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Solutions to Review for the MA 15300 Final

1. For positive or negative large values of x,
f(x)=60 — 8x + 15x” + 25x° — 4x* +40x° + x°
looks like its leading term, the power function y = x°.
We can describe its long run behavior as follows:
As x — —oo, then y — o0; as x — oo, then y — .

020

Enlarge the viewing window to see that eventually the graph turns around.

. -50<x<20
Choice B. —-300,000,000 < y <100,000,000
2. Wehave ()= L0 36049 etore (0) = —00+9O) 360 _ 63 01304 Choice B,

R(t) 12,000 +12¢ 12,000+12(0) 12,000

3. As t gets larger and larger, the function C(¢) = _360+9 approaches the ratio of the leading terms, namely
12,000 +12¢
% =0.75 . Eventually 75% of the reservoir's total volume would consist of pollutants. This can be confirmed

with a graph of the function or a view of its table for large values of . Choice E.
4. 0 =20(0.4)"=20(1 — 0.6), so 60% of the drug is lost per hour. Choice E.

5. The growth factor of y = ab’ is b. Choice A.

6. There are zeros at 0, 2, and 7. Therefore: y = kt(t —2)(t —7)
x=1 y=-D)= -1=k()(1-2)(1-7)
~1 = k(=1)(-6)
k=t

The minimum value of P(¢) in the first ten seconds must
be P(10) =—-40°C . This can be found using a graph or table
or by evaluating P(f) =—+¢(t—2)(t—7) fort=10.
P(10) =—-£(10)10-2)(10-7) = —+(10)(8)(3) = —40.
Choice D.

7. O(t)=—1r sincet remaining terms of lower degree —40°C
Therefore, P(¢) and Q(t) look nearly indistinguishable for large values of ¢.

Note that the —% is not optional. You can check this with a grapher in a large window.

This lecture video demonstrates why the leading term and the polynomial look so much alike (although a
different polynomial is used. For those who still doubt, below is a graph of Q(x) =-1x’, P(x), and y = x°.
HORMAL FLOAT AUTOD REAL RADIAN HF n

Such a graph is nice to confirm,

y = P(x) > but not necessary to solve this problem
if you already know the concept that the

polynomial has the same end behavior as

50 its leading term (which is a power

function).

Choice C.

—500<x <500 by —10,000,000 <y <10,000,000


https://983291-4.mediaspace.kaltura.com/media/Why+the+Leading+Term+of+a+Polynomial+is+Useful+%2822A41%29/1_tfp7782i
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8.

10.

E(t) =301, Tofindy = k‘{, notice £(1) =30 so if £ =1, then y =30.

Therefore we have £ = 30, since 30 =k(1)" = k(1) =k.

Now use another point to find p for y =30¢”. We used (2.02, 48).
48 =30(2.02)"

48

—=(2.02)

20 (2.02)

Inl.6
1.6=(2.02)" Sop= ~ 0.668.
(2.02) P 2.0

This means E(¢) =30x"" and E(7) =30(7)"" ~110. Choice B.

S(t)=5.61x""". Tofindy = kt”, use two points. We used (2.05, 15) and (2.98, 25).
25 k(298)
15 k(2.05)

S _ (asmyr
3(

2.05

In(5/3)
y=kt'"*** Now use any other point to find k. We used (1.05, 6)
6 = k(1.05)"*%

k=561

S(t)=5.61x"""  Choice E.

p= 3655

E(t) =30x""
S(t)=5.61x""

1.37
S 36" g7,

E  30x"
Solve 0.187x"7 > 0.75 by graphing y = 0.187x"’ and the target line y = 0.75

Perform an INTERSECTION routine or solve 0.187x""=0.75 to find the first time after which

the ratio % is above 0.75. This is about 7.3 months. Choice D.
YiB. 1587V =". 7
- o

Window: 0 <x <10, —-0.25<y<1

Intersection
X=7.273482 ¥=.75



Note: You could also just enter

V=BT - o R A & o i
YzB.73

in a grapher, but the parentheses are crucial on a TI-83 or TI-83 Plus.

For example, you would NOT get the same function if you just typed

Y183, 6181 377 38K 6T That would give you y = 202 oo
Yel. 72 " 30

which is not what you want at all.

If you have a TI-84 or higher, use the fraction template n/d by pressing ALPHA Y=.

NORMAL FLOAT AUTO REAL RADIAN HF n

Plotl Plotz Plot2 1.3?
E.61¥
Y1B——"—
20567

Y2H.75

11. 30 Ib of fertilizer produces a maximum yield of 400 pecks of peppers. Choice B.

12. Without applying any fertilizer at all, we see from the graph that the orchard will produce 175 pecks of
peppers. Choice C.

13. The range is 0 < f{m) <400. Note: You can also write [0, 400]. Choice E.

14. The function f{m) is increasing for 0 < m < 30. Choice C.
Note: The function f{m) is decreasing for 30 < m < 70.

15. The function f{m) is never concave up and is concave down for 0 <m < 70. Choice E.

16. f{m) > 175 for 0 <m < 60.
Determine where the graph of y = f(m) is above the line y = 175.
The yield is more than 175 pecks of peppers when the amount of fertilizer applied is more than 0 1b and
less than 60 lb. Choice D.

17. We first find a formula for f{m). We can use vertex form or factored form.
Both are shown below but only one form is needed.

Vertex Form:
To find the vertex form, use a shift transformation of the graph of y = ax? (left 30 and up 400).
We have y = a(x — 30)? + 400. Plug in the point (0, 175).
v =a(x—30)* +400
175 = a(0—30)* + 400
—225=900a

a=-0.25
In vertex form, f{x) = —0.25(x — 30)? + 400.

