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Abstract

For any open hyperbolic Riemann surface X, the Bergman kernel K, the logarithmic ca-
pacity cg, and the analytic capacity cp satisfy the inequality chain 7K > c% > cQB; moreover,
equality holds at a single point between any two of the three quantities if and only if X is
biholomorphic to a disk possibly less a relatively closed polar set. In this paper, we extend
the inequality chain by showing that ¢% > mv~!(X) on planar domains, where v(-) is the
Euclidean volume, and characterize the extremal cases when equality holds at one point.
Similar rigidity theorems concerning the Szegé kernel, the higher-order Bergman kernels, and
the sublevel sets of the Green’s function are also developed. Additionally, we explore rigidity

phenomena related to the multi-dimensional Suita conjecture for domains in C*,n > 1.

1 Introduction

An open Riemann surface X is said to be (potential-theoretically) hyperbolic if it admits a non-
constant negative subharmonic function, and parabolic if it does not. Consider the on-diagonal
Bergman kernel K (z)|dz|?, the logarithmic capacity cs(z)|dz|, and the analytic capacity cp(z)|dz|
on X, where z is some local coordinate. These three quantities are invariant under changes of
local coordinates. In 1972, Suita determined a simple relationship between K and cg.

Theorem 1.1 (Suita’s Theorem in [31]). Suppose X is an open hyperbolic Riemann surface. Then

TK(2) > c5(2)

and equality holds at some zg € X if and only if X is biholomorphically equivalent to the unit disk
less a (possibly empty) closed set of inner capacity zero.

A closed set of inner capacity zero is a relatively closed polar set. In the same paper, Suita
conjectured that cg would satisfy a similar inequality with rigidity as follows.

Suita Conjecture [31]: Suppose X is an open hyperbolic Riemann surface. Then
TK(z2) > c3(2)

and equality holds at some zg € X if and only if X is btholomorphically equivalent to the unit disk
less a (possibly empty) closed set of inner capacity zero.

Towards the resolution of the Suita Conjecture, Ohsawa first demonstrated in [25] that the
Suita Conjecture was connected to his Ohsawa-Takegoshi L? extension theorem, and he proved
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that 7507 K > c%. By further considering the sharp L? extension problem, Blocki [5] established
the optimal inequality 7K > c% for bounded domains in C. Later, Guan and Zhou [19] proved
both the inequality and equality parts of the conjecture for open Riemann surfaces. See also [4]
for a variational approach by Berndtsson and Lempert. Suita’s theorem and the resolution of the
conjecture may be called rigidity theorems as equality at one point between 7K and either cg or
cp determines the surface up to biholomorphism.

It is straightforward to show c% > ¢%, so by the works of Blocki, and Guan and Zhou, for any
open hyperbolic Riemann surface it holds that

TK > c% > 2. (1.1)

The characterization of the equality part for the inequality c¢g > cp can be deduced from a result
of Minda [24] on the behavior of ¢s(2)|dz| under holomorphic mappings. His result used the sharp
form of the Lindel6f principle. In Appendix A, we provide a more direct proof of the equality
characterization without adopting this principle.

We first restrict our attention to domains in C. Throughout this paper, denote a disk by
D(zg,7) := {2z € C : |z — 2| < r} and let D := D(0,1). For the Euclidean volume v(-), we
use the convention that v=!'(2) = 0 when v(Q2) = oco. Following Ahlfors [2|, a compact set
E C Co, = CU {00} is said to be a null set of class N if all bounded holomorphic functions on
Cw \ E are constants. Compact polar sets are always of class Np.

Theorem 1.2 (Rigidity theorem of cg and c3). Let @ C C be a domain. Then

2 m

CB(Z) Z U(Q),

z € (. (1.2)

Moreover, equality holds at some zy € ) if and only if either of the following holds true:
1. v(2) < 00 and Q = D(zp, /7w (Q)) \ P, where P satisfies

PND(z,s) € Ng, foralls</m();

if additionally
s

W) =y

then P above is a relatively closed polar set;
2. v(Q) =00 and Q = C\ P where P € Np.

It is worth pointing out that, as demonstrated in Remark 2.6, the equality condition in (1.2)
does not necessarily imply that P is polar. See also Theorem 2.4 and Lemma 2.5 for rigidity
theorems with weaker assumptions than (1.2).

Theorem 1.2 extends the chain of inequalities (1.1) to

TK > ¢ >ch > (1.3)

v(©)’

and essentially gives the equality conditions between mv~1(2) and the other quantities in (1.3) for
a hyperbolic domain 2 C C. As a corollary (see Corollary 3.1), we can reprove the main theorem
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of [14], a rigidity theorem which established the equality conditions of K(z) > v~(€2). Moreover,
let KU), j € N, denote the higher-order Bergman kernels of a domain Q € C. Combining Theorem
1.2 with a result of Blocki and Zwonek in [7], we get the inequalities

—UJ'H—(Q)’ z€Q, jEN,

and the following characterization of their equality conditions.

Corollary 1.3 (Rigidity theorem of higher-order Bergman kernels). Let Q2 be a domain in C.
Then for each j € N, there exists a zg € () such that

(G + D)

KO0) = =)

if and only if either of the following holds true:

1. v(2) < 00 and Q = D(zp, /7 t0(Q)) \ P, where P is a relatively closed polar set;
2. v(2) =00 and Q = C\ P, where P is a closed polar set.

A classical question ( [30, p. 20]) raised by Stein is what are the relations between the Bergman
kernel K and the Szego kernel S?7 On any bounded domain in C with Lipschitz boundary (see [3,17]
for the C*° smooth case and Proposition 3.6 for the Lipschitz case), the Szego kernel S and the
analytic capacity cp satisfy the identity cp(z) = 27S(2). Using this and (1.3), we deduce the
following inequality chain, which gives a relation between the on-diagonal Bergman and Szego
kernels:

T 27

VTK(z) > cg(z) > 21S(2) > () > EEDR (1.4)

Here o(0f)) denotes the arc-length of 0f2, and the last inequality in (1.4) is the isoperimetric
inequality. In particular, the inequalities say that K always dominates 4752 on Lipschitz domains.
See also [10] and the references therein for results on the comparison of these two kernels. We
characterize the equality conditions in (1.4) as below.

Theorem 1.4 (Rigidity theorem of the Szegd kernel). Suppose Q C C is a bounded domain with
Lipschitz boundary. Then,

1. there exists some zy € ) such that
21S(z0) =  cp(z0) or /mK(z0)
if and only if Q0 is simply connected;

2. there exists some zy € €2 such that

27TS<20) ==

if and only if Q = D(zo, /7 0 (Q)).
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Next, by a monotonicity result of Btocki and Zwonek in [6] concerning the Euclidean volume
of the sublevel sets of the Green’s function, for z € ), —o0 < t; < t5 <0,

2(2) > me2h S met S T
PTG 2) <)) T o({GG2) <ta}) T ou(Q)
See Remark 4.2. Using the isoperimetric inequality and the classical PDE theory on the unique

continuation property for harmonic functions, we obtain the following rigidity theorem which
examines the extremal cases and characterizes domains on which equalities in (1.5) hold.

(1.5)

Theorem 1.5 (Rigidity theorem of sublevel sets of Green’s function). Let §2 be a bounded domain
i C. Then € is a disk centered at zy possibly less a relatively closed polar subset if and only if
either of the following holds true:

1.

