂCj)GKXDj /CléaDi” - /c-_leaDﬁ-” (G —2)- (G — %)

J -1

(1

Here XDy) is the step function on C such that XD§” =1in Dj) and 0 otherwise.

Firstly, as a function of (z,§;) € K x D;,

fj(clv'” 7Cj72j+17"' ,Zn)XD(l>(Cj)5*¢(Z) L
/(eaD(”'“/v 2 EL(KXD]-).

¢-reaD, (G =21)-- (G = %)

16



To see this, notice that if z € K(C QW) and ¢, € 8D,(€l),l >lo,k=1,...,5 —1, then

1
|G — 2] > dist((QW)e, Q072) > dist((QU0))e, Qlo=2)) > — .= .

3
Hence for each (z,(;) € K x D; \ {z; = (;},
/ / fj(Ch Tty Cj? Zj41y 7Zn)XD(.l>(Cj)5*¢(Z) C
... J < —
aeon  J¢,eon, (G —2z1) (G = %) T &G — =l

for some constant C' > 0, which is integrable in K x D;.
On the other hand, by continuity of f; and the construction of 9108

(G —21)"'(Cj —Zj)

_/ / fj(gl,--. 7Cjazj+17"' ,Zn)g*gb(z)
¢1€0D; (j—1€0D;_1 (Cl — Zl) (CJ _ Zj)

J

FiC e Gz 2)X o0 (G)0%0(2)
lim / J
Cj_1€3D;Z)1

i=20 /¢, cop(V

pointwisely in K x D;. Applying Dominated Convergence Theorem, we obtain

lim —(—2i)"(2mi)’ (T-(I)Sfl) e SJ(-Z,)l?Tjﬂ 9" ) g0

l—00 J

_ FilG e Gzt o 20)0°6(2)
/(z,gj)erDj /g‘leaDl /cv_leaDj_l (Cl - 21) T (Cj - Zj)

J

= — (=20)"2mi) (T;S) - - - S;17;£, 0 ).

(11) is thus proved for T in view of its definition (8).
Finally, combining (10) with (11), we deduce that

(5Tf7 ¢)Q = (Tfa 5*¢)Q = ZEI&(T(I)L 5*¢)0<10) = (fa (,b)ﬂ

The proof of Proposition 5.4 is complete.

Proof of Theorem 1.2. Theorem 1.2 follows directly from Theorem 5.1, Remark 3.3 a) and

Proposition 5.4.
|
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Finally, making use of the idea of Kerzman [16], we argue by the following examples the
regularity of the 0 solution can not be improved in Holder spaces over product domains.

Example 5.5. a). For each k € Z*U{0} and 0 < o < 1, consider du = f := 9((z —1)Fz)
on D? 17 <arg(z —1) < 2m. Then f = (z — 1)"*dz, € C**(D?) is a d-closed (0, 1) form.
However, there does not exist a solution u € C*'(D?) to Ju = f on D? for any o/ > a.

b). For each k € Z*U{0}, consider u = f := 6?((121g l)ler)l Z)onD? im < arg(z1—1) < 3.

Then f = (Zl D kHd € C*1(D?) is a O-closed (0, 1) form. However, there does not exist a
solution u e C"‘”rl *(D?) to Ju = f on D? for any a > 0.

Proof. a). f is well defined in D? and f = (2;—1)*"*dz, € C**(D?). Assume by contradiction
that there exists a solution u € C**'(D?) to du = f in D? for some o/ with a < o/ < 1.
Then u = h + (21 — 1)¥t°%, for some holomorphic function h in D2

Consider w(§) := flwlzl u(€, 29)dzy for € €D := {2z € C: |z| < 1}. Since u € CH'(D?),
we have w € C** (D) as well. On the other hand, by Cauchy’s Theorem,

1 ™

— _ 1\kta _ 1\kta . _ 1\kta
w@=[ e neada=eo 0t [ = Fie- 1

This is a contradiction since (¢ — 1)¥* ¢ C** (D) for any o/ > a.

b). Argue in a similar way as in a) by noticing that f = Zl Ldz, € Ck 1(D?). If

log

u € CF1(D?) solves Ju = f in D? for some o > 0, then u = h + (I'Zlg(zll) 7y 22 for some

holomorphic function A in D? and w(§) = [, _1 u(& 22)dz € Ck+Le(D?). However by
2
Cauchy’s Theorem,

. (f - 1)k+1 - Qg ( )k+1 1,
MO_Arlwg—MM@ Sloge—p 7 ¢ @)

for any o > 0.

A Appendix

Let © C R" be a bounded domain, Q; := {z € Q : dist(z,00Q) > %} when j is large, and p
be a smooth function in R™ by

Cexp(gp=), || <1
— [z2—1/> )
ple) { 0, 2| > 1,
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where C' is selected such that [, p(y)dy = 1. p is called the standard mollifier. Let
f € LL.(Q) and define for z € ;,

fi(x) = / o)z — Lydy. (12)

Then f; € C*°(£;). The mollifier argument is a standard method dealing with weak deriva-
tives in Sobolev spaces (See, for instance, [7] p. 717). The following theorem ought to be
well-known for Holder spaces, however we could not locate a reference. For convenience of
the reader, we include the proof below.

Theorem A.1. Let Q CC Q and 0 < o/ < a. If f € C*(Q), then f; — f in C¥(Q). I
15 = fller @) = 0 as j — oo.

Proof. Let jo be such that Q C Qj, and assume j > jo. || fj — f“C(Q) — 0 due to the uniform

continuity of f on Q ([7] p.718). Write ¢;(x) := f;(z)— f(x) = f\yISI p(y)(f(z—4)— f(z))dy.
We next show for any € > 0, there exists N € N such that when j > N,

65() = 6,)| _

|z — a2/« =7

for all z,z' € Q. Indeed, choose §y > 0 satisfing HfHCa(Q)(Sg‘*O" <
When |z — 2’| < do,

65(2) = 6,(2) S/|qp(y)lfw—ﬁ—f(fv —;>ldy+/l<lp< @) = )],

o — 2|’ x =2 P

£
OB

< 2| flleaylz — 2| < e

When |z —a/| > &, choose N € N such that || f||ce(q)dy® N~ < 5. Then for any j > N,
|z — 2’| > Jp, we have

165(2) — 6,(2")] =)~ f() 6 =) - @)
< /| B e /| e

< 2| flleeylz — /|75 < e

Given f € C%(Q), although only the C® convergence of the family {f;} defined by (12)
for some o’ > 0 is needed in Proposition 5.4, we note that the C* convergence of {f;} can

not be achieved in general. The following simple counter-example was provided by Liding
Yao.
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Example A.2. Let 2 = (—1,1) € R and

so={ 150

%, x> 0.

Then f € C%(Q). However, for any Q CC Q containing the origin, |f; — Floa@y =
fol p(y)y*dy > 0 for sufficiently large j.

Proof. Let jy be such that Q C Q;, and assume j > jo. Write ¢;(2) := f;(z) — f(z) =
f_ll p(y)(f(x — %) — f(z))dy. For each fixed j, it can be verified that

J

L[ L4y
6,(=3) = / =)y =0

and

However for all 7,
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