Factored Form:
The function has a positive zero of 70, which is 70 — 30 = 40 units from the axis of symmetry.
The other zero is also 40 units from the axis of symmetry or at 30 — 40 = —10.
The factored form is y = a(x — 70)(x + 10) , but from Question 20b, a = —0.25.
In factored form, f{x) =—0.25(x — 70)(x + 10).
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If we had not solved for a already,

you can also find @ by plugging in the point (0, 175). — > ¥ =a(x=70)(x~10)
175 = a(0—70)(0—10)

However, the leading coefficient a is the same for 175 = —7004

expanded form, vertex form, and factored form,

so if you already have one of these formulas, you have a. 175

a=——"—=-025
~700

We now use the formula to approximate the solutions to f{m) =261. RuLLGESTLIIEUUECECA LI LR 1]
Enter both the function in your grapher and the line y = 261.

Plotl Plotz Plot3

The question provided a graph, so we can use that to set a

viewing window.
ENY 28261

Here is one possibility: (30-400)
NORMAL FLOAT AUTO a+bi RADIAN MP i S

HINDOW

Xmin=@ // \\
Amax=7@ / \
Xscl=1

Ymin=@ / \
Ymax=400
¥scl=1 175
Xres=1
aX=0,26515151515152 \
TraceStepr=0.530303030303... \

Check your graph passes through the given points
(0, 175), (30, 400), and (70,0) before continuing. 10 20 30 40 &0 &1 0"

You can use the Intersection Feature of the grapher to find that f{m) =261 when m = 6.42, 53.58.

NORMAL FLOAT AUTO o+bi RADIAN MP n NORMAL FLOAT AUTO a+bi, RADIAN MP n
CALC INTERSECT CHLC INTERSECT

Y¥i==.25(X-30)2+400 Y¥1=".25(X-30)2+400

7/\ N

Intersection
=6, H203'-|?3 ¥=261 ¥=E53. 579552 Y¥=261

You can confirm with the Table Feature. Set TblStart = 6.42 and ATbl = 0.01 T?ﬁ’cgr"r@.;& 42
o =d.
NORMAL FLOAT AUTO a+bi RADIAN MP .
] Indent: Ask

PRESS + FOR aTbl Depend: Ak

Y1 Y2
5356 | 261.23 | 261
53,57 | 261.11 | 261
261 261

£3.59 | 2660.88 | 261
53.6 260.76 | 261
53.61 | 260.64 | 261
£3.62 | 260.52 | 26l
£3.63 | 260.41 | 261
53.64 | 260.29 | 261
53.65 | 260.17 | 261
£3.66 ] 260.85 | 261

®=53.58

Thus we have a. Choice C and b. Choice B.
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22.

23.

24.

25.

26.

18. The equation is P =9216(1.125)".

The initial amount when ¢ =0 is $9,216. Choice C. Y189216(1.125)"%
abls _ 76787.03 Press 2nd TBLSET and use the
ab3 - 13122 Indpnt: Auto feature to be able to

enter nonconsecutive inputs.

/{bls 76787.03 NORHAL FLOAT AUTO REAL DEGREE MP fn
Ab® 13122 TABLE SETUP
TblStart=0
15 16787.03 aTbl=1
b =——— Indent: Auto
13122 Depend: Ask
h=15 76787.03 (7678703 jls 1.125 The table confirms the equation is true.
=X = =1 (Slight roundoff error is of no concern.)
13122 13122 NORMAL FLOAT AUTO REAL DEGREE HMP ]
PRESS  T0 EDIT FUNCTION
y=a(l.125) ax 52\(1:
13122 = a(1.125)° is
a= L?'ZS =9216
(1.125)
P=9216(1. 125)l
Y1=76787.0300065

19. Since the equation is P = 9216(1.125)" = 9216(1+ 0.125), the growth rate is 12.5%. Choice C.

ax

20. ™ =" =a". Choice E.
AV At Time, ¢ (min) | Volume, V (gal) AV
21. The average rate of change is A_ 30 mi.n < ég }(1);5) > 75 gal
30 min § 90 1225 2 75 gal
Find the change in time, Af, and the 30 min — 120 1300 — 73eal

change in volume, AV, over the intervals.
Then create ratios. The average rate of change will be the rate at which the water fills the pool.

AV T5gal
At 30min

The range of the function y = 5x” is all real numbers greater than equal to 0.

= 2.5 gallons per minute. The answer is Choice E.

The function shown is a translation of y = 5x” up 1, so the range is [l,).
Notice on the graph to the right, values of y begin at y = 1 and increase forever. Choice B. 1

; &
[
Choice I1. The train’s speed slows to a stop (speed is 0). @
Time
8
s
Choice I. My rate is constant at first, so the graph appears linear. ° i
Once the chimes ring, my rate increases so the graph is concave up. =
Ime
Choice III. First the rhino’s speed is constant, or flat. The graph appears horizontal. 3
When the rhino runs, her speed increases. The slope represents speed. (%
Time
Choice II. The ferris wheel car climbs to its highest point, then descends, then climbs again.

The radius of the wheel is fixed, so once you have boarded,
the high points are all the same and the low points are all the same.