7T€2t0

A(z) =
) = TG0 0) < to])
for some zy € Q, and ty € (—00,0);

7T62t1 7T€2t2

v({G(z0) < ti})  v({G(20) < ta})
for some zy € Q, and t; # ty in (—00,0);

me3to s

v({G(20) <to})  0(Q)
for some zy € 2, and ty € (—00,0).

At last, we study rigidity properties for bounded domains in C",n > 1. Blocki and Zwonek [6]
proved the following multi-dimensional Suita Conjecture concerning the Bergman kernel and
the Azukawa indicatrix: for any pseudoconver domain 2 C C",

K(z) > v 1 (I4(2)).

Here 4 denotes the Azukawa indicatrix (see (5.2) for its definition). As the proof relied on
an approximation of the domain by hyperconvex sub-domains, the pseudoconvexity was needed
in [6]. For our final result, by considering the connection between the two involved quantities in
the multi-dimensional Suita Conjecture and the Euclidean distance function §(z), we derive the
following rigidity theorem without requiring the domains in C™ to be pseudoconvex when n > 1.

Theorem 1.6. Let 2 be a bounded domain in C*, n > 1. Then for all z € €2,

o(IA(2)) > Z—Tamz), (1.6)
and o
K € — s (1.7)

Moreover, either equality holds at some zy € ) if and only if €2 is a ball centered at zy.
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As a consequence of (1.7), we may add the distance function § to the inequality chains (1.3),
(1.4), and (1.5) on bounded domains in C. See Remark 5.2 for more details.

The organization of the paper is as follows. In Sec. 2 we prove a rigidity theorem of cp and cg,
and as applications, in Sec. 3 we prove rigidity theorems of the Bergman kernels, and new results
on the Szegd kernel on Lipschitz domains. In Sec. 4, we investigate rigidity phenomena for the
logarithmic capacity and the sublevel sets of the Green’s function. In Sec. 5, for bounded domains
in C™ we prove Theorem 1.6. In the appendices, we prove a rigidity phenomenon between cp and
cs based on a rigidity lemma of the Green’s function, and a stability result of the Szegd kernel on
Lipschitz domains.

2 Rigidity theorem of cp and cg

Let SH~(X) denote the set of negative subharmonic functions on an open Riemann surface X.
Given zy € X, let w be a fixed local coordinate in a neighbourhood of zy such that w(zy) = 0.
The (negative) Green’s function is

G(z,20) = sup{u(z) : uw € SH™(X),limsup u(z) — log|w(z)| < co}. (2.1)

Z—r20

An open Riemann surface admits a Green’s function if and only if there is a non-constant, negative
subharmonic function defined on it. The Green’s function is strictly negative on the surface and
harmonic except on the diagonal.

We say that a Borel set P is polar if there is a subharmonic function u # —oo defined in a
neighbourhood of P so that P C {z : u(z) = —o0}. For a domain Q C C, a point (; € 09 is
said to be irregular if there is a ¢ € € such that lim, .., G(z,() # 0 and regular otherwise. By
Kellogg’s Theorem, cf. [27, Theorem 4.2.5], the set of irregular boundary points of a domain is
a polar set. The Green’s function on a Riemann surface induces the logarithmic capacity, which
is used prominently (see [27] for its applications) in potential theory. Ahlfors introduced the
analytic capacity for domains [1,2| in order to study Painlevé’s question: which compact sets E
in the complex plane are removable for the bounded holomorphic functions?

Definition 2.1. Let X be an open hyperbolic Riemann surface. The logarithmic capacity cg is
defined as
cp(20) = lim exp(G(z, 29) — log |w(2)]).

Z—20

The analytic capacity of a Riemann surface X is defined as

@%%wwﬂgﬁw

: f € Hol(X,D), f(20) = O} . (2.2)

When we wish to emphasize the surface X, we will use the notations Gx and ¢,.x(:), m =
Bor B. If h: X; — X5 is a biholomorphism, then

e (2) = [ ()lempma (h(2)), m =B or B

Thus, the logarithmic and analytic capacity are independent of the choice of the local coordinates
and define conformally-invariant metrics cz(2)|dz| and cp(2)|dz|. For each zy € X, there exists



an extremal function f; for the analytic capacity, unique up to rotation; that is, fy belongs to the
family described in (2.2) and ‘%(ZOH = cp(29).

We restrict our attention to domains in C. With this restriction we will be able to examine
the relationship between the domain functions cs, cg and the Euclidean volume of the domain. In
the literature, the analytic capacity is often defined in terms of compact sets.

Definition 2.2. [17] The analytic capacity v(E) of a compact subset E C C is
V(E) = sup{|g'(c0)[ : g € Hol(Cx \ E, D), g(00) = 0}
where
g'(00) = lim z(g(2) — g(c0)).
Notation. In this section, Q2 — {zo} will denote the translation of the domain Q by zy and

Juol2) = —

z2—2
For ease of notation, when zo =0, let j = j,,.

The two definitions of the analytic capacities presented in this paper are related as follows.
Lemma 2.3. For any domain Q2 C C, cp(zp) = 7(Cx \ 72, (2)).

Proof. Since j(Q—{20}) = J:,(2) and cp,a(20) = cp0—{2}(0), it suffices to prove the lemma when
20 =0€ Q. Let £ =Cy \ j(Q). Notice that there is a one-to-one correspondence between the
two function sets A := {g € Hol(Cy \ E,D) : g(co) = 0} and B := {h € Hol(2,D) : h(0) = 0},
as go j € B whenever g € A, and vice versa. Moreover, (g o 7)'(0) = ¢’'(c0). The lemma then
follows directly from the definitions of the two analytic capacities.

[

The analytic capacity is difficult to compute in general for most domains. It does however
satisfy a lower bound referred to as the Ahlfors-Beurling Inequality (see |2], 17, Theorem 4.6,
Chapter III]). Namely, for any compact set £ C C,

v(E)

2(E) > . 2.3
() > X 23)
For any z € Q, letting E in (2.3) be Cy, \ 7.(€2), and combining with Lemma 2.3, we obtain
(2
2 (2) > 0(Co \ J:(92)) (2.4)
T

The following serves as a rigidity theorem concerning (2.4).

Theorem 2.4. Let Q) be a domain in C with v(Q) < co. There exists a zy € ) such that

2 () = UG \WJ'ZO(Q)) (2.5)
if and only if Q@ =D(z1,7) \ P for some z; € C,r > 0, where P satisfies
PND(z,s) €N, foralls<r. (2.6)
If additionally
5 (z0) = v(Co \Wj'ZO(Q)), (2.7)

then P above is a relatively closed polar set.



Proof. If Q@ =D(z,7) \ Q, where

QND(z,s) € Ng, foralls<r,

then by the classical Schwarz lemma,

.
cp(20) = R L (2.8)

On the other hand, a direct computation gives

w2

V(Coo \ Jzo (D(21,7))) = (r2 —|z0 — 21]?)?

