Practice Questions from HW 27-29 KEY

1. Answer the following for the power series ZCn (x—a)" . Complete the blanks.

a. The power series ch (x—a)" is centered at the valuex=__ @ .
b. Suppose the interval of convergence is all real numbers. Then the radius of convergenceisR=__ 00 .
c. Suppose the interval of convergence is only the value x = a. Then the radius of convergence is R = 0 .
d. Suppose the interval of convergence is |x —a |<b,ic. a—b<x< a+b.
Then the radius of convergence is R =
The geometric representation of |x—a|<bi is the set of all x which are b units from a.
2. Suppose we have the following
Brook Taylor
f(34)= 60,
Just call me £1(34) = 43,
= JfiM{a)
T(x) = —_— =) " " _
"E=U ol f"(34)=22,and
" (34)=30. 30(x—34) 3
22(x=30)2 |7 41
a. Write the third-order Taylor polynomial 2!
approximation to f'at x = 34 Simplify please but dgsfot multiply out.

x)=| 60 + 143(x-34) + | 11(x-34)* |+| 5(x-34)}

3. A function f{x) centered at 0 has the unique property that f9(0) =12 for k=0, 1,2, 3, ...

b. r False: The polynomial #(x) is the tangent cubic to fat the value x = 34.

o0
. . . 12x"
The Maclaurin Series for f{x) is Z = 12 + 12x | +| 6x? Ho2x3 [+
k=0 n!
/ 3 3
12 2 12 2 \ 12x° _ 12x-
What function f{x) has this property? fix)=| 12¢* T -
2! 2 3! 6
0 n 2 3 4 3 5 7 2 4 6
For all x we have e‘:zx—:1+x+—+—+x—+~-- sinx=x-—2+ -2 4. cosx=l-—4 -1 4
< 210 31 4 3151 7 21 41 6!
For —1 < x < 1 we have IL Zx =l+x+x"+x +x' +-
-x “
xz x3 x4 x3 xS x7
For-1<x < 1wehave In(l+x)=x - —+— - —+--- For—-1<x < lwehave tan'x = x—- — + —— —+--
2 3 4 3 7
4. Write the first four nonzero terms of the series for f(W) =e v
x2 X3 , (-w)2  (-w)3
From the Fun Fact,e*=14+ x+ —+ —+ ... soreplacex with—w: e "=1+4+(—-w) + ' + '
2! 31 5 2W3 3!
e W=l-w+ ——-—+
21 3!

The interval of convergence for €* and € " is all real numbers.

1t hw) = [ fiw) dw, assuming h(0) = —1, we have h(w) = [ 1 dw —fwdw+2l,fw2 dw — fw dw+ .

1
hw)y= w - —w+ w — wt+... .+ C
) 33-2!4 4. 31
hw)y= w — AL AL e
2! 3! 4!

When we substitute 0 in for w, we have -1 =0 - 0 + 0 -0 +...+C soC=-1.



2 3 4
Thus A(w)= -1 + w - — 4+ " 4 |
2! 3! 41
The interval of convergence of 4(w) is all real numbers and the series converges to f e dw=-e".

We could have also obtained this series by multiplying each term of the series for

2 3 w2 w3

f(W)=e‘W=1—w+ ———+...by-ltoget—e"=—14+w— —+ —+
21 3! 21! 31

Write the first four nonzero terms of the series for f(w) = sin(w’)

