A HOPF'S LEMMA FOR HIGHER ORDER DIFFERENTIAL INEQUALITIES
AND ITS APPLICATIONS

YIFEI PAN, MEI WANG, AND YU YAN

ABSTRACT. We establish a sequential Hopf’s Lemma for higher order differential in-
equalities in one variable and give some applications of this result.

1. INTRODUCTION

The Hopf’s Lemma is one of the fundamental tools in the study of elliptic partial
differential equations [3]. There have been many variations and generalizations of this
lemma, for example [4], [5], and [6]. But there appears to be no work in the literature
on the Hopf’s lemma for third or higher order equations, perhaps partially because the
maximum principle fails for higher order equations.

In this paper we study this question in the one dimensional case and prove a sequen-
tial Hopt’s lemma of higher order in one variable. One application of this result is the
following comparison theorem for nth order nonlinear differential operators.

Theorem 1.1. Assume that K (21, ..., z,42) € C*(R"*?) and 8fﬁ2 > 0, where n > 2. Suppose
u(x) and v(x) are two functions in C™((a, b)) that satisfy

1) K (z,u(@),d(2),..u" (1) < K (z,0(z),0'(),.... v (2)) forall x € (a,b)

and

u(ro) = v(xo), u'(wo) =v'(20), ..., uV(xg)=0v""V(xe)  forsomex, € (a,b).

(
If n is even, then there exists 6 > 0 such that u(x) < v(x) for x € (xg — 9,z + 6).

If nis odd, then there exists 6 > 0 such that u(x) > v(x) for x € (xg — 9, z9) and u(x) < v(x)
for z € (xo,z0 + 0).

This theorem shows that if © and v have (n — 1)-th order of contact at a point z,, then
they intersect only once in a small neighborhood of zy. The crucial ingredient in the
proof is a higher order sequential version of Hopf’s lemma.

Theorem 1.2. Let u € C™((a,b)) () C™"*([a, b)) be a function which satisfies
2w (@) + an 1 (2)u" @) + -+ ar (@) (2) + ao(z)u(x) <0 for x € (a,b),

where n. > 2 is a positive integer and a,_1(x), ...,a1(x), ap(x) are in C([a,b)). Suppose u
satisfies

3) u(a) = u'(a) = -+ =u"H(a) = 0,
and

4) there exists a sequence {x;} such that a < x; < b, x; — a, and u(x;) > 0.
1
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Then w"=Y(a) > 0. Furthermore, u > 0 in a neighborhood of a.
When n = 2, it suffices to assume that a,(x) and ay(x) are bounded functions.

The Taylor’s expansion of u at a and Condition (4) easily imply that "~V (a) > 0, so
the key is that it is strictly positive. At the right side endpoint of an interval, we have

Theorem 1.3. Let u € C™((a,b)) () C™*((a, b]) be a function which satisfies
u(2) + apy ()" (@) + -+ ag () () + a(x)u(z) <0 for x € (a,b),

where n. > 2 is a positive integer and a,_1(x), ...,a1(x), ap(x) are in C((a,b]). Suppose u
satisfies

(5) ud) = ') = --- =u" () = 0.
If n is even and
(6) there exists a sequence {z;} such that a < x; < b, x; — b, and u(z;) > 0,

then u™=Y(b) < 0 and u > 0 in a neighborhood of b.
If n is odd and

(7) there exists a sequence {x;} such that a < x; <b, z; — b, and u(x;) <0,

then u™=Y(b) < 0 and u < 0 in a neighborhood of b.

When n = 2, it suffices to assume that a,(x) and ay(x) are bounded functions.

In the subsequent sections we will prove the above theorems and discuss some ap-
plications.

2. PROOF OF THE COMPARISON THEOREM

Since u must be negative or 0 near « if condition (4) is not met, an equivalent statement
of Theorem 1.2 is

Theorem 2.1. Let u € C™((a,b)) () C™*([a, b)) be a function which satisfies
u(2) + @y ()" (@) + -+ an () () + a(x)u(z) <0 for x € (a,b),

where n > 2 is a positive integer and a,,_(x), ..., a1(x), ap(z) are in C([a, b)).
If

u(a) = u'(a) = - =u"P(a) =uV(a) = 0,

then u(x) < 0 for all x sufficiently close to a.
When n = 2, it suffices to assume that a,(x) and ay(x) are bounded functions.