Equation (2.5) is proved.
For the other direction, let £ = Cy \ j.,(2). Then E is compact, and since v(2) < oo,

v(E) > 0. Define f € O(Q2) NC(R2) by

f(2)

1
—dv(w).
20

Then f(z0) = 0 and f'(29) = /7 'v(E). The Ahlfors-Beurling inequality states that |f(z)] <1
for all z € C. By the maximum modulus theorem, |f(z)] < 1 on €. Thus, f is an extremal
function for cp, which implies sup,.q |f(2)] = 1. By continuity there exists 2z, € 99 such that
|f(22)] = 1. We observe, after a careful inspection of the proof of the Ahlfors-Beurling inequality,
as given in [27, Lemma 5.3.6], that £ must be a union of a closed disk with a closed measure-zero
set. For completeness we resupply the proof since this observation is not stated in the literature,
cf. [2,17,27]. Indeed, after a rotation and translation of F we may assume that

1=f(=)| (2.9)

1 1
:——WU(E)/EECZU(UJ).

Let D := {w € C: Rew™! > (2a)'} be a disk such that v(D) = v(F). Then v(E\ D) = v(D\ E)

and so ) | . .
/ Re—dv(w) S/ —dv(w) :/ —dv(w) S/ Re—dv(w). (2.10)
E\D W E\D 2a D\E 2a D\E W
This implies
1 1 1 1
/—dv(w) = / Re—dv(w) :/ Re—dv(w)+/ Re—dv(w)
EW E W EnD W E\D W
1 1
§/ Re—dv(w)—l—/ Re—dv(w)
pnE W D\E W
:/ Reidv(w)
D w

5 2a cos 6
:/ / cos 0drdd = wa = \/7u(E).
-z Jo

bl
Comparing with (2.9), both inequalities in (2.10) become equalities and thus v(E\D) = v(D\E) =
0. Since E is compact, D C E. Consequently, 2 = D(z;,7)\ P for some z; € Cand r = \/v(Q)7 71,
where P is a relatively closed set of measure 0.



To further show that P satisfies (2.6), consider

r(z — zp)
T2 + 2021 — |Zl|2 — (20 — 21)2

h(z) = , 2€f.

It is not hard to verify that h € Hol(Q2, D), h(z) = 0 and

W (20) = 5

r? —|z0 — 21]?

Thus h is an extremal function for cp at 2o, by (2.8). By [20, Theorem 28|, the image of the
extremal function satisfies h(Q2) =D \ @ where

Q=h(P), QND(0,r) e Ng, forall0<r<1.

Thus (2.6) is proved.

If additionally (2.7) holds, then by Theorem A.1, h is a biholomorphism from  to D(0,1) \ @,
where () is a relatively closed polar set. This implies that P is also a relatively closed polar set.
Conversely if Q = D(z1,7)\ P for a relatively closed polar set P, then a direct computation shows
3(20) = 7 '0(Cs \ 72 (€2)). The proof is complete.

]

The proof of Theorem 2.4 indicates the center of {2 may not necessarily be zy, at which the
equality (2.5) holds. Using the lemma below, we will show that if the stronger equality c¢%(z) =
mv~1(Q) holds for v(€) < oo, then in the conclusion of the preceding theorem the center of
must be zg.

Lemma 2.5. Let Q C C be a domain with v(Q2) < co. Then for all z € €,

T _ v(Cx\ j:())
@ < - , (2.11)

and equality holds at some zy € € if and only if Q is a disk centered at zy less a relatively closed
set of measure zero.

Proof. If B C C is a set with v(B) = 0, then v(j,,(B)) = 0. With this fact it is straightforward
to verify that equality holds for a disk less a relatively closed set of measure 0. Since v(Q2) =
v(Q2 —{20}) and 7.,(Q) = 7(2 — {z0}), without loss of generality we may suppose 2y = 0. Notice

that for any r > 0, v(rQ) = r?v(Q) and
V(Coo \ j(rQ)) = v(Coo \ 77j(Q)) = v(r™(Coc \ j(Q))) = r*v(Cc \ §(2))-

Here for any set B C C, rB := {rz : z € B}. We may further assume that v(2) = 7. So the
inequality (2.11) is equivalent to

v(J(Co \ Q) = v(Cso \ j(2)) = .

Set
S;=D\Q, S,=0Q\D.



So v(S1) = v(S3). Since Coo \ 2 =5 LU ((Cop \ D) \ S,) and j(Cy, \ D) =D,
J(Ca \ 92) = 5(S1) U (D \ j(S2)),

where LI denotes the disjoint union. Noticing j(S) C D, we further have

V(i(Co \ Q) — 7 = v(j(S1)) + v(D) — v(j(S2)) — 7 = v(j(S1)) — v(j(S2)).

Applying change of variables formula, one gets

1 1
((Ca \ Q) — 7 = / L) - [ L) > / Ldv(z) — / ldu(z)=0.  (212)
S1 |Z| Sa |Z| S1 Sa
Here we have used the fact that |z| < 1 on S; and |z| > 1 on Sy. This completes the proof of the
inequality part.
If equality holds in (2.11), then the inequality in (2.12) becomes equality and

1 1

Tpdv(z) = / ldv(z), Tdv(z) = / 1dv(z).

S1 ‘Z| S1 Sa |Z‘ Sa

Since |z| < 1 on S, the first equation implies v(S7) = 0. Thus, v(S;) = 0. By definitions of S

and Sy, we know that €) is the unit disk centered at 0 less a relatively closed set of measure zero.
[

Proof of Theorem 1.2 (Rigidity theorem of cg and cg). If v(2) = oo, then the inequality is
trivial. By [2, p. 107], cg(20) = 0 if and only if ¢g = 0, and thus if and only if Q = C,, \ P where
P € Np by definition.

We now assume v(2) < co. Equation (1.2) follows from (2.4) and (2.11). If Q = D(zp, /710 (2))\

Q, where
QND(z0,8) € Ng, forall s < /7 10(Q),

then by the classical Schwarz lemma, c¢%(z9) = 7v(Q)~L.

Conversely, if equality holds at z; € €2, then

62 (ZO) — 2)((COO \jZO(Q)) — m )
B s v(Q)

By the equality part of Lemma 2.5, Q = D(zo, /7 'v(Q2)) \ P, where P is a relatively closed set

of measure 0. By the equality part of Theorem 2.4, we further conclude that P ND(2g,s) € Np
for all s < y/7~1v(£2). The rest of the theorem follows from the second part of Theorem 2.4.
O]

Remark 2.6. If ¢3(20) > ¢3(20) = 70~ (Q2), then P in the preceding theorem may not be polar.
Indeed, let @ be the compact four-corner Cantor set defined in [18]. As shown therein, @ € N,
but is not polar. Let Q = D(zq,7) \ @ where zy and r are chosen such that zg ¢ Q C D(z,7).
Since Q € Np, all bounded holomorphic functions on  extend across Q. Thus,

cB:(20) = CB:D(z0m) (20) = \/U@(;,T)) - \/v(g)’

where the last equality used the fact that sets of class Np have two-dimensional Lebesgue measure
0.




3 Applications of the rigidity theorem of cp and cz
Let €2 be a domain in C",n > 1. The Bergman space of a domain € is the Hilbert space
A%(Q) = L2 () NOQ)
with L?(2)-norm denoted by || - ||o. The Bergman kernel is defined by
K(z) = sup{|f(2)]" : f € A%(Q), [|Iflla <1}, z€Q

By considering constant functions in the defining set of the kernel, we get

K(z) =

Q
v(Q)’ Ze

which is sharp when Q = ID(zg,7) \ P, where P is a relatively closed polar set and z = z.

As an application of Theorem 1.2, we show that this sharp example is in fact the only possible
domain where the equality can be achieved. Corollary 3.1 below, which is the main result of [14],
was originally proved by the first and second named authors using the equality part of the Suita
Conjecture. Here we provide a new proof based on our Theorem 1.2 and Suita’s Theorem.