Distance

Time
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27. The polynomial has formula y =1 (x—2)(x —1)(x+3)(x +2)’

Because the function has single zeros at —3, 1, and 2 and a double zero at —2 we can write

¥y = a(x—2)(x—1)(x+3)(x+2)* Now substitute the point (0,6):

x= 0} 2
y=a(x-2)(x-1)(x+3)(x+2)
y=6
6=a(-2)(-)(3)(2)° S :
6="24a 32 A
6 1
a=—_-_
24 4

Therefore, the polynomial is f(x) =4 (x —2)(x —)(x +3)(x +2)
To find 3), letx=3: £(3)=1(3-2)3-DB+3)3+2)* =L ()(2)(6)(5)* =75

You could also use the table feature
of a graphing calculator. Choice B.

Important:
You should check
with a graphing calculator
to be sure that the function is correct.
I.I
5 1176
b 2880
28. The rational function has the formula y = Hx=2) 10+
(x=3) of |
Because the zeros of the function is 2, 8h |
we have (x—2) as a factor of the numerator T :
6 L
since the function is 0 when the numerator is 0. 5l :
w4 L] A

Since the vertical asymptote is x = 3, T

we have (x—3) as a factor of the denominator. )

This should match the
given information
provided.

(The vertical asymptotes are found where the -
denominator is 0 and the numerator is not). -

a(x—-2)
(x=3)

So we can write y =

Since the horizontal asymptote is y = 4 and it is found by the ratio of the leading terms, we must have a = 4.

Therefore the function must be f(x) = Hx=2) . Use a table feature to find Choice C is correct.

4(403-2) _4-401 _401 _,
(403-3) 400 100

Alternatively, use the formula: f(403) =

NORHAL FLOAT AUTO REAL DEGREE MP n

Y184 (X-2)/(X-3) ¥

TRBLE SETUP
TblStart=403
aTbl=1
Indpnt: Rsk

Depend: Rsk

Hol | €— /(403)=4.01
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2x(x+3)

29. The rational function has the formula y = -
(x+2)

Because the zeros of the function are e
0 and -3, the factors of the numerator are x(x+3), AT 6 S i ;

since the function is 0 when the numerator is 0.

There is one vertical asymptote at x =—2, so (x + 2) is a factor of the denominator. However, the short run

behavior near this asymptote looks like y = k/x? ( ﬁ*ﬁ ) so the factor must have a power of 2.
We can write y = czx(x—;r)i) . Since the horizontal asymptote is y = 2, we must have a = 2.
X+

+3 g
Note: sz:%:a as x — 1o soa=2.
(x+2) X

Therefore, the rational function has the formula y = 2x(x+3) .
(x+2)°
Use a table to confirm: v Vi
2.28
5 2.2222
-y 3 This should
-3 ] match the
-z ERROR given
| ;1 ;"' information
1 L provided.
2 128
3 1.4y
4 1.5556

Use a table to find determine if {—1) =—4, f(1) =1, and f[—6) =2.25:

15 (RS

-4 2
-3 0
=2 ERROR

[ T an=-4

H

88889 [— f1) = 1
L.2o
1.44
1.5556

=L Ll P =i

Since only Choices A and C are true, Choice D is correct.
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8(x—4)

(x-2)’

Because there is a horizontal asymptote of y = 0, the degree of the numerator is less than the degree of the
denominator. The numerator has a factor of (x —4)' since it has a single zero. Because the short run behavior

near the vertical asymptote looks like ﬁ% or J}L

the lowest degree possible for the denominator must be 2.

30. The equationis y =

So it has a factor of (x—2)°. It has the form y = c(z(x _2;? ,
x—

and we can find a if we use the fact that when x =0, y =—8:

8= a(0—42)

(0-2)
-8==ta
a=38
So f(x)= ?(x—_;)? To find £{3), we let x = 3 and find y.
x—
8(3-4) 8(-D
3 = == —8
AG) G2

Alternatively, you can enter the formula in a grapher and use a table. Choice B.

31. The degree of the factor (x— a) must be even
since there is a bounce at the zero.

The degree of the factor (x— ) must be even
since the vertical asymptote appears as

I\

The degree of the factor (x—c) mustbe 3,5, ... x=b
since there is a chair at the zero.

The degree of the factor (x— d) must be even since

the vertical asymptote appears as J}L near d.

The long run behavior is the same as the power function y = kx, so the degree of the numerator must be one more
than the degree of the denominator. Therefore, it must be Choice B.

1
1
1
1
1
1
1
1
:
1
near b. a ¢ !
1
1
1
1
1
1
1
1
1
[
L
I
i

el e B
S

3.2

32. log, (ij = log, x* +log, y* —log, Jw

Jw
=log, x’ +log, y* —log, w'"’
=3log, x+2log, y—3log, w

The correct answer is Choice C.
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33.

34.

3s.

36.

25X — 3600

In25° =1n3°°
xIn25=6001n3

600In3
X=——
In25

~204.78

The correct answer is Choice C.

The zeros of f(x) = 400x(6x> —42) are 0, /7, and —~/7

Check graphically.

This third degree polynomial crosses the x-axis three times.
Find the zeros by solving f{x) = 0. Factor.
Set each factor equal to 0 and solve.

400x(6x> —42) =0

400x=0
x=0

Choice D.

The zeros of f{x) = —3(x* — 7x* — 6x).
This fourth degree polynomial crosses the x-axis four times.
We can factor out x from each term of x* — 7x> — 6x:

6x*—42=0
6x* =42
x> =7

fx) ==3x(x> —Tx — 6)

However, try as you might x> — 7x — 6 cannot be factored.
The only way to find the zeros is with a graph or a table.
The zeros are =2, —1, 0, and 3. Choice C.