Similarly, an equivalence of Theorem 1.3 is
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Theorem 2.2. Let u € C™((a, b)) (C™*((a, b]) be a function which satisfies
u™ (x) 4 ap_y (x)u" N z) + -+ ay(2)u (2) + ag(z)u(z) <0 for = € (a,b),
where n > 2 is a positive integer and a,,_(x), ..., a1(x), ap(z) are in C((a, b]).
Suppose
u(d) = u'(b) = --- =u™ D) =u" V() = 0.
If nis even, then u(x) < 0 for all x sufficiently close to b.
If nis odd, then w(x) > 0 for all x sufficiently close to b.

When n = 2, it suffices to assume that a,(x) and ao(x) are bounded functions.

Note that
K (2, u(z),u'(z), ...,u(”)(x)) — K (z,v(z),' (), ...,v(")(x))
= co(2)(u—v)+ -+ g (U™ — ) 4o (u™ — ™)

where

co(x) = /0 g—z (z, tu(z) + (1 — t)v(x), e tu™ (2) + (1 = )™ (2)) dt,
Cn1(z) = /0 azi; (z, tu(z) + (1 — t)v(x), ..., tu™ () + (1 — t)v(”)(x)) dt,
b OK

cn(z) = /0 T (2, tu(z) + (1 — t)o(), ..., tul™ (z) + (1 — t)o'"(z)) dt.

Let w(x) = u(x) — v(x). By (1) we have

cow + ' + - 4 e w™ + ¢,w™ < 0.

If 25 > 0, then ¢, > 0, so
Zn+2
Cn Cn Cn
The initial condition implies that
w(z) =0, w(xe) =0, .. w™V(xg)=0.

By Theorem 2.1, there exists ¢ > 0 such that w(z) < 0 for z € (zg, z9 + 6).

3

If n is even, applying Theorem 2.2 and choosing a smaller ¢ if necessary, we know that

w(z) <0forx € (xg — d, 7).

If n is odd, applying Theorem 2.2 and choosing a smaller ¢ if necessary, we know that

w(z) > 0 forx € (xg — J,zp).

Therefore,

if n is even, then u(z) < v(z) for x € (xg — 9, 29 + 9);

if n is odd, then u(x) > v(x) for z € (zo — 6, x¢) and u(z) < v(z) for z € (z9, zo + 9).
This completes the proof of Theorem 1.1.
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3. THE SEQUENTIAL FORM OF THE SECOND ORDER HOPF’'S LEMMA

Next, we will establish the higher order sequential versions of Hopf’s lemma which
are crucial in the proof of Theorem 1.1. We first need to prove the following sequential
Hopf’s lemma in second order.

Theorem 3.1. Let u € C?*((a,b)) (N C*([a, b)) be a function which satisfies
u"(x) + a1 (2)u' (z) + ap(x)u(z) <0 for x € (a,b)
where |ay(x)| and |ao(x)| are bounded by some constant C' > 0. Assume that u satisfies
u(a) =0,

and Condition (4).
Then v/(a) > 0. Furthermore, u > 0 in a neighborhood of a.

The classical second order Hopf’s lemma requires that uw(z) > 0 for all = greater than
and sufficiently close to q, that is, u(a) is a local minimum. But here we only need the
weaker assumption that  is positive at a sequence of points approaching a, and we can
show that then u must be actually positive at all points near the boundary a. In other
words, u(x) cannot oscillate around the y-axis as x approaches a.

In this section we present a proof of Theorem 3.1 that relies on the following maxi-
mum principle on small intervals. An alternative proof is given in the Appendix.

Lemma 3.2. Suppose g € C*((a,b)) () C*([a, b)) satisfies
Llg] = ¢"(x) + a1(x)g'(x) + ao(2)g(x) <0 for x € (a,b),

where |a1(x)|, |ag(z)| are bounded by some constant C' > 0. Then there exists a constant
d = §(C) > 0 such that on any interval [c, d] C [a,b) with |d — ¢| < 6, we have g > 0 provided
g(c) > 0and g(d) > 0.

Proof: Without loss of generality we can assume ¢ = 0. Define

_ 0 _ (@)
h(z) =e e and  w(z) h@)
where 7,9 > 0 are to be chosen. Then
2

L) = o () + o) (w(@)h(a) + aola) (w(x)h(z)

(8) = hw" + (20 + a;h) w'(z) + L[h]jw(x).

Suppose the minimum of w is negative and achieved at some z, € (0, d). Then
w”(zg) >0, w'(xg) =0, and w(xg) < 0.