Corollary 3.1 (Originally proved in [14]). Let Q C C be a domain. Then there exists a zy € )

such that 1

K =y

(3.1)
if and only if either of the following holds true:

1. v(Q) < oo and Q = D(zq,7) \ P, where P is a relatively closed polar set and with r* =
7 1u(Q).

2. v(Q) =00 and Q = C\ P, where P is a possibly empty, closed polar set.

Proof. First assume v(§2) < co. By Suita’s Theorem (Theorem 1.1) and Theorem 1.2,

™

v(Q)

7K (2) > cp(z0) > = 1K (20).

By the equality part of Theorem 1.2,
Q=D(z,7)\ P, PND(z2,5) € Ng, s<r=+/7m"10(Q).

The equality part of Suita’s Theorem (Theorem 1.1) implies additionally that P is polar. The
case when v(§2) = oo is already known (see |7, Theorem 4|).
O

Remark 3.2. The case v(§2) < oo in the preceding proof used Suita’s Theorem and not the Suita
Conjecture. The proof of Suita’s Theorem, which was proved using Riemann surface theory, is
much simpler than the proof of the Suita Conjecture. Thus, the proof given here is simpler than
the original proof in [14].
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Remark 3.3. After the initial version of the paper, Boas [9] kindly pointed out to us that Corollary
3.1 fails for domains in C",n > 2, as indicated by the following examples. Let {2 be a domain in
C",n > 2 satisfying (3.1) (for instance, a ball centered at zp), and consider images F'(€2) under
maps of the form F': C" — C" defined by

F(z)=(Z 20+ fo(2), 2= (21, 201), (3.2)

where f; : C"~! — C is any holomorphic function. Such maps are called shears and were consid-
ered extensively by Rosay and Rudin [28]. F' is biholomorphic, and the determinant det JcF' of
its complex Jacobian is constantly 1. Hence F' is volume preserving with v(F(§2)) = v(€2). On
the other hand, by the transformation rule of the Bergman kernel, Kpq)(F(20)) = Ka(20), so
(3.1) holds for F(2) at F(zp). Due to the arbitrariness of fo, a large degree of freedom is afforded
to the geometries of such F'(2), in stark contrast to the situation in C. Moreover, the domains
Q) that satisfy (3.1) include the bounded complete Reinhardt domains, bounded complete circu-
lar domains, bounded quasi-circular domains containing the origin, and bounded quasi-Reinhardt
domains containing the origin [23|, which form a strictly increasing sequence under the set con-
tainment relation in C", n > 2. By selecting €2 from one of these classes, we can produce additional
domains F(2) satisfying (3.1) that are not biholomorphically equivalent to the ball. Lastly, for
a bounded quasi-Reinhardt 2 containing the origin, by choosing a non-polynomial mapping F' in
(3.2) such that F'(2) is bounded and F(0) = 0, we may get a minimal domain centered at 0 that
is not quasi-Reinhardt (see [12,23]).

For domains in C, we also have the following more precise estimate on the on-diagonal Bergman

kernel. Recall that given z € Q, j, = L.

z

Corollary 3.4. Let Q@ C C be a domain with v(2) < co. Then for all z € €,
v(Co \ J:(2))

T2

K(z) >

Y

and equality holds at some zo € Q) if and only if ) is a disk less a relatively closed polar set.

Proof. By Suita’s Theorem (Theorem 1.1), the Ahlfors-Beurling Inequality (2.4), and Theorem

2.4,
R A)

- T

mK(z) > cj(2)

for z € Q). The equality part is a consequence of Theorems 1.1 and 2.4.

For j =1,2,... let
E9(z) = sup{|[fV)]": f € 22(Q), | fle <1, fP(2) =0,k =0,....5 — 1}

denote the Bergman kernels for higher order derivatives, and set K(®) = K. Blocki and Zwonek |[7]
established that for z € ) C C,

1(j +1)!

KOz > ZUTDY e, (3.3)

™

which is sharp for a disk less a relatively closed polar set D(zg,7) \ P with z = z.
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Proof of Corollary 1.3 (Rigidity theorem of higher-order Bergman kernels). The case v(Q)) =
oo is already known, cf. [7, Theorem 4|. For v(€2) < oo, this follows from (3.3) and Theorem 1.2.
O

One important property of the analytic capacity cp is that it is distance decreasing with
respect to any given holomorphic map f : X — Y, where X, Y are hyperbolic Riemann surfaces,
cf. [21, Chapter 2]:

[ (e (2)]dz]) < cpix(2)]dz], (3.4)

where f* (cp.y(z)|dz|) denotes the pull-back to X via f of the analytic capacity on Y.

Remark 3.5. For a hyperbolic Riemann surface X with a local coordinate z, if there exists zp € X
and a non-constant holomorphic function f : X — ID such that

|df (20)]
(1 —|f(20)*)*

K (20)|dz|? = (3.5)

then by (1.1) and (3.4), we have

VK (20)]dz| > cpx(20)|dz| > f* (cpp(20)]dz|) = 1 Ldfﬁz(il‘)|2.

Without loss of generality, assume that df (zy) > 0. Therefore, (3.5) forces the equality condition
in Theorem 1.1 to hold true, and there exists a biholomorphism A : X — D\ P such that

h(z) = 0 and 9%(z9) > 0, where P is a relatively closed polar subset. By the transformation rule
of the Bergman kernel, \/7TK(2) = 2(z). Take ¢(2) := 12__;(20))2: € Aut(D). Then po foh™!

is bounded, so it extends to a holomorphic function F' : D — D such that F'(0) = 0. Moreover,

F'(0) = \/WK(zo)il /T (20)(1 = | f(20)) - (1 — | f(20)[*)" = 1. The Schwarz lemma implies
that F'(z) = z on D, so f is in fact biholomorphic. Consequently, the identity (3.5) extends to all
of X, and f is a holomorphic isometry with respect to the Bergman kernel.

In the remaining part of the section, we focus on a bounded domain €2 in C with Lipschitz
boundary. The Hardy space H?(99) is defined to be the set of holomorphic functions on € which
admit a non-tangential boundary limit function and a maximal function on the boundary which
belong to L*(99). See Appendix B or [22| for more details. Let || - ||sq denote the L?(92) norm
and S(-,-) denote the Szego kernel. When restricted to the diagonal, it satisfies

S(z.2) == S(z) = sup{|f () : f € H20), |llon < 1}.

By considering constant functions in the defining set of the kernel, for any z € ), we get

1
S(z) > ———
(2) = a(09)’
where o(0€2) denotes the arclength of 0€2. The lower bound is sharp for = D(z,r) and z = 2.
As applications of the Rigidity theorem of cp and ¢z, Theorem 1.2, we will show that these are
the only possible domains where the equality can be achieved.
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Let {€2;}%2, be a family of exhausting subdomains of €2, and S;(-, -) be the corresponding Szegd
kernels. Boas showed in [8, Theorem 2.1] that if in addition © has C'"*°-smooth boundary and is
exhausted by sublevel sets €); of its defining function, then for a, z € €25,

lim S;(z,a) = S(z,a).

J—00
For a bounded domain € C C with Lipschitz boundary, there are subdomains {€2;}22, with C>
boundary that approximate 2 well uniformly and non-tangentially in the sense of Necas (see [22, p.
539] or Appendix B for more details). In Proposition B.3, we extend Boas’ stability result of the
Szegd kernel to Lipschitz domains in C with respect to the Necas approximation.

