Weighted Sobolev estimates of the truncated
Beurling operator

Yifei Pan and Yuan Zhang

Abstract

Given a bounded planar domain D with W**t1.> boundary, k € Z* U {0}, and a weight
e A, 1< p< oo, weshow that the corresponding truncated Beurling operator is a bounded
operator sending W*P(D, 11) into itself. Weighted Sobolev estimates for other Cauchy-type
integrals are also obtained.

1 Introduction

Let us first recall the well-known Beurling operator B on f € LP(C),1 < p < oo:

o fQ) =
Bf ._p.v.%/c(c_yd(/\d( on C,

where p.v. represents the principal value. By the classical Calderén-Zygumund theory [4], B is a
bounded operator sending LP(C) (and W*?(C)) into LP(C) (and W#P(C), respectively). In this
paper, we study the operator theory of the associated truncated Beurling operator H := xpB(xp-)
with respect to a bounded domain D C C. Here xp is the characteristic function of D. Namely,
for f € LP(D),1 < p < o0,

o Q) =
Hf .—p.v.%/[)(c_')de/\dC on D. (1.1)

Unlike the boundedness of B in W*?(C), the Sobolev regularity of H requires some necessary
boundary regularity of the domain D. For instance, consider D to be a polygon in C and f =1
on D. Then D has W' boundary and f € C°°(D). However, O(H f)(z) behaves like —-— near

1
z—wo
any of its vertices wy on the boundary bD (see [AIM, pp. 146]), which does not lie in‘ Wl!p any
more if p > 2.
Besides the Beurling operator, there are two other Cauchy-type integral operators that play a
crucial role in complex analysis and singular integral theory. For 1 < p < oo,

Tf:= _1/&d4/\dc on D, for fe LP(D);

“omi Jp ¢~

1
Sf = —/ md( on D, for fe LP(bD).
2mt Jop ¢ — -
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The solid Cauchy operator T is known to provide a weak solution to the Cauchy-Riemann equation
Ou = f on D and to improve the Holder regularity by one order (see [1,17]); the boundary Cauchy
operator S is a singular integral operator when restricting on bD, which sends LP(bD) continuously
into itself according to a result of Riesz. The truncated Beurling operator H is related to 7" in
terms of a distributional derivative of T" from the point of view of complex analysis.

Based upon harmonic analysis methods, the sequential works of [10, 12, 16] assert that the
truncated Beurling operator H maintains the (unweighted) W*? regularity provided that p > 2
and the unit normal of bD falls into some Besov space. Ever since, such Sobolev regularity of
H has found substantial applications to quasi-conformal mapping theory through Beltrami-type
equations [2,11], and the Cauchy-Riemann equations (or the so-called 0 problem). In particular,
in the study of the 0 problem on some types of quotient domains that are realized as proper
holomorphic images of product domains, a machinery introduced in [3, 8] (see also [18,19]) has
shown that the corresponding Sobolev regularity can eventually be reduced to a weighted Sobolev
regularity for those Cauchy-type integrals. See also our subsequent paper [13] for an immediate
application to an optimal Sobolev regularity of @ on product domains and the Hartogs triangle.

The goal of this paper, motivated by the results and the call for weighted Sobolev theory to
the Cauchy-type integrals, is to study the weighted Sobolev regularity of these operators in (1.1)-
(1.2). Here our weight space is taken to be the standard Muckenhoupt’s A, class (see Section 2).
Denote by Z* the set of positive integers and by W#?(D, i) the weighted Sobolev space on D
with respect to a weight u, k € ZTU{0},1 < p < 0.

Theorem 1.1. Let D C C be a bounded domain with W*T1°° boundary, k € Z+ U {0}. Assume
weA,1<p<oo. There exists a constant C' dependent only on D, k, p and p, such that for all
f e Wrr(D, ),

IH fllweeo,u < Cllflweemn, (1.3)

and
|T fllwrsrewy < Clfllweeo,)- (1.4)

The k& = 0 case in the theorem above is the classical weighted Calderén-Zygmund theory, which
is included for the sake of completeness. We stress particularly that, in the case When uw=1 (the

unweighted case) p > 2, and the unit normal A of bD is in the Besov space B p.p (equlvalently,

bD € Bkzl = WP ), (1.3) was firstly proved by Prats in [10] using technical harmonic

analysis approach. In comparison to his result, our Theorem 1.1 recovers the Sobolev regularity
with respect to any arbitrary A, weight over the full range of p, 1 < p < oo, by assuming
a slightly stronger boundary regularity bD € W**5> Our proof to Theorem 1.1, short and
analytic, is mostly done through the line of complex analysis and partial differential equations.
One of the main ingredients is an induction formula on S, together with a higher order Cauchy-
Green formula. Making use of it, we reduce the weighted Sobolev regularity of H and T to the
corresponding estimates in the Lebesgue spaces, where the Calderén-Zygmund theory applies.