By definition

h(z) >0 if 0<z<d<h.
Direct computation shows that
Lk = " (= —ary+ao (777 — 1))
< e (—72 —I—C’v—kC’(ew — 1)) when 0 <z <d<é.
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We first choose v > 0 sufficient large so that —? + Cy + 2C < 0, then we choose
0<d<™®¥s00<e”—~1<2 Thus

L <& (= +Cy+2C) <0
when 0 <z < d < 4.

Then by (8) it follows that L[g|(z() > 0. This contradiction proves that the minimum of
w on [0, d] must be nonnegative, thus g(z) > 0 on [0, d] since h(x) > 0.
U

Next, we use Lemma 3.2 to prove Theorem 3.1.
Proof: Without loss of generality we can assume a = 0.
Denote
Llu] := " (z) + ay(x)u'(z) + ao(z)u(z).
Let
g(z) = u(z) —e (M - 1),
where ¢ > 0 will be chosen later.
Forxz >0and A > 0,

LM —1] = XM +ai(z) e + ap(e — 1)
= MNP +aurta(l—e™))
> (N =CXA=C)
> 0
when ) is chosen to be sufficiently large. Thus we know
Llg] = L[u]—eL[e™ —1]
< 0.

By definition ¢g(0) = 0. Since the sequence z; — 0, we may choose an index i( such that
0 < z;, < 0, where 0 is chosen as in Lemma 3.2. Because u(z;,) > 0, we can choose

o u(xio)

= >0
e/\xio -1

in the definition of g(x). Then we have g(z;,) = 0.
Now Lemma 3.2 implies

g(l’) >0 on [O»xio]'
The Taylor expansion of g at 0 gives
9(z) = g'(0)x + O(2?),
thus ¢’(0) > 0. Consequently
u'(0) = ¢'(0)+eX > 0.
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Lemma 3.2 shows that if ¢ is nonnegative at the two endpoints of a sufficiently small
interval, then g > 0 in that interval. For third and higher order differential inequalities,
it no longer holds. To see this, consider the sequence of functions

Each function satisfies the differential equation ugk) = O forall £k = 3,4,.... Although
9:(0) = g;(3) = 0and 2 — 0, g;(z) is negative on (0, 2).

The classical maximum principle also fails in the higher order case. For example, the
function u(z) = sin x satisfies

u® + 0 +0-u = 0
u U+ 0-u = 0

and u(0) = u(27) = 0, butu < 0 on [r, 27].

Therefore, there exists a very interesting distinction between the Hopf’s lemma and
maximum principle in higher orders. Although for the second order inequalities the
Hopf’s lemma can be used to prove the maximum principle, in the higher order case
the maximum principle fails, but the Hopf’s lemma still holds.

4. THE HIGHER ORDER HOPF’'S LEMMAS

Now we are ready to prove the higher order Hopf’s Lemma, Theorems 1.2 and 1.3.

Proof of Theorem 1.2:
We will employ a reduction of order technique and use mathematical induction. The

case n = 2 is provided by Theorem 3.1. Suppose the theorem is true for n = k£ > 2, we
will show that it is also true for n = k + 1, i.e. assume u satisfies

u* D () 4+ ap(2)uF (2) + - - + ay (@)W (@) 4 ao(x)u(x) <0,
where ay(z), ...,a1(x), ap(z) are in C([a, b)),

) w@) = d'(a) = - =u* D) = 0,

and Condition (4), we need to show that u*)(a) > 0.
Let

(10) vi= fu+,
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where f is to be chosen. We then have

UI — flu+ful+ull
o = f”u—i—2f’u’+fu" (3)
U(3) _ f u+3f” /+3f/ ”+fu(3) +u(4)
(11) :
oD = p=2)y, 4 (k )f(k 3) + (: 3) Fu®=3) 4 k=2 4 gy (k-1)
p = pey (k I 1) 2 . (Z ) (=2) 1 (k=) 4 3, ®)
o =y <]1€) FlE=D 4 ( k . Fuk=D 4 0 kD),

We would like to choose appropriate functions by(z), b1 (z), ..., by—1(z) € C([a,b)), such
that

u D (2) + ap(z)uf (2) + - - - + a1 (@) () + ao(z)u(x)
(12) = (@) + by (@ (@) + -+ bi(2)0 () + bo()v ().