It is known for a finitely connected domain with C'* boundary that the analytic capacity
and (on-diagonal) Szegd kernel satisfy the relation cp(z) = 27S5(2). For {€;}32, given above,
as shown by Ahlfors and Beurling [2, Theorem 1|, the analytic capacities ¢;,5 and cp of these
domains, respectively, similarly satisfy

lim ¢;.p(2) = cp(z), z€.
Jj—o0

Consequently, we can conclude

Proposition 3.6. If Q) C C is bounded with Lipschitz boundary, then
cp(z) =2mS5(z), =€ (3.6)

The Rigidity theorem of c¢p and cg, Theorem 1.2, together with Proposition 3.6, enables us to
prove the rigidity phenomenon of the Szeg6 kernel.

Proof of Theorem 1.4 (Rigidity theorem of the Szego kernel). The equality conditions in Suita’s
Theorem (Theorem 1.1) and in ¢g > cp (Theorem A.1) imply that the equality condition in Case
1 holds if and only if €2 is biholomorphic to a disk less a relatively closed polar set. Since €2 is
Lipschitz, it is a regular domain for the Dirichlet problem. Thus, the polar set is empty, cf. [27].
For Case 2, it suffices to prove the ‘only if’ direction. By the Rigidity theorem of cp and c3

(Theorem 1.2), 2mS(2p) = /mv~1(Q) if and only if

Q=D(z,7)\Q, QND(z,s) € Ng, foralls<r=+/m"T0(Q).

Since €2 has Lipschitz boundary, its boundary has no singleton connected components. Thus
Q = 0. The equality case 27S(zy) = 2w~ (99Q) follows now as well.

By (3.6), 275 (20) = 6 *(20) is equivalent to cp(z9) = 6 '(29). Let fp be an extremal function
for cg(20). By the Schwarz lemma, fo|p(z,6(z)) : D(20,6(20)) — D is extremal for (2, 6(20)), and
thus equals ¢?§71(20)(z — z) for some 6 € [0, 27). Since |fo| < 1, Q© = D(20,(20)).

[

Theorem 2.4 combined with Proposition 3.6 also gives another rigidity result concerning the
Szego kernel below.

Corollary 3.7. Suppose 2 C C is a bounded domain with Lipschitz boundary. Then for z € €,
. (Q
SQ(Z> > V(Co \ Ji( ))

- 473

Moreover, equality holds at some zy € ) if and only if ) is a disk.
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Remark 3.8. In comparison with (1.4) and Theorem 1.4, concerning the inequality between the
on-diagonal Bergman and Szego kernels and the equality conditions, we would like to point out
that when the domain is bounded and simply-connected with C'*°-boundary;,

K(z,a) = 4758%*(z,a), z,a €,
cf. [3, Theorem 25.1].

Remark 3.9. Let f : Q1 — 5 be a holomorphic map, where €,y C C are bounded domains
with Lipschitz boundaries. Then, by Proposition 3.6 and (3.4), the Szegt kernel is decreasing with
respect to f, namely

|f'(2)I50,(f(2)) < Sa,(2),
and equality holds if f is a biholomorphism.

4 Rigidity of sublevel sets of Green’s function
For a fixed zp € §, let G, (-) = G(+, 29) and
QG ={2€Q:G,(2) <t}, te(—o0,0]

denote the sublevel sets of the Green’s function. The following monotonic property was proved
by Btocki and Zwonek.

Theorem 4.1. [6] Let Q be a bounded domain in C. Then for any zy € €2,

is mon-increasing in t € (—00,0).

Remark 4.2. Note that

lim =

t—0- v()  v(Q)
As t — —o0, ; is approximable by the set {log (cs(20)|z — 20]) < t} (see [4,6]). This implies
e2t e2t c%(ZO)

e (@) o u({lr 2l < €6 () T

This gives the inequalities (1.5) between the logarithmic capacity and the sublevel sets of the
Green’s function.

The next theorem discusses the second inequality in (1.5), which states that either f in Theo-
erem 4.1 is strictly decreasing, or the domain has to be rigid.

Theorem 4.3. Let Q be a bounded domain in C. If there exist zyg € Q and t; < tg in (—o0,0)

such that ) )
me2th me2t2

v(Q)  v(Q,)’

then G, (z) = log|z — zo|/R for some constant R > 0. Consequently, ) is a disk centered at z,
with radius R possibly less a relatively closed polar subset.

14



Proof. By scaling and translating if necessary, we may assume that zy = 0 and the diameter of 2
is 2. By the inequality part of Theorem 4.1, f(t1) = f(t2) implies that there exists a constant C
such that

v() = Ce*,

for t € (tl,tg). Thus
d
—U<Qt) = QU(Qt)

dt
Following [6,7], we see from the Cauchy-Schwarz inequality that for almost every ¢t € (—o0, 0),
o2(00) < / da/ IV Goldor (A1)
U7 Joo, NGol - Joa,
Note that due to the harmonicity of Gy away from 0,

oG
/ |VGoldo = “do = 2r. (4.2)

A a0, OV

On the other hand, by the co-area formula v(€);) = f /. o0, de ‘ds which further leads to

1 d
—do = —v (). 4.3
/mt T () (4.3)

for almost every t € (—o0,0). Pick up a point ¢y € (¢1,%2) such that (4.1-4.3) hold. Then,
o?(08,) < 4mv ().

According to the classical isoperimetric inequality (see [11] and the references therein), €, is
equivalent (two sets E; and Fy are equivalent if and only if v(E; U Ex \ E1 N Ey) = 0 ) to a
disk centered at a point a € Q with radius re’® for some r > 0, and in particular, the involved
Cauchy-Schwarz inequality (4.1) attains the equality. This means IVG | is necessarily a constant
multiple of |VGy|, or equivalently, |[VGy| is a constant on 0€);,. Combining this with (4.2), one
obtains Gy = |[VGo| = r~te~" on 9€,.

Now Gy is harmonic on 2\ €, and satisfies the following Cauchy data

0Gy 1

Go = to, v reb

on some smooth piece in 9, contained in dD(a,re). As a consequence of the unique continua-
tion property of harmonic functions for local Cauchy data (see [32]), we get Go(z) = log lz=al o
Q\ Qy,, and further on §2 by the uniqueness. Since Gy has a pole 0 and the diameter of Q is 2 we
see that a = 0 and r = 1, with Gy(z) = log |z| on 2. Then we complete the proof using Lemma
A2.

O

In particular, the corollary below follows from Theorem 4.3 directly. Here we provide an alter-
native proof adopting the property of the Bergman kernel, instead of using the unique continuation
property of harmonic functions as in Theorem 4.3.
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Corollary 4.4. Let Q be a bounded domain in C. Then, there exist zo € Q and ty € (—o0, 0] such

that
e3to

) = Sy

if and only if ) is a disk centered at zg possibly less a relatively closed polar subset. In particular,
2 —
W) = @)

for some zy € Q if and only if Q) is a disk centered at zy possibly less a relatively closed polar
subset.

Proof. Tt suffices to prove the necessity. By scaling and translating, we may assume z, = 0 and
c3(0) = 1. By the isoperimetric inequality as in the first part of the proof of Theorem 4.3, €2; is
equivalent to a disk of radius e for almost every ¢ € (—o00,). Let ¥ < ¢, be a negatively large
constant such that when t < ¥, 9€), is smooth. Hence €, is precisely a disk of radius e’ for each
such arbitrarily fixed . Denote by a; the center of €.