PRESS + FOR aTbl

NORMAL FLOAT AUTO o.+bi. RADIAN MP

x:ixﬁ

NI DW= O "\')

>
|
1

=-2

Sketch a graph of the polynomial f{x) = 9x*(x + 6)(x — 6)?
by hand (or use a grapher, but it’s difficult to find a window).
Determine the values of x for which f'is above or on the x-axis,

which is x > —6.

The correct answer is Choice C.

20000
4 3 2 1 4
-20000%+
100
1 1 [N 1
4 - 2 -1 4
-100*+

360001
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37. We can find the domain of fix) = vx—100 using the graph, the table or reason from the formula.

The graph of f{x) = +/x—100 is a horizontal shift of the graph of the power function y = Jx right 100 units.
The domain is x >100.

You can also write the domain [100,0) . iigr.]i -108
2

, Y1 | &
Use a table to confirm that 100 is 95 ERROR | [
included in the domain, as well as gg 52232 i
all reals larger than 100. 98 ERROR | / /
Values less than 100 cause the 230 ERMR L Z’
i 161 1 N
calculator to bail. 191 ! s — e
1603 1.7321 100
164 2
105 2.2361

The formula f{x) = Vx—100 tells you that
fx) is defined if the radicand x—100>0.

.. . The viewi indow is 0<x<200 by —10< y <1
When you solve this inequality, you have x >100. ¢ viewing window is 0 <x <200 by ~10=<y <10,

with Xscl =10 and Yscl = 1.

Choice B.

38. Solve 4,000¢%°73 =12,000
4000¢""" =12,000 Divide both sides by 4000 to get €™7* all by itself.

et =3 Take natural logarithms of both sides.
Ine”™ =1n3 Use the inverse property: In €7 = 0.073t.
0.073t =1n3 Divide both sides by 0.073 to solve for t.
NORMAL FLOAT AUTO REAL RADIAN MP
In3
=003 " 15.05 1n(3)/.0873
e VTR 15.04948341
Choice D. TIP: Check by resubstituting: 4000e 072"
.......................................... 12008,
1 1 /2 b .
39. In =ln|— |= ln(e ) =—=— Choice C.
x/2
Ve' € 2
40. In general, the graph of y = f(x) = ab" increases for 5 > 1 and v L Ttincreasesifd > 1
decreases for 0 < b <1 and has y-intercept (0, a). IL Tt decreases if b < 0
v g .
y=ab* y=ab* III. It has y-intercept (0, 1) if 5 > 0.
a
bhb>1 0<b<l1

The function y = b* is a special case, with a = 1. Therefore, Items I and III are correct. Choice D.
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42.

43.

44.

The graph of y =2 + log(x — 1) is a horizontal shift 1 unit to the right and a vertical shift 2 units up of the graph of
v =log(x).
e Since the graph of y = log(x) has a vertical asymptote of x =0,
the graph of y =2 + log(x — 1) has a vertical asymptote of x = 1.
e  Since the domain of y = log(x) is the set of all real numbers x >0,
the domain of y =2 + log(x — 1) is the set of all real numbers x > 1.
Therefore it does not cross the x-axis at 1 and it never touches the y-axis.
e  The graph of y =2 + log(x — 1) passes through the point (2, 2):
check:x=2,y=2 = y=2+log(x—1)

—

TTTTT T T T T T T T T T T

2=2+1log2 -~ 1)? A graph of y =2 + log(x—1)
2=2+1log(1)? produced by technology
2=21409 YES in a standard window
-10<x<10
-10<y <10
e The range of the function y =2 + log(x — 1) is all real numbers. can look misleading!

It is difficult for most technology to produce an accurate graph of a logarithm function.
Don’t be deceived by a misleading graph.
Therefore Items I, 111, and IV are correct.
Choice E.

v L increases for all values of x in its domain.

v/ III. never touches the y-axis
v' TV. passes through the point (2, 2).

Since the vertical asymptote is x = a, the denominator must have (x — a) as a factor.
Since the function has a single zero through the origin (0, 0), the numerator must be 0 when x = 0.

The short run behavior of the function near its vertical asymptote looks like +
requiring the factor in the denominator to be raised to an odd power.

The equation y = is the only choice which meets these three criteria. Choice C.

2 2 2
Asx—>ooorx—>—oo,f(x):$z @ _za

x—ay x x
(x—a)
2ax 2a
In other words, the graph of y =——— and the graph of y =— have the same long run
grap y ( 2 .

] ]

2
behavior. The graph of y = =4 has end behavior which looks like or
' h s

(depending on whether a is positive or negative).
In either case, as x = —0 or as x — o, the function approaches 0
The horizontal asymptote is y = 0. Choice D.

Since pH =-log C and pH = 2.1, we must solve the logarithmic equation
2.1=-log C.
—logC=2.1 Multiply both sides by —1
logC=-2.1 Make both sides a power of 10
10°¢¢ =107 Use an inverse property
oy 1 NORMAL FLOAT AUTO REAL DEGREE MP n
c=10" :m=0.0008
Choice B. oo 2079432823,
-loa(Ans)
2.1



45. To solve In2x3 = 5, exponentiate both sides to base e:

In2x* 5 .
e =e  Make both sides a power of e.

3 5
2X =€ Use the inverse property.

The answer is Choice D.

46. To solve In2x* =5

2x3=¢> From Question 57.
x* =1 ¢° Divide both sides by 2.

5
e
Xx= —

2

, 5
e
x=3 ? Take the cubed root of both sides

3
5 5
e e
You can check by substitution: 1n 2 H? =In 2(;) =Ine’ = 5. The answer is Choice C.

47. Tosolve 20 = 3e" + 5 first subtract 5 from both sides:

This gives us 15=3e". The answer is Choice D.