. x3 xS X7 Wb l0
From the Fun Fact, sin x=x— —+ — — —+ ... soreplace x with w*: sinw*=w*— —+4 —— ——+
3! 5! 7! 3! 5! 7!
6w? 10w? 14w 13 2wl 2w 2w?  2wl3
gw)=f(w)=2w-— + - +...= - -
3! 5! 7! 0! 2! 41 6!
The interval of convergence of f{w) and g(w) is all real numbers.
The series g(w) = [ (w) converges to the derivative of f(w) =sin(w’) which is 2wcos w?. (Use the chain rule.)
We can check by creating the series for cos w? and multiplying each term by 2w.
¥z x* x© 5 wd o owd o wl2 5 2wd 2wY  2wld
cosx=l=- —+ —=—+ ... socoOSW*=l=—+ ——=——+ .. and 2wcos w*=2w— + -
21 4! 6! 21 41 6! 2! 4! 6!
Write the first four nonzero terms of the series for f ( w) =tan~'( w?)
3 5 7 wé W 10 W 14
From the Fun Fact, tan”' x = x — T replace x with w% tan™ 'w?=w’— — 4 —— —— 4 .
3 5 7 3 5 7
Compare this with the previous question.
The radius of convergence is R = 1.
To find the interval of convergence we test each endpoint. The powers are even so we can test both endpoints at once.
: : s (£ (2D (£ M
At w = =1, the series for f (w) =tan~'(w?)is(x1) >— + - +...=1-—4+—=—+
3 5 7 3 5 7

o0
This is an alternating series E (=1 k+1
k=0

that converges conditionally by the Alternating Series Test,

since decreases and approaches 0. Each endpoint is a defined point.

2k+ 1
The interval of convergence is [-1, [Jor -1 <w <1

T
4

-1 1

Write the first four nonzero terms of the series for f{w) = 10tan“(‘71)

From the Fun Fact, tan'x = x

+
fw wo1ow? 1 ws 1w’ o w Sw3 Swd Sw’
10tan~ ! —|=10| —— — —4+ — — = —. —+ ... [= 10tan — |[=5w— + +
2 3 5 7 3.

|
wl><
+
ml*
|

2



The radius of convergence of tan"'(x) is 1, and, ignoring endpoints, the interval of convergence is —1 <x < 1.

Ignoring endpoints, the interval of convergence tan™'(w/2) is —1 < — < 1. Multiply all parts by 2, and we have —2 <w < 2.
2

Now test endpoints.

5(=2)3 5(=2)% 5(=2)7 5.2 5.2 5.2
Atw=-2, wehave 5(-2) — + - +...=5(-2) + - + + ...
3.22 5.24 7-26 3 5 7
o ) . 52 5.2 52 5.2 . .
This is the alternating series — | + 3 - s + " + ... which converges conditionally by AST.
10

decreases and approaches 0.
5(2)3+5(2)5 5(2) 7
3.22 5-24 7-26

2n+1
Atw=2,we have 5(2) —

o . . 5.2 52 5-2 5.2 . .
This is an alternating series — | + 3 - s + Z =+ ... which also converges conditionally by AST.

Each endpoint is a defined point. Evaluate fiw) = lOtan’l(‘ji) at —2 and 2 to find what the series converges to at the endpoints.
Recall tan™! 1= % so 10tan! 1 =10- % = %”
The interval of convergence is [-2, 2] or 2 <w < 2.

S5
E -+ ®

-~
. —

_ . —(x—=70) 2
Write the first four nonzero terms of the series for f(x) = € .

2 3
X X
From the Fun Fact, e*=1+ x+ 2—' + 3—’ + ... soreplace x with —(x—70)2.
Even powers will have positive coefficients. Odd powers will have negative coefficients. The terms are:

(x—70) 2 4 (x—70)% (x—70)6+
1! 2! 3!

o0

In sigma notation, f(x) = Z

k=0 k!
as f{x), which is R = 0. Although not necessary, we could also use the ratio test to show that series converges for all x.

Gepr 1] (x—70)20k+ D k! (x—70) F(x—70) 2 N L (702
= . - . _ (x—
(k+1)! (x—70) % Ck+ 1) R (x=7077F  k+1

1
As k —oo, this expression approaches 0 which is less than 1, regardless of the value of x. lim ﬁ (x—=70)2 0
k— o0 + =V

(x=170) % k L ,
_— '(— 1) . It converges for all x because it inherited the same radius of convergence




49x%  49x% 4958 49y 10
- + - +
3 4 5
a. Use the set of Fun Facts to write the function that represents this series on its interval of convergence.