We claim that a; = 0. To see this, let K; and ¢; stand for the corresponding Bergman kernel
and logarithmic capacity of €2, respectively. Then for z € €2,

e2t

(€2 — |z — ay]?)?

Ki(z) =

Since the Green’s function on €, with a pole 0 is Go(z) — t, by definition,
c(0) = exp lirr(l){(Go(z) —t) —log|z|} = e fc(0) = .
2—

Making use of the fact that 7K, = ¢? on the disk €, we further have at z = 0 that

2t

€ _ 9 ot
(€2 — |ay]2)? = 1K;(0) = ¢;(0) = e .

It immediately tells us that a; = 0, so
Q, =D(0,¢"), for t <t (4.4)

Lastly let p(2) := Go(z) —log|z] on Q. Then ;, = {2z € C: |z| < ef%}, t < 0. Comparing this
with (4.4) for t < t*, we have p|gg, = 0. Since p is harmonic on €, p = 0 on §2;. By the uniqueness
again, p = 0 on €2, where G(z) = log|z|. The proof is complete in view of Lemma A.2.

[]

Proof of Theorem 1.5: The ‘only if’ direction is straightforward. For the ‘if’ direction, Case 2
follows from Theorem 4.3. Case 1 follows from Corollary 4.4, or alternatively, from Theorem 4.3.
Indeed, if Case 1 holds, then by (1.5) we have for all ¢ < ¢;

et et

v(Q) ()

Case 1 is thus reduced to Theorem 4.3 and so (2 is a disk centered at z; possibly less a relatively
closed polar subset. Case 3 can be proved similarly from Theorem 4.3.
O
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5 Rigidity properties of the distance function in C"

Let Q be a bounded domain in C"* with C%-boundary. It is known that there exists a constant C'
depending only on n such that

K(2) <065 (2)
for all z € Q; if in addition € is pseudoconvex, by [16,26] there exists a constant Cy, depending
only on € such that

Co
K(z) > 72

In particular, the Bergman kernel of B"(zg, r), the ball in C™ centered at zy with radius r, is given

by

nlr?

KB”(ZO,T)(Z) = 7r”(r2 — |z _ z0|2)n+1'

(5.1)

Denote by PSH™~(2) the space of negative plurisubharmonic functions on 2. Let G.(-) be the
pluricomplex Green’s function of 2 with pole z € ) given by

G.(w) = sup{u(w) : u € PSH™(Q),limsupu(¢) —log |¢ — z| < oo}.

(—z

The Azukawa indicatrix for z € 2 C C" is defined as

I5(2) == {X € C" : limsup (G.(z + ¢X) — log|¢|) < 0}. (5.2)

¢—0
Straightforward calculations show ]A”(z,r)(z) = B"(z,7), and when n = 1, I{(z) = D(0, c/glg(z))

Proof of Theorem 1.6. Firstly, we deal with the relation between the Bergman kernel and the
distance function. Let z € Q be fixed and consider B"(z,d(z)). Then B"(z,d(z)) C Q. By (5.1)
and the monotonic decreasing property of the Bergman kernels with respect to domains,

n!
K < Kpgn 2,0(z < —=—
(2) < Kaneoen(2) = s
which yields (1.7).

Then we prove the rigidity part in (1.7) and without loss of generality assume equality is
attained at zy = 0, namely K (0) = n!r="672"(0). Let f be an extremal holomorphic function on
Q such that ||f||;2@) = 1 and K(0) = |f(0)[>. Then the restriction of f to Q; := B"(0,6(0)) is
also holomorphic with || f|lr2,) < ||fllz2@ = 1. Therefore, the Bergman kernel on the ball
satisfies

n! [f(O)F

! n!
—gp) = Ko (0) = o — (0]
w2 (0) T m32(0)

which forces both inequalities above to become equalities. In particular,
1fllz2) = 1 = [| fllL2(01)- (5.3)

This implies € = 4, i.e, is a ball. In fact, if  # €y, then f = 0 almost everywhere on the
non-empty open set Q \ ; (of positive Lebesgue measure) by (5.3). By the holomorphicity we
know that f = 0 almost everywhere on €2, which contradicts the fact that || f|| ;2@ = 1.

> [f(0) = K(0) =
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Secondly, we deal with the relation between the Azukawa indicatrix and the distance function.
Once again, we may suppose z = 0. Since B"(0,6(0)) C €2,

B"(0,6(0)) = In (0,500 (0) C I5(0), (5.4)

which gives the inequality (1.6).
Assume equality in (1.6) holds. Then

v(I§(0) \ B"(0,5(0))) = 0. (5.5)
We first claim that for all X € 9B™(0,4(0)),

lim sup Go(AX) —log |A| < 0. (5.6)
A—0

Indeed, if limsup,_,, Go(AX) — log|\| = ¢ > 0, then for ¢ > 0 sufficiently close to 1~ (say
t>e ),

lim sup Gy (A\(tX)) — log [A| = lim sup Go(AtX) — log |At| + logt
A—0 A—0

= (limsup Go ((At) X) — log |/\t|) + log t
At—0
= €9+ logt > 0.

This would mean tX ¢ I4(0), which contradicts (5.4). The claim is proved. The same argument
also shows that if X € I5(0), then so is tX for all 0 <t < 1.
By (5.6), there is a function f : 9B™(0,0(0)) — [1,00) such that

(15(0) UOB™(0,6(0))) \ B"(0,5(0)) = {rw : w € B™(0,(0)),1 < r < f(w)}.

Then by (5.5),
fw)
0 :/ / " drdo(w).
aB"(0,6(0)) J1

Thus f(w) = 1 almost everywhere with respect to o(9B"(0,5(0))). Thus, for almost every X €
oB"(0,6(0)),

lim sup Go(AX) — log |A| = 0. (5.7)
A—=0
For fixed X € 0B"(0,4(0)) satisfying (5.7), consider u : D(0,1) \ {0} — R by
u(A) = Go(AX) — log ||

By (5.7), u extends subharmonically to equal 0 at 0. On the other hand, by the monotonicity of
the pluri-complex Green’s functions,

u(A) < log

AX
—| —log|A| =0.
6(0>‘ s

Thus, w € SH=(D(0,1) \ {0}). By the maximum principle u = 0, or equivalently,
AX

Go(AX) = log 5(0)
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for almost every X € 0B"(0,6(0))). Since Gy < 0 on €2, there is a (possibly empty) o(9B"(0, §(0)))-
null set £ such that
0B"(0,6(0)) \ € C 0.

Since 0F2 is closed and B"(0,4(0)) C €,
o0 = 0B"(0,6(0)), Q=18"(0,5(0)).
[

In the case of pseudoconvex domains, the rigidity result concerning the Azukawa indicatrix
and the distance function follows immediately from the multi-dimensional Suita conjecture and
the first part of our proof of Theorem 1.6. Recently, the first author and Wong [15] used curvature
properties of the Bergman metric to characterize pseudoconvex domains that are biholomorphic
to a ball B" possibly less a relatively closed pluripolar set.

When n = 1, since I3 (z) = D(0, cg;lg(z)), Theorem 1.6 implies the corollary below. Here we
provide an alternative proof using more elementary methods.