Because of (10) and (11), the right hand side of (12) becomes
F0 (’I) PO (k F 1) P ) o4
byt {f(’“‘”u + (k R 1) FED 44 (Z - ;) Fu®= 4 fu=t 4 u(k)}
+bi_o {f(k_mu + (k I 2) FE=3y 4. (: g) ) (2 g (R 1)}

oo by (Fu 2 + fu +u®) + by (flu+ fol + ")+ bo(fu+ ),

which is equal to

CESY) +(f+bk; 1 [( )f + b1 f + bi_ 2} (k—1)
k " —1 y*=2)
+ B f + b1 k: 5 ' braf +brs + e
k— k—2
+ () k2+bk 1( ) k3)+bk2( 9 )f(k_4)‘|‘"'+b2f‘|‘bl}uﬁ
k k — k—2
+ <1)f +bk 1( ) 2)+bk2< 1 )f(ks)‘f'““"blf‘i‘bo}ul
F (9 b fEY by o fED by f 4 by f)
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In light of (12), we want to choose by(x), by (), ..., by—1(x) such that
ar = [ +bp

k
Qp—_1 = ( )f +bk 1f—|—bk2

1" k — /
) + br—1 (k B 2> J A+ beaf +bps

a2 = (k)f(k 2+ by 1(k;1)f(k3)+bkQ(k_2)f(k4)+“'+b2f+bl

Ap—2

(13)

(\V]

2
k E—1 k—2
) FED by 1( 1 )f(kQ)‘i‘ka( 1 )f(k3)+"‘+blf+bo

ap = [ b fE F o O by f o f

a, =

—_

Solving for by_1, ..., b1, by from the first k£ equations, we obtain

b1 = ap— [
ko
bp—2 = ag-1— E—1 Jr=berf
k k-1
bp—3 = akz—2_(k_2>f,,_bk—1(k_2)f/_bk—2f
(14) :
k kE—1 , k—2
b = a2—(2>f(k2)—bk1( 9 )f(kd)—bk2< 9 >f(k4)—"'—bzf

k E—1 k—2
bo = al—(l)f““)—bkl( ) >f<“>—b“< ) >f<“>—-~—b1f.

If the first equation in (14) is substituted into the second equation, b;_» can be expressed
asag_1— ( . k 1) f'—arf+ f?, whichis a polynomial in f and f’ with coefficients comprised
of aj, ay—1 and universal constants. Similarly b;_3, ... , b1, by all can be expressed as
polynomials in f and its derivatives, with the coefficients given by ay(z), ... , ax(z) and
universal constants.

Thus we can write

= P (ak> f)
bp—o = Pyo (ak7 ak—1, f7 f’)
bk?—3 = Pk—?) (ak’ Ar—1, Qk—2, f7 f/7 f”)

br—1

(15) ;
bl - Pl (ak7ak—17‘“7a27f7 f/,...,f(k_2))
by = P (ak,ak,l,...,al,f,f”m’f(kfl))'

Here Py_1, Py—2, ... , P1, Py are polynomials in f and its derivatives, and their coefficients
depend on the continuous functions a(z), ax—1(x), ... , a1(z).
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Then we substitute (15) into the last equation in (13), so the function f must satisfy the
k-th order ODE
(16) O 4+ Py f¥ D 4 Pof*2 o4 Pif' 4 Bof = ao.

Under the initial condition f(a) = 1, Equation (16) has a solution f € C*([a,a + €)) for
some € > 0. With this choice of f, (12) holds, so we know that
v ™ (2) + by (2)0" N z) + - - + by ()0 () + bo(x)v(z) < 0.

Definition (15) implies that the coefficient functions b,_1(z), ... b1(z), by(z) are all con-
tinuous.

Since f(a) =1 and

from (11) we know that
v(a) =v'(a) = ... = v* 2 (a) = 0.
Because there exists a sequence z; — a with u(z;) > 0 and u(a) = 0, we can choose a

sequence 7; — a such that u(z;) > 0and «'(z;) > 0. Since f(a) = 1, when i is sufficiently
large we have f(Z;) > 0. Therefore

v(Z;) = f(Z)uw(@;) + ' (Z;) > 0.
Thus by the inductive hypothesis we know
v*Y(a) > 0.
Then the second last equation in (11) and the initial conditions (9) implies
u® (a) > 0.

The proof of Theorem 1.2 is now completed by mathematical induction.