9. Consider the Taylor series — 49x2+

2 )3 24 .5
In(l+w)y= w - o + =z + o ... first replace w with x?
3 4 5
4 6 8 10
n1+)= »2 - — 4+ 2 _ . I _  andthen multiply by —49
2 3 4 5
4954 49x8 4958 49x 10
S b —— - ==+ —— - —— & =—49In(l +x7)

o — 49x 2k k+1 — 49x 2k k
b. Write the series using summation notation. z Y '(— 1) or z . ‘(— 1)
k=1 k=1

c. Report the radius R of convergence. R =1

d. Test each endpoint for convergence.
Each term will have x = £1 squared, and, since (£1)>=1,

) 49x%  49x8  49x8  49x10 49 49 49 49
the series — 49x2+ - + - o =49+ —— —+ —— — 4
3 4 5 2 3 4 5

=—491n 2 for both endpoints.

. . . .. . 1
The alternating harmonic series converges conditionally because of the AST (since — decreases and approaches 0).
n

e. Report the interval of convergence. [ -1, 1] or —1 <x < 1.

f. Sketch a graph on the interval of convergence. AY

y -

(5n? (o (5ot (597
- + - +
3 4 5

10. Consider the Taylor series — 5x +

a. Use the set of Fun Facts to write the function that represents this series on its interval of convergence.

2 3 4 5
W W w w? .
Inl+w)y= w - — + — - — 4+ — — ... replace w with 5x

_Gn? (9?50t (397

In(1+5x)=  5x
2 3 4 5

+ ... and then multiply by —1

—5x

(50 (5nd (0* (59)°
+ - + - +

. =-In(1+5
3 4 5 n( x)



Q

. _ . . —(50 K e Ny (S0 F
b. Write the series using summation notation. Z —( 1) or Z X ( 1)

e.

f.

k

. . w2 w3 wd w3 .
The radius of convergence of the parent function, In(l +w)= w - — + — —- — + — — ... isR=1.

3 4 5
The radius of convergence of In(1 + w) is 1, and, ignoring endpoints, the interval of convergence is =1 <w < 1.

Similar to Problem 7, ignoring endpoints, when we replace w with 5x, the interval of convergence is =1 <5x <.

1 1
Divide all parts by 5, and we have —; < x < — so the radius of convergence of the child series —In(1 + 5x ) is R = ;
Note that multiplying terms of the series by a positive or negative constant does not change the radius of convergence.
Test each endpoint for convergence.
5x) 2 5x) 3 5x) 4 5x) S
i. When x =—R, i.e., x = ——, the series — 5x+ (50) — (5%) + (5x) — (50) + ...
3 4 5
12 1 1y3 1 14 1 1)5
==5-—|+— = -=5-=|+=|5-=| -—= -—|+
2 ! 3 4 5
Sl S (2D P (2D (2D A e (2D
1 1 1 1
=1 + — + — + - + — = o
2 3 4 5

This is the famous harmonic series.

(5x)2 (503 (50* (5x)°
- + - ..
3 4 5

1
ii. When x = R, i.e., x = —, the series — 5x+

+ — - +... =-In2

1 1
2 3 4 5
This is the famous alternating harmonic series.

Report the interval of convergence. (—1, 1] or—1 <x<1.

Sketch a graph on the interval of convergence.




Practice Questions over 12.1

1. Eliminate the parameter, 7, to obtain an equation of the form y = f(x).

a. x= Yt-1, y= cost (There is no new domain restriction.)
t=x>+1 sothe curveis y=cos (x*+ 1)

b, x= t-1, y= cos Je-1 (There is no new domain restriction.)
Replace 3t —1 with x so the curve is y = COS X.

c. x= —t, y= —3Jt +6e (Specity the domain restriction.)
Replace —Jt with x so the curve is

y= 3t +6e” [\

y=3(=/t)+6e "

y=3x+6e™

We have y = 3x + 6e ™.

Restrict the domain to x < 0 since the range of the graph of x = —Jtisx<0.

)

d  x= —/t, y= 2t+1 (Specify the domain restriction.)

Square both sides of x = —Jt and we have x> = t, but restrict the domain to x < 0.