48. Tosolve 20=3¢" + 5

49.

50.

Pagelz

3¢ —-15 From Question 59.
e’ =5 Divide both sides by 5.

Ine* =In5  Take natural logs of both sides.
x=1In5 Use the inverse property.

In5
You can check by substitution: 3¢ +5=3-5+5=20. The answer is Choice E.

Use P(l + ’—rl)nt with P = 2200, » = 0.0382, and n = 4. The balance in year 7 is 2200(1 +22382)*

Remember that 3.82 per cent is ~o2 = 0.0382 =3.82%.  TIP: To divide 3.82 by 100, move the decimal point
100 of 3.82 two places to the left.

The answer is Choice C. For example: 29.82% becomes 0.0382

Since you are compounding continuously, use P e” with P =2200, » = 0.0382. (See previous question.)

The balance in year ¢ is 2200¢** . Note: 2200e**** grows at a continuous rate of 0.382 = 38.2 %.
Since the balance is none of the choices listed, the answer is Choice E.
TIP: To multiply 0.382 by 100, move the decimal point of 0.382 two places to the right.

For example: 0.3\32 becomes 38.2%.



51. The answer is Choice A. Euphemia’s answer is incorrect. Her error was in Step 1.
It is false to conclude that /- B=6< A=2 orB=3.

There are infinitely many ways for a product of two numbers A-B=6.
(For example, 4=1,B =12 is one possibility. 4= %,B =ris another.)
Euphemia would have been correct if she had concluded 4-B=0< A=00rB=0,

which is called the “Zero Factor Property”. If Euphemia checks her answer in the formula she_does get a correct result:
x=1 =>0+D1+2)=(2)(3)=6

However, if she uses a grapher to check, she would have seen there are_two solutions: Y1B(X+1) (X+2)
The correct solution can be solved analytically by expanding: 7 71 Y286
(x+1)(x+2)= 6 - r— \
4354226 1o | :
X2 +3x-4=0 I 3 i : i
(x+4)(x-1)=0 . '\ /
x+4=0 x—-1=0 £ 56 R y

x=—4 x=1

So the complete solution is not x = 0; the complete solution is x = 0 and x = —4.

52. The answer is Choice A. Plutarch’s answer is incorrect. His error was in Step 1.
It is false to conclude that 4-B=4< A=2orB=2.
There are infinitely many ways for a product of two numbers 4-B =4.
(For example, 4 =5,B =40 is one possibility. 4= 2 ,B= /8 is another. These are arbitrary wild examples.)
Plutarch would have been correct if he had concluded 4-B=0<> 4 =0o0r B =0, which, as described in Question 67,
is called the “Zero Factor Property”. If Plutarch checks his answer in the formula he does not get a correct result:
x=0 = 0+2)(0-2)=—4+4

x=4 = (4+2)(4-2)=6-2=12+4

However, if he uses a grapher to check, he would have seen there are two solutions: Y1B(X+2) (X-2)
The correct solution can be solved analytically by expanding: Y284
(x+2)(x—2)=4 e |
¥a=4
¥’ -4=4 !

]
x=+/8 \\//

You could also write the solutions as x = J_rZ\/E . sEeEln

Note that x = ++/8 = +2/2 is the exact solution.

The approximate solution, to a mere seven decimal places, is x = £2.8284271.

(For the approximate solution to one million decimal places, see https://apod.nasa.gov/htmitest/gifcity/sqrt8.1mil)
So the complete solution is not x = 0 and x = 4.

53. 1.  Choice C.
¥ = B — Ax since it has a positive y-intercept (B) and slope is negative (—A).

II. Choice C
y =log(x+ A) since it is a shift of y = log x to the left A units. (Its vertical asymptote is at x = —4.)

III. Choice A
y =| x— A] since it is a shift of y = |x| to the right 4 units. (Its minimum is when x = 4.)
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54.

55.

IV. Choice C
y=A(x+B )2 — C since the x-and y-coordinate coordinates of the vertex are negative
and the parabola is concave up.

V. Choice C
y=—A(x+B )5 + C since it is a vertical reflection of y = x° combined with a horizontal shift to the left
and a vertical shift up.

VI. Choice D
y=(1/A)" since it is exponential decay.

VII. Choice C

e A(x+ B)

x f—
it has a horizontal asymptote y = 4 with A positive, and a negative zero (at —B).

since its vertical asymptote is x = C with C positive,

VIII. Choice A
A o A . : ,
Y =——-7—C sinceitis ashift of y =— to the right B units and down C units.
(x—B) X
k _ 2 _ 5 /OC7
The graph of the function y = (x=p 2 (x rz looks very much like the graph of y =——= kx’
(x=¢q)" (x=5) X

For very large x, which resembles a chair shape# (since £ is positive).

Choice B.

k(x—p)(x—r)’
(x—¢q)*(x~s)’
Since p is a single zero, the power of (x—p) must be 1. The volcano shape near x = ¢ and x = s mean the power for
(x—¢) and (x—s) must be even. To have the lowest power possible means these are both 2. So the degree of
numerator must be 4. Since ¢ is a multiple zero in the shape of a chair, the power of (x—7) must be odd. Since we
have a horizontal asymptote of y = &, the dergree of the numerator and denominator must be the same, so the power
of (x—7) must be 3. '

Choice Ais y =

1
1
I
1
1
1
1
1
1
1
L

————————————————————————— yv=k

Note: the line y = & is a horizontal asymptote.

e W

X=q x=s
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k(x—=p)’(x=r)’
(x—¢) (x—s)’
k(x—p)'(x-r) k(x-p)'(x-r)
Gop)Cen o Kamp) )
(x=q) (x—s) (x—g) (x—5)
lowest degree. Since the zero at p is a bounce, the degree of (x—p) must be even. The volcano shape near x = s
means the degree for (x—s) must be even. The “twisted sister” shape near x = g (with the graph approaching oo on
opposite sides means the degree for (x—¢) must be odd. Since the zero at » is a chair shape, the power of (x—r)
must be odd. To have the lowest power possible means the power of (x—p) must be 2 and the power of (x—) must

be 3. So the degree of numerator must be 5. Since we have a horizontal asymptote of y = £, the degree of the
numerator and denominator must be the same, so the power of (x—s) must be 2 and the power of (x—¢) must be 3.