Proof of Theorem 1.3:
(i) If n is even, define
w(z) == u(2b — x).
Then @ € C™((b,2b — a))(C™ (b, 2b — a)) and
() = —u'(2b—1x)
W'(z) = u"(20—x)

am () = (=1)" (2 — )
= —u" V2 —2)
™ (z) = (=1D)"u"™(2b—2)
= u™(2b — 1),
and « satisfies
4" (x) = ap_1(20 — )" Nz) + - — a1 (2b — )0 () + ap(2b — x)a(z) <0,
where the functions ay(2b — x), —a1(2b — z), ..., —a,—1(2b — x) are in C([b,2b — a)).
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The initial conditions (5) imply that
a(d) = ') = --- = a"Db) = 0.
By (6), there exists a sequence {20 — x;}, such that b < 2b —z; < 2b—a, 20 —x; — b,
and 4(2b — ;) = u(zx;) > 0.

Then by Theorem 1.2, 4"~V (b) > 0 and @ > 0 in a neighborhood of b. Therefore,
we have u"Y(b) < 0 and u > 0 in a neighborhood of b.

(ii) If n is odd, define
() == —u(2b — x).
Then @ € C™((b,2b — a)) (" C™" (b, 20 — a) and
(z) = u'(20—x)
W'(z) = —u"(2b—1x)

4"V (x) : (—1)"u™=Y(2b — )

= —u" V(20— 1)
a"(x) = (=1)"Tu"™ (20— x)
= u™(2b— 1),

and u satisfies
" (x) — ap_1(2b — )@ Nz) + -+ ay (20 — )@ () — ap(2b — x)i(z) <0,

where the functions —ay(2b — x), a1(2b — z), ..., —a,—1(2b — x) are in C([b,2b — a)).
The initial conditions (5) imply that
ab) = @) = - = a" D) = 0.

By (7), there exists a sequence {2b — z;}, such thatb < 2b —z; < 2b—a, 2b—x; — b,
and u(2b — ;) = —u(z;) > 0.
Then by Theorem 1.2, @™~V (b) > 0 and @ > 0 in a neighborhood of b. Therefore,
we have "~V (b) < 0 and u < 0 in a neighborhood of b.

U

5. SOME COMMENTS ON THE PROOFS OF HIGHER ORDER HOPF’'S LEMMA

The proof of Theorem 1.2 shows that it is necessary to first obtain the sequential
form of the second order Hopt’s lemma (Theorem 3.1), as we only know the sign of the
function v at a sequence of points after the reduction process, so the classical Hopf’s
lemma no longer applies.

It is worth pointing out that the conditions (4), (6), and (7) are sharp in the sense that
if they are not satisfied, then the (n — 1)-th derivative may vanish at the endpoints.
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Example: For any 0 < o < 1 and n > 3, define

"y {(—1)"1)\n(—x)lfa, <0

n

— Ao, x>0

where

Ai=[(B+n)---(B+1D]77, and f= —n=

l—« l—a
Direct computation shows that
(17) u™ (z) = —|u(x)|*, x € (—00,00).
Therefore u satisfies the differential inequality
u™ <0.

To simplify the expressions let us choose o = 3, then

u =
— (%), %, x>0
By definition
u(0) =/ (0) = -~ =u"2(0) =0
and also
u"V(0) = 0.

Note that © < 0 on (0, 1), so Condition (4) is not satisfied on (0, 1).
If nis even, u < 0 on (—1,0), so Condition (6) is not satisfied on (—1,0).

If nis odd, v > 0 on (—1,0), so Condition (7) is not satisfied on (—1, 0).
U

Theorems 1.2 and 1.3 need to assume that the coefficient functions ay(x),..., a,—1(z)
are continuous, while in Theorem 3.1 they only need to be bounded. The continuity
condition is assumed when n > 3 to ensure that Equation (16) possesses a solution f. It
would be interesting to know whether this is merely a limitation of the technique used
in the proof or this reflects an inherent difference between the second and higher order
cases. When n = 3, the continuity requirement can be replaced by boundedness, if we
assume an additional assumption that © be non-negative at all points near a.

Theorem 5.1. Let u € C3((a, b)) (C?([a, b)) be a function that satisfies
u® () + ay(x)u” (z) + ay (2)u' () + ao(z)u(z) <0 for = € (a,b),

where |ag(z)|, |a1(x), |az(x)] < C for some constant C' > 0. Suppose u(a) = u'(a) = 0,

)
u(z) > 0 for all x in a small neighborhood of a, and there exists a sequence {x;} C (a,b) such
that ©; — a and u(zx;) > 0. Then u"(a) > 0.

Proof: If ag(xz) > 0 for z in a small neighborhood of «, then since u(xz) > 0 near a, we
have

V" (x) + ag(x)v'(x) + ar(z)v(x) <0 for z € (a,a+¢)C (a,b),
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where
v(z) = () and v(a) =u'(a) = 0.