It is worth pointing out that, under the same assumption ¢ = 1,p > 2 and bD € WhH=pP
as in [10], our proof can actually recover the above-mentioned result of Prats. For convenience
of the reader, we have included the corresponding argument in our proof. The key observation
is that when p > 2, W*P(D) forms a multiplication algebra. After our paper was submitted, Di
Plinio, Green and Wick recently obtained in [5] a similar weighted estimate (1.3) when k = 1 with

pe A, p>2andbD e W2 P,



We also obtain the following weighted W*? regularity for S on domains with W*> boundaries
(which is of one order lower than that in Theorem 1.1). Note that the k£ = 0 case is excluded since
S is not well-defined then.

Theorem 1.2. Let D C C be a bounded domain with W5 boundary, k € Z*. Assume u €
Ay, 1 < p < oo. There exists a constant C' dependent only on D,k, p and p, such that for all
f'ewkn(D,p),

1S fllweep,wy < Clfllweep,p- (1.5)

If in particular p =1 and p > 2, then the above holds as long as D has W1 n Wk P boundary.

2 Notations and preliminaries

Denote by dV the Lebesgue integral element on C, and by |S| the Lebesgue measure of a subset
S in C. Our weights under consideration are in the standard Muckenhoupt space A, as follows.

Definition 2.1. Given 1 < p < oo, a weight p: C — [0,00) is said to be in A, if its A, constant

Ap(p) = sup (|_;|/BM(Z)CZVZ) (ﬁ/}gu(@llpd‘é)pl < o0,

where the supremum is taken over all discs B C C.

See [15, Chapter V] for an introduction of the A, class. Clearly, A, C A, if 1 < ¢ <p < 0.
A, spaces also satisfy an open-end property: if ;1 € A, for some 1 < p < oo, then p € A; for some
p < p. As a direct consequence of this property and Hoélder inequality, if p € A,,1 < p < oo,
there exists some g > 1 such that LP(D, pu) C LY(D) for a bounded domain D.

Given a non-negative weight p and 1 < p < oo, the weighted function space W*?(D, 1) is the
set of functions f on D whose weak derivatives up to order k exist, and the W*P? norm

k v
1 fllwkep ) = (jZO/Dyv 7(2)] u(z)dV) < 0.

Here V7 f represents all j-th order weak derivatives of f. When pu = 1, W*P(D, ) is reduced to
the (unweighted) W*P(D) space. From now on, we shall say a < b if a < Cb for a constant C' > 0
dependent only possibly on D, k,p and the A, constant of .

3 Weighted Sobolev estimates

Let D be a bounded domain in C with W' (equivalently, Lipschitz) boundary. For f € L?(D),
it is known that the solid Cauchy integral 7" is a solution operator to the 0 equation on D:

OTf=f on D

in the sense of distributions. Moreover, for a.e. z € D,

o (= i L fQ) =
OTf(z) = Hf( )( 1 '/D\Be@ (C_Z)QdCAdC>, (3.1)



where B.(z) is the disc centered at z € D with radius €. See for instance [1,17]. According to the
weighted Calderén-Zygmund theory, if € A,,1 < p < oo, then

IH fllzr o) S | fllzeo.p)- (3.2)

The following proposition follows immediately from the above (in)equalities and [18, Proposition
3.1] about a weighted estimate on 7.

Proposition 3.1. [15,17] Let D be a bounded domain in C with W' boundary and u € A,,1 <
p<oo. If f € LP(D,p), then Tf € WYP(D, ) with

1T fllwiewm S I flleeo.p-

We first estimate the boundary Cauchy integral S. Recall that S is related to T' in terms of
the following Cauchy-Green formula: for all f € W4(D),q > 1.

Sf=f—-Tof on D (3.3)

in the sense of distributions. Since W'*(D, ) C W4(D) for some q > 1, by the trace theorem
WYP(D, 1) is continuously embedded in L(bD). So Sf is well defined on W?(D, i1). Moreover,
we have the following estimate for 0.5.

Proposition 3.2. Let D be a bounded domain with W boundary and u € A,,1 < p < co. Let
feWbt(D,u), 1 <p<oo. Then

OSf=HOf +0f. (3.4)
in the sense of distributions. Consequently,
1S fllwra(p,m S 1 lwreop- (3.5)

Proof. Formula (3.4) follows from (3.3) by taking O directly in the sense of distributions. By
(3.2), 0Sf € L*(D, u). To prove the estimate (3.5), we first use the Cauchy-Green formula (3.3)
to obtain

1SFllzop) S N fllr s + 1TOf oy S fllwrow .- (3.6)

The rest of the proof of (3.5) is a direct consequence of (3.6), (3.4), (3.2) and the holomorphy of
Son D.
O]

On the higher order Sobolev spaces, S satisfies an induction formula below, similar to [18,
Lemma 3.5]. We include the proof here for the reader’s convenience, and meanwhile in order to
chase down precisely how the regularity of bD affects the regularity of S. Let

1 fQ o &
8Sf—2—m,/w(<_.)2d§—.5f on D.