Choice Cis y =

Note: y = would also be options but the factors do not have the

Note: the line y = k is a horizontal asymptote.

xX=gq xX=s

k(x—p)* (x—r)’ or poK&x— p)(x—r)
G- T g )
Since the zero at p is a bounce, the degree of (x—p) must be even. The volcano shapes near x = s and x = ¢ mean

the degree for (x—¢q) and (x—s) must both be even. Since the zero at r is a chair shape, the power of (x—) must be

odd. To have the lowest power possible means the power of (x—p) must be 2 and the power of (x—) must be 3. So
the degree of numerator must be 5.

Choice D has two correct possibilities: it could either be y =

Since we have a horizontal asymptote of y = 0 and the long run behavior looks like + ,

. We want the powers to be as small as possible,

Then as x — too the graph behaves like y = —--
X

so we want the degree of the denominator to be 1 more than the degree of the numerator,
. . k .
i.e., as x —> too the graph looks like y =— . So the degree of the denominator must be 6.

X

This means the power of (x—¢) could be 2 and the power of (x—¢) must:be 4 or:vice versa. There are two
possibilities.

Note: the line y = 0 is a horizontal asymptote.

_____ e

X=q x=s

1
1
1
1
1
1
1
1
1
1
1
1
1
-4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
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4
56. The function f(x)=—; takes any input and returns 4 divided by the square of the input.
X
4

We can replace x by a placeholder, such as an empty box, i.e. / (I:l) = W A

If f takes the function g(x)=~/x>+4 as an input, then we have the following: f ( g (X) ) E ————)
‘*’( x2+4)
4
x*+4

This is as simplified as possible. The answer is Choice A.

WmmmmMm€L=%L=%' f
x4 ¥ A x -4 x

be careful not to incorrectly simplify . In particular,

2
X

X +4 X+A X

NORMAL FLOAT AUTO REAL DEGREE MP
PRESS + FOR aThl

You can check your answer: Y3=Y4 # Y5

Y1=4/%*
yo={x%+4
Y3BY1(Y2(X))
Y4B4,(x*+4)
YsB1/X?

T

2

57. For the function f(x)= we can replace x by a placeholder, such as an empty box, i.e.. /' D=

Vx+1
2
If f takes the function g(x)=x"+3 as an input, then we have the following: +1

g )=
VX +3+1

2
This i implified ible. Th is Choice B.
is is as simplified as possible. The answer is 01ce2 ) N
Careful! It can be tempting to incorrectly simplify x4 2

Vx® +4 . NI _x+2
2 2 2
For example, V25 =416+9
Compare: V16449 =4+3=7
V25 =5
So /16 ++/9 and /25 are not equal.

(assuming x > 0)

x+2

xZ 52
2

While it is true that x_2 = = x since
2 7

»—A|§<
N | o

=x-1=x, be careful not to incorrectly simplify

2
X+ ¢x+'Z¢x

2 Z

NORMAL FLOAT AUTO REAL DEGREE HP
. PRESS + FOR aTh1
You can check your answer with a grapher: Y3=Y4#Y5=#Y6 s | Yol ¥s
1 1 1
1118|1118 |15
Y1={%+1,2 w2 | 1u1uz | 2
1.8028 | 1.8028 | 2.5
Y2=x'+3 35958 | 26aze | 35
YaBY1(Y2(X)) 3.1623 | 3.1623 | 4
3.6461 | 3.6401 | u.5
YaB|X2+4 /2 41231 | 41231 | 5
4.6098 | 4.6098 | 5.5
YsE(X+2)/2 5099 | 5099 |6
Y 6 BX
X=0
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58. We know that when the price p = $11, the number of customers N who will come to the park is 800.
For each $1.00 increase in the entrance price p, the park would lose an average of 50 daily customers:

N=fip) is linear. When Ap = $1, then AN =-50.
The slope is 2—‘2’ = % =—50 and it passes through ($11, 800).
We have N= b — 800p. Substitute p = 11, N = 800:
800 = b—50(11)
800 =5h-550
b=1350
Therefore N = f{p) = 1350 — 50p.

Check each response by scrolling the table feature of a grapher. The table confirms that if p = $11, N = 800 and
the rate of change is —50 customers per dollar increase.

A Y1
. 0 1350
“If the park had free admission, / 1 1300
they would have as many as 1,350 daily customers.” True 2 1250
I.I
5
6
;
“A $27 ticket price would result in no customers.” True 20
11
12
13
14
15
16
17
18
19 X Y1
20 3.5 1175
21 4.5 1125
22 5.5 1675
23 6.5 1925
24 7.5 975
25 8.5 925
26 9.5 875
I o | 105 | 825
115 | 775
x=27 125 | 725
135 | 675
145 | 625
155 | 575
“If the ticket price were $3.50, they would have 1175 daily customers.” True. ig:g E%E
it e
“Only 125 customers would be willing to pay a $24.50 admission price.” True. 205 | 325
215 | 275
. 225 | 225
Choice E. All of the above. 23.5 i;g
B 125 |
X=24.5
You can also use algebra to find the intercepts and to evaluate the formula at p =$3.50 and .  wo..oo.
To find the p-intercept of N = f{(p), set N = 0 and solve for p: 0=1350-50p
50p =1350
p=27

NORHMAL FLOAT AUTO REAL RADIAN MP n

The horizontal intercept or p-intercept is (27, 0). 1350
This means that if the ticket price were $27,

no customer would purchase one.