Suppose v(z) < 0 for all z near a, then v(z) = v/(z) and u(a) = 0 imply u(z) < 0 on
(a,a+€), contradicting the assumption that z; — a and u(x;) > 0. Therefore there exists
a sequence 7; — a such that v(Z;) > 0. By Theorem 3.1, we then have v'(a) = v”(a) > 0.

For general ay(z), let

—0@=a)  for a<zx<a+n<b.

m(z) = e —e
For each 6 > 0 we may choose 7 such that
(18) X —1<0(b—a).
Then since /124 < 201 we have
efmte=a) — 1 4 p(x), where 0 < h(x) <0(b—a) forall z € (a,a+ n).
Because |ay(x)|, |ai(z)], |ag(z)| < C,fora <z <a+n

Lim] := m(S)( )+ az(z)m” (x) + a1 (x)m/(z) + ao(x)m(z)

(6% — as(2)6? + a1(2)0 + ao(z)(e O(nt+a—a) _ 1)) e 0@
(6% — as(2)0? + ay ()0 + ap(x)h(z)) e 0@

(
(

0° — lax(2)[6% = Ja1 ()]0 — ao(x) (b — a)) e~
0° — CO* — (1+b—a)Ch) e "=,

(AVARVS

We can choose 6 to be sufficiently large such that
0 —CO0* —(1+b—a)C0 > 0.
With this 0, choose 1 as above to satisfy (18). Then we have

Lim] > 0.

For z € [a,a + n], m(z) > 0 by definition, so we may define

Applying the differential operator L to u(x) =
Llu] = (m(2)2(x)® + as(x)(m(2)2(x))" + ar () (m(x)2(2)) + ao(z) (m(x)=(x))
= m(2)2? (@) + [3m'(z) + ax(2)m(x)]2" (2)
+[3m" () + 2ag(x)m/(x) + a1 (x)m(x)]2' (z) + Llm]z(z).
)

Since L[u| < 0 and m(x) > 0, we have

(19) 29 (@) + a3(w)2" (x) + aj ()2 (@) + ag(x)z(z) <0,
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where
G = 2 aa),
) = I o)
o L)
@ =

For fixed 6, %, %" and % are all bounded when = € (a,a + 7| C (a,b), so there exists
(1 > 0 such that

|a5(2)], lai(z)l, lag(x)] < Ch.
Since u'(a) = u(a) = 0 and m/(a) = 6 # 0, we have

v (2)m(z) — u(@)m'(z) _ w(a)m(a) —u(e)m’(a) _

. / IR T
x1i>r;1+ Z(2) = xliglJr m?(x) n m?(a)

The function z(z) € C*([a, a + 1)) satisfies

Z'(a) = 2(a) =0, z(z;) = ulz:) > 0, and z(z) >0 for =z € (a,a+n.
m(;)
Recall that m > 0 and L[m] > 0, so af(z) > 0 on [a,a + n]. Then by (19) and the
discussion at the beginning of this proof we conclude that

2"(a) > 0.
Consequently,
u’(a) = m"(a)z(a) +2m'(a)z'(a) + m(a)z"(a)
= m(a)?"(a)
> 0.

This completes the proof.
U

It is natural to ask if Theorems 1.2 and 1.3 can be generalized to include two or
more variables. Generally speaking the answer is no. Even the second order sequential
Hopf’s lemma fails with two variables. For example, the function u(x,y) = zy satisfies
Au = 0. Although (0, 0) = 0 and we can find a sequence of points (z;,v;) — (0,0) with
u(z;,y;) > 0, all directional derivatives of u vanish at (0, 0) because Vu(0,0) = (0,0).

It also seems to be difficult to correctly formulate a multi-variable version of a higher
order Hopf’s lemma. When n is odd, Conditions (4) and (7) require u(z;) to assume
different sign at the two endpoints, and u("~Y(a) and «"~V(b) have opposite sign in
Theorems 1.2 and 1.3.

This “boundary effect” is not an issue when n = 2 because it is an even number and
u'(b) = —D,u(b), where n denotes the direction pointing toward the center of the in-
terval. Therefore, Theorems 1.2 and 1.3 and be combined to state that D, u > 0 on the
boundary of the interval (a,b). When n is odd, however, we will not be able to unify
the two derivatives at the two endpoints. In the multi-variable case, the boundary will
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be even more complicated, so it appears to be difficult to formulate a clear and unified
expression for the derivatives like the one in the classical Hopf’s lemma.