In particular, Proposition 3.2 states that if D € Wh>* p € A, 1 < p < oo, then

1S Flloy S I Fllwrep.m- (3.7)



Lemma 3.3. Let D be a bounded domain in C with W*™ boundary, k € Z*, and p € A,,1 <
p < oo. For any f € WkP(D, 1), we have

o*Sf=S8f on D
for some f € WY(D, i) such that
1w S N lwenop- (3.8)

Furthermore, if u = 1 and p > 2, then the above still holds as long as D is of W1 N Wk
boundary.

Proof. The k = 1 case is by the definition of S, with f = f. When k = 2, let ¢ be a parameteri-
zation of bD in terms of the arclength s € (0, s). For each fixed z € D, since = € C*(bD) and
feW?*(D,u) c WYD) C WH(bD) by the trace theorem, we can use the Divergence theorem
on bD to compute 925 f directly as follows.

S (2) = 95 f(x) = - / "o, (ﬁ) F(C(8)C (3)ds

27i —2)

= 5w ), 2 (e —ap) S
Lo,

Ty Q-2 .
1[0 f () () + 0 (S(s)C ()
5 ) GOEDE !
_ L[ 9f(Q +C*(5)If(Q)
27 Jup (€ —2)? &% = 51(2)
where
f:af+<"25f on bD. (3.9)

In the above we have used the fact that ¢/ = C’ on bD.

If bD has W boundary, then ¢’ € W*(bD). Namely, ¢’ is Lipschitz continuous on bD.
Making use of Kirszbraun theorem [6], we can extend (" to D, still denoted as (', such that
¢’ € Whe(D). Thus by (3.9), f extends as an element in WP(D, ), with

1 lwreg S NV Fllwrep < 1fllw2eo-

If pu=1,p>2and bD € W2 s instead, then ¢’ € Wk%’p(bD) (note that the unit normal N is
+i("). By the trace theorem for Sobolev—Slobodeckij spaces [7,9], ¢’ can be extended as an element,
still denoted by (', lying in WP(D). On the other hand, by the Sobolev embedding theorem,
(,VfeWw(D) c L>(D) with ||('||zp) S ICllwrep) S 1and |V fllzep) S | fllwzrp). Then

1 wrr oy S N lwre@y I ooy S 1.
Consequently,
120 fllwrepy S NS?0f || oo oy + 1S lwrey |10 | oo 0y + 10 lwrr () IC | oo 0y S [I.f [lw2r ()

from which and (3.9) we have f € W'(D) and (3.8) follows. This completes the proof of the
lemma when k£ = 2. The remaining part of the lemma follows by a standard induction on k.

[]



Proof of Theorem 1.2: Let f € W"P(D,u). The k = 1 case is due to Proposition 3.2. When
k > 2, since Sf is holomorphic on D, we only need to estimate ||0*Sf||1r(p). According to
Lemma 3.3, 9*Sf = Sf for some f € W'P(D,u) such that || f|lwiep,y S | fllwwr(p,u- Then
(3.7) gives o .

10°S Fll oy = 1S F ooy S N Fllwroowy S I Flwes -

(1.5) is thus proved.
[

Proof of Theorem 1.1: Since (1.3) is a consequence of (1.4) and (3.1), we will only estimate T’

on WFP(D, ), k> 1. Let
_ 1 f©Q) =
Lf.—2m,/8D<_.dC on D.

Similar to S, Lf is well defined for f € W'?(D, ;1) and is holomorphic in D. L is associated with
T in terms of the following formula (see, [17] or [18, Theorem 3.3]):

orf=T0f —Lf on D
in the sense of distributions. Consequently, for j € Z*,j < k,
FTf=Tof —¥Lf on D
in the sense of distributions. Thus to prove (1.4), we only need to show

HLfHW’W’(D,,u) S ”fHWk,p(D,u)- (3.10)

As in the proof of Lemma 3.3, let ((s)[,c(s, be a parametrization of bD in terms of the
arclength parameter s. Then for z € D,

17 = g [ L8 oy 7 080 f“é?ii(i'l .

C2mi Jy ((s)—z
If bD € WktLee then ' € Wh>(bD) and

('(s)ds =S (C_'Zf) (2). (3.11)

I8 llwrrcopn < 1ol €V lwnemy < WA lwsro w1 o) S 1 oo

In the case when u = 1, p > 2 and bD € P (as assumed in [10]), we argue similarly as

in the last paragraph of the proof to Lemma 3.3. Indeed, since = Wk_%’p(bD), by the trace
theorem ¢’ can be extended as an element in W*?(D). Recall that W*P?(D) forms a multiplication

algebra when p > 2. See [11,14] etc. ~Or, directly by the Sobolev embedding theorem, we have
¢, f € WhkP(D) Cc WF1(D). Then (?f € WFP(D) with

1€ fllwr(py 5”5/72||W’W(D)||f||Wk*1v°°(D) + ||f||kaP(D)HC:Q”W’“*LOO(D)
SH@/)QHWW(D)Hf”ww(D) SN ey 1€ [wr=r00 (o) | £l Dy
SIS kw1 lwrr oy S 11 lwse(o)-

In both cases, we combine (1.5) with (3.11) to obtain (3.10). The proof is complete.
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