The vertical intercept or N-intercept can be found

by inspection from the formula N = 1350 — 50p: N(0) = 1350.
The values of N(3.5) and N(24.5) can be also be calculated P
with arithmetic from the formula. 21
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59.

We add a third column to the table in Question 58 which gives the daily revenue, R, for each entrance price p.
The revenue is the total amount received by the park before any costs are deducted, which is R=N- p.

For example, if the price p = $11, then N = 800 tickets are sold and the revenue R = 800- 11 = $8800.

One approach is to manually compute the product N- p for the rows you are interested in.

The point p = 0, R = 0 means that if the tickets were free, there would be no revenue (even though 1350

customers would come.

The point p = 27, R = 0 means that if the tickets were $27, there would be no revenue (since no customers

would buy them.)

The table shows that Choice A and B are both false

A.
B.

“The higher they set the ticket price, the more revenue they will make.”

“A ticket price of $27 gives them the most revenue.”

The table suggests also that C and D are false.

Examine the formula for the product R=N-p .
R(x) = x(1350 — 50x). If we multiply it out we get R = 1350x — 50x2, which is quadratic.
This has a maximum on its axis of symmetry, which is midway between its intercepts

(or midway between any two values of x which have the same y-values.)

So the maximum revenue occurs if tickets were sold at p = $13.50.

p N R=p-N
$0 1350 $0
$11 800 $8800
$13 700 $9100
$14 650 $9100
$27 0 $0

p N R=p-N
$0 1350 $0
$11 800 $8800
$13 700 $9100
$13.50 675 $9112.50
$14 650 $9100
$27 0 $0

You can use a grapher instead of manual calculation by entering the formula for R in Y2. Below is one way:

NORMAL FLOAT AUTD REAL

Plotl

Plot2

ENY1B1350-50%
ENY zBX%Y 1

Plot3

RADIAN HP n

Choice E is correct. None of the response are true.
It can be illuminating to view the graph and table of both on a grapher.

NORMAL

PRESS + FOR aaTh1

Y1 Ye

FLOAT AUTO REAL RADIAN MP

750 9000
725 9062.5
700 9168
675 9112.5
9168
625 9062.5
9000
575 8912.5
8800

525 8662.5
8560

NORMAL FLOAT AUTO REAL RADIAN MP n

($0, 1350

60. Some of these can be represented by more than one graph.

) N=Ap)

$13.50, $9112.50)

R=g(p)

($13.50, 675)

($0. 50)

(a) “Even though the child's temperature is still rising, the penicillin seems to be taking effect.”

(b)

Choice IIL.

We sketch a graph of temperature vs. time that increases and will eventually flatten out.
The rate of growth is modeled by the slopes of the line segments shown to the right.
Since the rate of change is decreasing, the lines must have smaller and smaller slopes,

i.e., they are less and less steep. The graph is concave down and increasing.

“Your distance from the Atlantic Ocean in kilometers, increases at a constant rate.”

Choice V. .~

We sketch a linear graph of distance vs. time that increases since it climbs steadily.

27, $0)Y
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(©

(@)

(e)

®

(€9)

(h)

®

)

“At first your balance grows slowly, but its rate of growth continues to increase.”
Choice IV. _

We sketch a graph of balance vs. time that increases faster and faster, i.e., concave up.
The rate of growth is modeled by the slopes of the line segments shown to the right.
Since the rate of change is increasing, the lines must have larger and larger slopes,
i.e., they are steeper and steeper. The graph is concave up and increasing.

“The annual profit is decreasing. Each year it falls more steeply than the previous year.”
Choice L.

The rate of change is modeled by the slopes of the line segments shown to the right.
Since the profit is decreasing, the lines must have negative slopes.

Since they fall faster and faster, the graph is concave down.

“The function has a positive rate of change and the rate of change is decreasing.”

Choice III.

The rate of change is modeled by the positive slopes of the line segments shown to the right.
Since the rate of change is decreasing, the lines must have smaller and smaller slopes,

i.e., they are less and less steep. The graph is concave down and increasing.

“The population of rhinos isn't decreasing as quickly it used to be.”
Choice II.

The rate of change is modeled by the negative slopes of the line segments
which are less and less steep.

The function is concave down.

Choices I and III. \ /‘

Some students remember this by thinking of a concave down graph as a frown. /’\

The function is decreasing. V
Choices I, II, and V1. ™~ \ \
Some students remember this by thinking of going down a descending path.

The function is constant.
Choice VII.
This statement describes the outputs, or y-values, of the function. The slope is 0.

Think of a flat parking lot, a billiard table, or a the EKG monitor on a sad episode of a television medical drama.

The average rate of change of the function is constant.

Choices V, VI, and VII. \

This statement describes the slopes of the lines drawn on the function similar to what was done above.
A linear function has a constant rate of change. Slopes of lines can be positive, negative, or zero.



61. The graph of p(x) is a vertical shift of f{x) down 5 and horizontal shift left 2.
The transformation is p(x) = fix + 2) —5. Choice A.