Replace ¢ with x? so the curve is y = 2x*> +1,x<0.
X

e. x= e, y= Te” (Specify the domain restriction.)
Replace e with x so the curve is y = 7™ = 7(e™")’ = 7x* with x > 0.
Restrict the domain to x > 0 since the range of the graph of x= e"is x > 0. t

&.
f.  x= 4sint, y= 3+4cost s
) ) . -3
Use cos?t+sin?¢t=1 withsint= % and cos 1 = yT

-3, X

The curve is — + = =1 but we can also write (y—3)* + x’ =4".
4 4
2 2
Or x—2+M =1 or x> +(y—3)’ =4>. This is a circle with center (0, —3) and radius 4.
4 4

g. x= 3sint, y= 3—6cos¢ Y
Use sin? ¢+ cos? =1 withsinz= % and cos ¢ = y_—3

62

2 2\ 5 a2
The curve is ;C_2+(y_63j =1 or ;C_2+(y 3 4

h. x= 3cost, y= 3—9cos’¢
2 2
Replace cos ¢ with % and cos?s with % so the curveis y =3 — 9-% =3-x2,-3<x<3.



2. Write a set of parametric equations x =£{¢), y = g(¢) for the curve

a. x=4y°-3y*+2cosy—e’”’
x=4t =3t +2cost—e’ andy =1t

b. The circle (x—1)" +(y+2)> =49
The center is (1, —2) and radius is 7.
Parametric equations: x = 7cos ¢ + 1

y="Tsint —2
Other options are possible.
2 2
o9’ 0427

c. The ellipse

Parametric equations:
x=3cost +5
y=2sint —2

d. The ellipse shown with the initial value of =0 x=1,y=1
traveling counterclockwise.
x=>5cost —4
y=3sint +1

e. The same ellipse shown to the right with the initial value of #= 0, x =—4, y = -2 traveling clockwise.
This means we have the following motion for x and y:

Yy _
17 5- e
-2+ 2t /\
-3+ g [ .
-‘5‘_ __________________ Al | {; ' 2ﬁt
Bt 2 12
g -3t "
-8t 4t 2t
-9t -5+ Ak
10LLEFT  RIGHT RIGHT LEFT sL UP UP | DOWN| DOWN

Parametric equations: x =—5sin ¢ — 4
y=-3cost +1



The graph of the parametric equations x = 5sin ¢ — 5sin 2¢
and y = 5sin ¢
is shown for 0 <t <2

x = 5sin ¢t — 5sin 2¢ -10
dx d
— =5cost—5(cos2¢t)-— (2t
dt ( ) dt( )

=5cost—10cos 2t
y=5sin ¢
d_y: 5cost
dt

a. Evaluate @ at the origin when ¢ = 0. L =| —
dx dx

10

100

If =0, then ? 5cos(f) —10cos(2f) = 5cos(0) —10cos(0) = 5(1)— 10(1) ==5 5
t

If =0, then 6; 5cos(0) =5

Q_dy/dt
dx dx/dt

b. Evaluate ﬂat the origin when ¢ = 7. @ | L
dx dx 3

ay
t
5

-5

If t =, then % = 5cos(t) —10cos(2t) = 5cos(x) —10cos(2z) =-5-10=-15
t

70

-10t ™

A0 10
Ift=x, then Z—y = 5Scos(w) =5 C
; -

1

dc dx/dt -15 3

dy _dyldt -5

27 3 >
J. ax + P dt

The arc length from ¢ = 0 to ¢ = 27 of this curve is given by dt .
0

Complete the boxes to set up the integral to find the arc length. You need not simplify.
Then use FNINT to find the arc length rounded to the nearest whole number.

2
joﬂ\/ (5cost —10co0s2t)” + (5cost)’ dt =
NORHAL FLOAT AUTOD REAL RADIAN HMP n

Plotl Plot2 Plot3 2w

B0X11B5sin(T)-551in(2T) L ({x2r2+Y2r2)dr

Y11 B5sin(T)

EINX271BScos(T)-10cos(2T) || 50'88799897
Y21 B5cos(T)
EINX3T=

Yar=

ENX41=

Yar=
ENXs5T=

50