Corollary 5.1. Let Q be a bounded domain in C. Then for any z € (),
5 H(2) > cs(2). (5.8)
Moreover, equality in (5.8) holds at some zy € § if and only if Q is a disk centered at z.

Proof. For any z € , write the Green’s function as G,(w) = log|z — w| + p(w). Then p is
harmonic in Q and p(2) = log cz(z). For any positive number R < §(z), we have

1 27

. 1 [ ‘
G.(2 + Re™)dt = Py / log R+ p(z + Re)dt.
0

27 Jo

By the mean value theorem for harmonic functions, 5- f027r p(z + Re')dt = p(z) = log cg(z). Thus

1 2

7 i G.(z + Re™)dt = log(Res(2)). (5.9)

Recall that for w € Q\ {2z}, G.(w) < 0. This implies from (5.9) that
cp(z) < R~

Letting R — 0(z)~, we obtain (5.8).

Assume cg(z9) = 6 '(20) at some point zy € Q. Then by (5.9) and the nonpositivity of G,,,
G (w) — 0~ for all w € OD(zp, R) as R — 0(29)~. The continuity and nonpositivity of G, in
further concludes that this can only happen when 0 coincides with 9D(zy, d(20)).

O]

Remark 5.2. When (2 is a bounded domain in C, Theorem 1.6 reduces to




for all z € €2 and equality holds at some z; € €2 if and only if 2 is a disk centered at z5. Combining
this with the previous inequality chains considered in the paper, we know that there exists some
2o € Q (and some ty < 0) such that

1 et U(Coo \ 7z (£))

2(z0) = c%(z) or or

v({G(-, 20) < to}) T

if and only if Q is a disk centered at z.

Appendices

A Rigidity phenomenon between cp and cp

The aim of this appendix is to prove the following rigidity theorem characterizing the equality
conditions for cp < cg.

Theorem A.1. For an open hyperbolic Riemann surface X, cg(zy) = cp(20) for some zy € X if
and only if X is biholomorphic to the unit disk D possibly less a relatively closed polar subset P; in
this case, the extremal functions of the analytic capacity cg(zo) equal p o f, where f: X — D\ P
is a biholomorphism and ¢ € Aut(D) such that p o f(z9) = 0.

Given two Riemann surfaces X and Y with X admitting a Green’s function, Minda in [24,
Theorem 3| proved that if f: X — Y is holomorphic, then

[ (epy (w)|dw]) < ex(Q)]dC].

Moreover, if equality holds at a single point, then f is biholomorphic onto its image and Y\ f(X)
is a closed polar set. Although Minda’s approach does not mention the analytic capacity, it can
be used to deduce Theorem A.1 as follows. For any f € Hol(X,D),

PNl < O 2 e 2)1dz] < es(2)dz.

1—[f(2)

If we suppose cz(z0) = cp(20) and set f = fy to be an extremal function for cp(zp), then
all inequalities above become equalities at z5. By Minda’s result, fy is a biholomorphism onto
D\ P where P is a relatively closed polar set. Thus, Theorem A.1 is proved. The key ingredient
of Minda’s proof is the “sharp form of the Lindeldf principle” for the Green’s function. In the
following, we shall reprove Theorem A.1 without resorting to this principle.

Let f be a holomorphic function on an open Riemann surface X such that f(X) C C admits
a Green’s function. Then the Green’s function satisfies a subordination property:

Gx(2,2) 2 Gpx) (f(2), £(2) (A.1)

for all (z,2") € X x X. Moreover, if there exists some (zp, () € X x X with 2y # z{ such that
equality in (A.1) holds, then
Gx(2,7) = Gpox)(f(2), [(2)) (A-2)
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for all (z,2') € X x X and f is injective. See for instance [27, Theorem 4.4.4] for the proof for
planar domains. The cases for Riemann surface can be proved similarly. A consequence of the
property is the following rigidity property Lemma A.2 of the Green’s function. We note that
strengthened forms of the subordination property and Lemma A.2 were proved in |24, Theorem
1] by Minda using the Lindel6f principle for the Green’s function.

Lemma A.2 (Rigidity lemma of the Green’s function). On an open Riemann surface X, the
Green’s function with a pole zy € X is

G(z,20) = log|f(2)]

for some holomorphic function f on X if and only if f is a biholomorphism from X to the unit
disk possibly less a relatively closed polar subset such that f(zy) = 0.

Proof. Since Gx(z,29) < 0 for z € X, f(X) C D. The image f(X) admits a Green’s function
because f(X) is bounded. Also, observe that f(zy) = 0. Applying the subordination property
(A.1) to f and the identity map, we get

log|f(2)| = Gx(z, 20) = Gx)(f(2),0) = Go(f(2),0) = log | f(2)].

By the subordination property (A.2), f is injective and Gx)(¢,0) = log|(| for ¢ € f(X). Let
nedf(X)ND and ¢,(€ f(X)) — n. Since

n—o0

n is an irregular boundary point. By Kellogg’s Theorem, cf. |27, Theorem 4.2.5], P = 9f(X)ND is
a relatively closed polar set in D. Suppose zy € D\ f(X). Then for some € > 0, f(X) C D\ID(zo, €).
Let k be the harmonic function defined on the latter set with Dirichlet boundary data

k(g):{o, PR

—log(|z0| +€), =z € ID(2o,e€).

Since Gf(x)(2,0) < Grx)(2,0) + k() and G(x)(2,0) + k(z) is in the defining set of (2.1) for the
domain f(X), we have arrived at a contradiction unless D\ f(X) is empty. Thus, D = f(X)U P,
where LI denotes the disjoint union. The proof of the theorem is complete.

]

In [19, Theorem 3.1, p. 1196] of the equality part of the Suita conjecture, Guan and Zhou
showed that if 7K (29) = ¢3(20), then by their optimal L? extension theorem, exp G(z, z0) = [g(2)|,
for some holomorphic function g on Q. By proving further ¢3(z0) = 3 (20) if exp G(z, z0) = |g(2)|,
they were able to apply Suita’s Theorem (Theorem 1.1) to yield that X is biholomorphic to a disk
less a relatively closed polar set.

In fact, Lemma A.2 says that |g(z)| = exp G(z, 20) if and only if the surface is biholomorphic
to a disk less a relatively closed polar set. Consequently, one does not need to involve the analytic
capacity or Suita’s Theorem to prove the equality part of the Suita conjecture as in [19]. See
also [13] for related work.

Next, by relying more explicitly on the analytic capacity, we shall give a proof of Theorem A.1
by making use of Lemma A.2 and following an idea of Guan and Zhou in [19, Lemma 4.25].
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Proof of Theorem A.1. If X is biholomorphic to a disk less a relatively closed polar set, then
cg = cp, since the polar part is negligible.

Conversely, write G, (z) for G(z, z0), and let u(z) := log(|fo(z)|) for z € X, where f; is an
extremal function of the analytic capacity at zo. Since |fy| <1 on X, u € SH™(X). By definition
of the Green’s function, we further see that u—G,, € SH~(X). We will show that u—G,,|,—,, = 0.
In the local coordinate w(z) of X near 2y, lim, ., log | fo(2)| —log |w(z)| = log |illf—£(20)| = log cp(20)
by definition of fy. Thus for z € X near zy,

u(2) = Gz (2) = (log(| fo(2)]) = log [w(2)[) — (G, (2) = log[w(2)]) — log cp(2) —log cs(20) = 0.