6. APPLICATIONS OF HIGHER ORDER HOPE’S LEMMAS

In this section we will give some additional applications of the higher order Hopf’s
lemmas.

Applying Theorem 2.1 to both functions u and —u gives a new proof of the standard
uniqueness theorem of linear ODEs:

Corollary 6.1. Let u € C™((a, b)) () C™*([a, b)) be a function which satisfies
u™ (z) 4 ap_y ()u" " Hz) + -+ ay (2)u () 4 ag(z)u(z) =0 for = € (a,b)

where n > 2 is a positive integer and a,,_1(x), ..., a1(x), ap(x) are in C([a,b)). Assume that u
satisfies

Then u = 0.
When n = 2, it suffices to assume that a,(x) and ay(x) are bounded functions.

Another immediate consequence of Theorem 1.2 is a unique continuation theorem.

Corollary 6.2. Suppose u € C*°([a, b)) satisfies
u™ (2) 4+ a1 (2)u" (@) + -+ ag(2)d (2) + ag(2)u(z) <0,

where n > 2 is a positive integer and a,,—1(x), ..., a1 (), ag(z) are in C([a,b)). If Condition (4)
holds, then it cannot be true that u™ (a) = 0 forall k = 0,1, ....

When n = 2, it suffices to assume that a,(x) and ao(x) are bounded functions.

When u is in C*([a, b)), Theorem 1.2 also follows from Corollary 6.2, hence the two
results are equivalent. Here is the proof.

Proof: Assume Corollary 6.2 holds and u € C*°([a, b)) satisfies (2), (3), and (4), we need
to show that u"~V(a) > 0.

Condition (4) and the (n — 1)-th degree Taylor’s expansion of v near a implies that
u™ Y (a) > 0.

Suppose u"V(a) = 0.

Then by the n-th degree Taylor’s expansion of u near a we have u(™(a) > 0. On the
other hand, (2) and (3) imply u™(a) < 0. Therefore u(™(a) = 0. Again the (n + 1)-th
degree Taylor’s expansion of u near a implies that u™1) (a) > 0.
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If u™*V(a) > 0, then for = close to a,

u("""l) a 1 n+2
u(z (nTi)!)(x —a)"" + 0 ((z —a)"")
u("""l) a
u(z) = T()Lr —a)"+0((z—a)"")
u(?’H‘l) a
u(nfl) (fﬂ) _ TU(x _ CZ)2 +0 ((l’ — a)3)
u("""l) a
R LT )

Therefore, since ay(z), ..., a,_1(z) are bounded,
u(”)(x) + a1 (2)u™ N 2) + -+ ar () () 4 ag(x)u(z)

_ u(n+1)(&) [(x—a)+a";!(x)(x—a)2+---+ p

a1 () n, Go() nt1 2
+ (x —a) +<n+1>!(x—a) }+O((x—a))

> 0,
provided that x — a > 0 is sufficiently small. This contradicts (2). Hence u("*!)(a) = 0.

Next we can show by similar argument that u("*?(a) = 0, then u"*¥(a) = 0, .... So
u®(a) = 0 for all kK = 0,1,2.... But this contradicts Corollary 6.2. Therefore we must

have ©("Y(a) > 0, and Theorem 1.2 holds.
0

The last application is about the boundary behavior of solutions to a type of non-
linear ODEs. A similar “boundary estimate” concerning solutions of boundary-value
problem for a semilinear Poisson PDE was given in [2].

Theorem 6.3. Let u € C"([a, b)) satisfy

(20) u™(z) = f(u, o, ..., u™ V) ina,b],
where f(z1,...,z,) : R™ — R is Lipschitz continuous in all variables.
(i) Assume u(a) = u'(a) = --- = ™ H(a) = 0and u > 0 in a neighborhood of a. Then
either

u" " Y(a) >0
or
u" V(a) =0, u™(a)>0.
In either case, u is strictly increasing near a.
(ii) Assume u(b) = u'(b) = --- = u™D(b) = 0 and u > 0 in a neighborhood of b. Then
either
(=) ™Dy >0
or
u"V(B) =0, (=1)"u"™(b) > 0.
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In either case, u is strictly decreasing near b.
Proof:
(i) Assume u(a) = u'(a) = -+ = u""?(a) = 0 and u > 0 in a neighborhood of a.
Case1: f(0,0,...,0) <O0.
Since f is Lipschitz, it is differentiable almost everywhere. Then from (20) we have

£(0,0,..,0) = (£(0,0,...,0) = fu, o/, ..., u™ D)) + u™(2)