65 43 21 65 4321

62. The graph of g(x) is a vertical compression of f{x) by a factor of %,

followed by a vertical shift down 6 and horizontal shift 5 right.
The transformation is g(x) = 0.5f{x — 5) — 6. Choice E.

=2
=3
-4

63. The graph of g(x) is a horizontal reflection of f{x) q(x) = 0.3/tx=3) =6
(or a reflection of f{x) about the y-axis), followed by

a vertical shift down 4. The transformation is 7(x) = f{—x) — 4. Choice D.
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64. The graphs are labeled below.
Scooter A passes through the origin and has the steepest slope since it has the highest cost per mile.
Scooter B has the most gradual slope since it has the lowest cost per mile. It has the highest y-intercept.
Scooter C has the smallest positive y-intercept. A

C
~B

(11.25, 14.5)

(6.25,12.5

Fental Cast

|
|
|
|
|
|
!
J

|

Ly k Y x (miles)
0 1.25 11.25 B

Cheapest: A C

To find when Scooter C is cheapest, look for the values of x for which the graph of C is below the graph of A and C.
Scooter C is cheapest on the interval 1.25 <x < 11.25.

Although not needed to answer this question, we can see the following is true:

Scooter A is cheapest on the interval 0 <x < 1.25.
Scooter B is cheapest on the interval x> 11.25.

We do not use the y-coordinates in reporting the interval. The correct choice is Choice E.

65. The end behavior (up-up) indicates the degree of the polynomial is even.
Count the minimum multiplicities of each zero based on the shape of the graph (chair, bounce, line) near the zero.

Lowest multiplicities of each zero
We have2+1+2+1=6. Choice D.

66-69. To examine the long run behavior, we use the formula as given.
8x* -8
2x% —4x

To examine the short run behavior, it can be helpful to factor the numerator and the denominator:
)= 8x*—8  8(x’-1)  4(x—-D(x+1)
2x* —4x  2x(x—-2) x(x—2)

We can also use our grapher to check using a graph and a table.

The numerator and denominator is in expanded form, i.e., y =

Page2 1
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I
y1B(8%%-8) /(2%%-4¥) ]
Y284 1

L
]

66.

x=0 x=2

8x°-8  8(x’-1) 4(x—D(x+1)
2x—4x 2x(x—2) - x(x—-2)

The zeros are —1 and 1. Choice C.

X Y1
2.1333

To find the zeros of y =

= 9 | |«— There are two zeros at x = —1

] qf] «=— and x =1.

set the numerator equal to 0.

67. To find any y-intercepts, find the y-value when x = 0. However, the function is undefined at x = 0 so the graph

68.

69.

never crosses the y-axis. Choice E.

The function has vertical asymptotes when the denominator is zero (and the numerator is not).
The denominator x(x —2) = 0 when x = 0 and x =2. This matches the answer to 67. Choice E.

Y1
-3 2.1333
-2 1.5
-1 0

[ ERROR | |€— There is a vertical asymptote at x = 0

1]

2 ERROR ||€— and at x =2.
3 10.667
y 7.5

5 6.4
&

7

£.8333
5.4857

To find if there is a horizontal asymptote, examine the long run behavior:

8x* -8 8x”

=— - >=4 as x—> *oo
2x" —4x 2x

Since the function looks like the line y = 4 for very large values of x,
the line y =4 is the horizontal asymptote. Choice D.

You can scroll a table with a large Ax to confirm this. \

y

X Y1
-25000 | 3.9997
-20000 | 3.9996
-150600 | 3.9995
-100600 | 3.9992
-5000 | 3.9984
] ERROR
5000 | 4.0016
16000 | 4.0008
15000 | y.0005
20000 | 4.0004

25000 IENTTER



70. P=1160+ 10z and Q = 1000(1.0113)
Set the equations equal to each other and solve using technology.
They intersect at ¢ = 39 years. Choice B.

NORMAL FLOAT AUTO REAL RADIAN MP 1
PRESS + FOR aTh1
A Y1 Ye
36 1526 | 1498.6
37 1539 | 15155
540 | 15326
# 15E6_ | 1566 []
1560 15675
41 1570 | 1585.2
42 1580 | 1603.1
43 1599 | 1621.2
4y 1600 | 1639.5
45 1610 | 1658.1
46 1620 | 1676.8
Intersection
X=39 K=39.005493 Y¥=1556.8549

71. The path of an artillery shell, in feet, fired from a military base is given by /4(x) = 0.96x — 0.004x".
Factor A(x) to find the zeros. 0.96x—0.004x> =0
x(0.96-0.004x) =0

=0 0.96—0.004x = 0 EgER?sm; rF&'éJET&um REAL RADIAN MP 1
0.96 = 0.004x K1 Va1 | vertex
x=2%0 40
0.004
Thus A(x) has zeros at 0 and 240 '
and is concave down since !
a=-0.004. |
| ®=120
0 120 240

Use a table to find the vertex, which is halfway between the zeros at the point (120, 57.6) so the exact maximum
height is 57.6 ft. Choice D.

72. If a population with initial amount F, doubles every 12 years, it is modeled by P(t) = PO(Z)ﬁ .
To find the tripling time, solve P(t) = F, (2)é =3F,.

Divide both sides by F, and take logarithms: (2)é =

#log(Z) = 10g3 HORHAL FLOAT AUTO REAL DEGREE HP 1y
121o09(3)-1oa(2)
12log3 .o [T 19. 01955001
= ~19 years i
kggZ 2.996614154

19

We can check by substituting back into the original equation. P(19) = F,(2)* =3F,.

Choice C.
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