As a consequence of the maximum principle of subharmonic functions, we have

G (2) = log(| fo(2)])-

By Lemma A.2; fy is a biholomorphism from X to the unit disk less a relatively closed polar set,
with fQ(Zo) =0.

To complete the second part of the theorem, let f : X — D\ P be any biholomorphism, and let

o(z) = % € Aut(D). Then, F:=¢o f: X — D\ ¢(P) is also a biholomorphism such that
—f(z0)z

F(z9) = 0, and G,, = log |F| by Lemma A.2. We will show that F' is an extremal function for
cp(2). Forany h € Hol(X, D) with h(z) = 0 and h'(zo) # 0, we have that log|h| € SH~(X). By
the definition of the Green’s function, log|h| < G, = log |F| and so |W'(z9)| < |F’(20)|. Therefore,

c(20) = | F'(20)],

which means F' is extremal.

O

It is known (see [29, VIL.5H]) that if X is a regular region of connectivity greater than or equal
to 2, then
cg(2) > cp(z), forall z € X. (A.3)

Theorem A.1 says that (A.3) in fact holds for any hyperbolic Riemann surface X which is not
biholomorphic to a disk possibly less a relatively closed polar subset.

B Stability of the Szego kernel on Lipschitz domains

The Szeg6 projection and its kernel on planar domains with Lipschitz boundaries were studied
extensively by Lanzani [22]. One of the key steps in extending results from smoothly bounded
domains to those with Lipschitz boundaries is by approximating the bounded Lipschitz domain €2
by smoothly bounded subdomains in the sense of Necas (see [22, Theorem 2.3]).

Theorem B.1. [22]| Let Q@ C C be a bounded domain with Lipschitz boundary. Then there exists
a sequence of subdomains {$2;}32, with C* smooth boundaries such that

1. There is a sequence of Lipschitz homeomorphisms A; : 00 — 08 such that A;j(P) € T'(P)
(see Definition B.2) and lim; o, A;(P) = P.
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2. There exists functions w; : 0Q — (0,00) that are uniformly bounded away from 0 and oo,
converge to 1 almost everywhere and

/ B, () )y (w)dor (w) = / h(C)doy ()
) 09;
for any h € L*(99;).

3. The unit tangent vector T; for 0S); and the unit tangent vector T for 00 satisfy that
Ti(A;(+)) = T(-) almost everywhere on OS.

If Q has C* boundary with a defining function p and Szego kernel S, define the sublevel sets
of the defining function for small € > 0

Qe ={2€Q:p(2) < —¢},

and consider the Szegd kernels S.(-,-) of these respective domains. In the proof of Theorem 2.1
of 8], Boas showed that for a, z € €,

lim S.(z,a) = S(z,a).

e—0t

The purpose of this section is to extend this stability result of the Szegd kernel to Lipschitz
domains in C with respect to the Necas approximation. We begin by giving notations along the
lines of [22].

Definition B.2. 1. For A > 0, P € 010, the non-tangential approach region to P is
I'(P) ={C:|¢ = P| < (1+ A)dist(¢,00)}

2. For a function f defined on a Lipschitz domain, the non-tangential limit f* and non-
tangential maximal function f*, if they exist, are defined respectively as

fY(P)= sup |f(w)], [fH(P)= lim f(w), P €o.

wel'(P) wel(P)
3. The Hardy space of a bounded domain 0 with Lipschitz boundary is
H*0Q) ={f": feOQ), f e L*00)}.

A useful characterization of the Szegd kernel for our purposes is

i)
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where f is the unique function with minimal L?(9)-norm among all functions in H?(9)) with
f(a) = 1. Using Theorem B.1 we can adapt the proof of Boas |8, Theorem 2.1|.

S(z,a) (B.1)

Proposition B.3. Let Q2 be a bounded domain with Lipschitz boundary and S(-,-) be its Szegé
kernel. Let {€2;}52, be a sequence of subdomains as in Theorem B.1. Denote by {S;(-,-)} the
corresponding Szegd kernels for these domains. Then for each a,z € €,

lim S;(z,a) = S(z,a).

J—00
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Proof. Let {f;} and f be the extremal functions for the domains {€2;}22, and  as in (B.1). Since
|f o AjlPw; < CIf** € L1(09),

1
155 130, < I1fll3e, = I(f o Ajw; [3a < M < oo (B.2)
for some constant M, and by the dominated convergence theorem
1
T (/7 0 Ag)e [ = 17+ e (B.3)

By (B.2), on each Q, {f;};>r is a normal family. After passing to a subsequence, there exists an
F € O(Q) such that f; — F uniformly on compact subsets. Necessarily this implies F'(a) = 1.

By (B.2), after passing to a subsequence (f;r o Aj)w1/2 converges weakly to fo in L?(99). Let

J
C denote the Cauchy transform. We claim that

P =00 (= 3 [ e mom).

2mi o0 W — 2
In fact for any fixed z € €,

A, [ flwlT),
a0 Aj(w) — o o W—2z !

1£i(2) = C(fo)(2)] =

< 20 |17 (A (w))w? (w)] Aj(w) _]Z

+

/asz <fj+(Aj(w>>wj§<w) - foo(w)) w—iysz’ =A+ B.

1
Since % € L>®(09) and (f;” o Aj)w? converges weakly to fi in L*(0S2), we have B — 0. For

1
Ty (A (w))w? (w)
Aj(w)—=z

to % in L?(092) norm. Making use of Holder inequality and the uniform boundedness of [|(f;" o

A, notice that by Theorem B.1 and the dominated convergence theorem, converges

Aj)wjl-/2||ag, we get

Ty(A (w)w} () T(w)

A<|(fF o A)w?
—”(f] © ])w] ||8Q A](w)—z w— 2

o9
Hence f; — Cf. pointwisely, and so F' = C(fw).

Using the fact that {TG : G € H*(0Q)} = H*(99Q)*, we will show that f,, € H?(99),
cf. [22, Theorem 5.1], [3, Theorem 4.3]. Since (f;", T;G)aq, = 0,

|<foo,ﬁ>|
(o= (fF oAy §—G>
/ [ (A w} ()T (w)G(w) — (f;(4;)(w))T;(A;(w)) G (A (w))w;j(w)do (w)]

< oo = (ff 0 Mgy,

[

wh—'

G>m|+M%( [T ()Gw) ~ T (4 0) G () () P (w))
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The first term above approaches 0 as j approaches co by weak-convergence. The integrand
in the second term is dominated by C|G*|? for some constant C'. By the dominated convergence
theorem, the integral approaches 0 as well. Thus, f,, € H*(992). Since the Cauchy transform is a
projection onto H?(9R), foo = F'T on 0. In particular (fjJr o Aj)wj% converges weakly to F'* in
L*(09) as well. Hence

l . .
IF 50 < liminf [[(f; 0 Aj)w? [l5q = liminf [ ][50,
j—o0 j—o0

< limsup || £]30, < limsup ||fll50, = I/ 50- (B-4)

j—00 j—0o0

Here the first inequality uses the weakly sequentially lower semicontinuity for the L?(9€) norm,
the third inequality applies (B.2) and the last equality uses (B.3). Since f is unique, F' = f on (2,
and all inequalities in (B.4) become equalities. In particular, f; converges pointwisely to f on
and Hfj—HaQJ — ”f+Hag by (B4) By (Bl), Sj(Z,CL) — S(z,a).

O
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