1
= — ( a—f(tu,tu’, o tulm) dt) u
0 821

1 af
— — (tu, tu, ..., tu"V dt) !
(/0 (9z2<u U U ) u

! af / (n—1) (n—1) (n)
— a(tu,tu,...,tu ) dt | u +u'™ ().
0 n

Hence v satisfies
u™ + ap_u™ Y 4+ 4 au’ + agu = £(0,0,...,0) <0,

where
1 af
. = — | =(tu,tu,...,tu""V) dt
a 1(1’) /0 azn( u,tu, , LU ) )
1 af
alz) = — | =L(tu,td, ..., tu™ V) dt.
o(x) /0 aZl( )
By Theorem 1.2, we have

u" Y (a) > 0.
The (n — 3)-th degree Taylor expansion of «'(z) near a gives
1
/ —

wie) = (n—2)!
When z is sufficiently close to a, u"~1(6) > 0. Thus «/() > 0 and u(z) is strictly
increasing.
Case2: f(0,0,...,0) > 0.
Since u(r) > 0 near = a and u(a) = v'(a) = --- = u®?(a) = 0, from the Taylor
expansion of u at a we know that u("~Y(a) cannot be negative. If it is positive, we
are done. Otherwise, suppose u"~Y(a) = 0, then by (20) we have

(@) = flu(a), (@), ...u® D (a))

£(0,0,...,0)
> 0.

u" V(@) (x +1)"2 forsome a <6 < z.

It follows that u(z) is strictly increasing near a by discussions similar to those in
Case 1.
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(ii) Assume u(b) = v/ (b) = -+ = u™ D (b) = 0 and u > 0 in a neighborhood of b.
Let s = a + b — x, define 4(s) := u(x), then
W(s) = —u(x), "(s):=u"(x), .. a"(s):=(=1)"u"(x).
Then « satisfies
A" (s) = (=1)"f (a(s), =@'(s), ..., (=1)"'al" D (s)) ,
with @i(a) = @/(a) = - -- = "2 (a) = 0 and @ > 0 in a neighborhood of a.
Then by the result in (i) we know that either
4" Y(a) >0
or
4" V(@) =0, @™ (a)>0.
In either case, @ is strictly increasing near a.
Therefore, either
(=) ™= D) > 0
or
u™ V() =0, (=1)"u™(b) > 0.
In either case, u is strictly decreasing near b.
U

In this theorem, it is necessary to assume that f is Lipschitz. For example, in Equa-
tion (17) the function f(z,...,2,) = z{ is only Holder continuous, but not Lipschitz
continuous. The solution

—)\nx%, x>0

u:{@n%uﬁﬂm%,x<o

satisfies u"~1(0) = (™ (0) = 0, so the theorem does not hold in this case.

APPENDIX A. AN ALTERNATIVE PROOF OF THEOREM 3.1

Here we give an alternative and elegant proof of Theorem 3.1 suggested by the ref-
eree of an earlier manuscript. This proof was inspired by [1].

Proof: Let
. T T Y
hi: - -
8111(2—1—9 xi_@)

where y; = 2%, Then
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1 7r+7r T —Y;
cos| =+ —-
; 2 9 x,—a

ol
&

|
IS

It follows that on [a, ],
L] = hi(z) + ar(2)h;(r) + ao(w)hi(z)

s 1 2 m 1 T T T — Y
N h. s 4. h.
(9 _) ) T cos(2+9 x,._a)“[)(‘”) i(2)

T 1 2 T T
< —[Z. in(=— =
- (9 xi—a> s1n<2 9>+C
— —00 as 1 — o0,
where the last inequality is true because z; — a as i — oo.
Therefore when i is large, L[h;] < 0 on [a, z;].
Define
u
w; = —.
h;
Then
On [a, z;], since L[u] < 0 and h; > 0, we have
- 2h; h; Llh;
Li[w;] == w + 4};&1 w; + }[L ]wi < 0.

Since L[h;] < 0 and h; > 0, the linear term coefficient % < 0. Thus the classical

maximum principle and Hopf’s lemma both apply to L;[w;].
Because w;(a) = 0 and w;(z;) > 0, by the maximum principle we have

wi(x) >0 in (a,x;).

Then by the Hopf’s lemma
wi(a) > 0.
Finally, since w;(a) = ;- ((‘;)) = 0 and h;(a) > 0, we obtain
u'(a) = wi(a)hi(a) + w;(a)hi(a) > 0.
This proves Theorem 3.1.
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