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Abstract

A notion of unfolding, or multi-parameter deformation, of CR sin-
gularities of real submanifolds in complex manifolds is proposed, along
with a definition of equivalence of unfoldings under the action of a
group of analytic transformations. In the case of real surfaces in com-
plex 2-space, deformations of elliptic, hyperbolic, and parabolic points
are analyzed by putting the parameter-dependent real analytic defining
equations into normal forms up to some order. For some real analytic
unfoldings in higher codimension, the method of rapid convergence is
used to establish real algebraic normal forms.
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Unfolding CR singularities

1. Introduction

The local equivalence problem for real submanifolds of complex
manifolds under local biholomorphic coordinate transformations can
be approached by finding normal forms for the local defining equa-
tions. We follow that approach here in the case of real surfaces in C?
with complex tangents, and, more generally, real m-submanifolds of
complex n-manifolds with m < n. Then, we introduce a way to further
understand the local extrinsic geometry by seeing how it changes under
small perturbations of the embedding.

The general idea is to parallel the development of the singularity
theory of differentiable maps, where the geometry of singularities is
understood first by a classification of the local defining equations by
finding normal forms, and secondly by an analysis of how the differ-
ent types of singularities fit into parametrized families of maps (called
“unfoldings”). The classification of unfoldings is, again, to find normal
forms for the defining expressions, at least for the lowest degree terms,
under an appropriate group of transformations.

Some analogies between the geometry of singular maps and the ge-
ometry of CR singularities of real submanifolds had already been noted
at least since [MW] and [Webster; ], where a real analytic embedding
of M in C" is related to a certain singular holomorphic map C"™ — C"
via a complexification construction, which we recall in Section 4.

Our starting point in the analysis of the normal form problem for
the defining equations of a real surface M in C? near a CR singular-
ity will be the quadratic normal forms of [Bishop]. The well-known
elliptic/parabolic/hyperbolic classification and some subsequent refine-
ments are recalled in Section 5.1, and we contribute new quartic normal
forms for some degenerate parabolic cases (Proposition 5.1).

Then, having some explicit equations for manifolds representing
some of the simplest local normal forms, one of the basic issues in the
deformation theory is the question of the topological stability of a CR
singularity, that is, whether a submanifold with a CR singularity will
still have a CR singularity after a small perturbation. If the singularity
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2 UNFOLDING CR SINGULARITIES

persists, then there is the geometric problem of what sort of properties
of a given singular point will change or be preserved under perturbation.

One approach, also going back to [Bishop]|, uses a grassmannian
variety construction to define a notion of general position, and to give
an expected codimension formula for the locus of CR singularities.
Section 2 will review some of the differential topology of submanifolds
with CR singularities.

The bulk of this paper is devoted to consideration of the local prob-
lem, by the analysis of the local defining equations for real analytic sub-
manifolds embedded in C". To study the geometry of the deformation
of a real m-submanifold M /tklrough k real parameters, we consider
a real (m + k)-submanifold M of C"** containing M as a submani-
fold. Briefly, if M is defined by a system of multivariable power series
equations {€(Z) = 0}, then M is defined by introducing new terms
depending on new parameters, {€(Z,t) = 0}. The setup of the defining
equations is straightforward — the interesting part is a group action;
both are described in detail in S/egtion 3. Our classification problem
is then to find normal forms for M under a certain group of holomor-
phic transformations, which respects the difference between the original
(space direction) coordinates Z and the new (time parameter) variables
t.

Since the normal forms for n-manifolds in C" are qualitatively dif-
ferent from the normal forms for m-manifolds in C" with m < n, the
two cases are considered separately in Sections 5 and 6, with the sim-
plest representatives being surfaces in C?, and 4-manifolds in C° (first
considered by [D;], [Beloshapkal, [C;]).

In Section 6, we consider a non-trivial unfolding of a real analytic
manifold with a certain type of isolated, degenerate CR singularity in
the case %(n +1) =m < n, and state Main Theorem 6.5, which claims
the existence of a local coordinate transformation so that the untolding
M (and therefore also the original manifold M) is real algebraic. The
Proof, in Section 7, uses the technique of rapid convergence.

As a preview of Main Theorem 6.5, we state the following special
case. Let M be a real 4-manifold in C° given by the real analytic
equations

{ys = Es,ys = E3,24 = 2} + €4, 25 = (21 + 2o + i23) 21 + €57,

where Fs, Ej3, ey4, e5 are higher order parts: series with terms of degree
at least 4 in 2y, z1, x9, x3. This M has an isolated complex tangent at
the origin, and it will be shown in Section 6 why this is a natural set of
equations to consider, and that this type of singular point is unstable
under perturbation in the following interesting way. We consider a real
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parameter ¢;, and a submanifold M of C5 x R given by

Yo = (21,21, T, 3, 11)

ys = FE3(21, 21,20, 73,11)

Z4 = E% +64(Zl,21,l'2,$3,t1)

Zy = (Zl + T2 + Ztl + Zl‘%)fl + 65(21, 21, Ta, l‘g,tl),

where a new quadratic term, it,z;, appears, and the new higher order
parts are the same as the old for £; = 0, but new terms depending on
t; have been added, in an arbitrary (but still real analytic) way. M
will be called an unfolding of M; it has the property that M N {t; =
0} = M x {0}, and for ¢, fixed but close to 0, M N {t; = to} is a
real 4-manifold inside C® x {ty}, which we think of as being a small
deformation of M. The result of the Main Theorem is that there is
a coordinate change with identity linear part, defined near the origin
(0,0):
(217"'725) = (217"'725> +ﬁ(217"'7257t1>7
t =t + Pi(th),

which is a local biholomorphic map from one {t; = constant} slice to
another (near the origin): C® x {t;} — C° x {#,}, and simultaneously
a real analytic re-parametrization of ¢;, so that the defining equations

of the real manifold M in the new coordinate system are the real poly-
nomials:

(1) {G2 =0, §3=0 24 = 7}, Z5 = (51 + T + ity +1i33) % }.

In this coordinate system, it will be easy to see (in Section 6.3) that
slices of M W}lgre ¢, is a small but positive constant are totally real,
while slices of M where £; < 0 have two nondegenerate CR singularities.
Thinking of t; as a time parameter, this deformation represents a pair of
CR singular points moving toward the origin, meeting in a degenerate
CR singular point at time 0, and then cancelling so that there are no
CR singular points after time 0.

The technique for constructing such an analytic transformation,
that is, finding p and P; in terms of the given (Es, Ej3,e4,e€5), is to
solve a system of nonlinear functional equations, using a method of
linear approximation and rapid convergence, as employed in similar
problems by [Moser], [C4], [Cg]. The exact solution of the equation
is the composite of a sequence of approximate solutions, and a norm
of each approximate solution in the sequence needs to be bounded in a
certain way for the convergence argument to work. The approximate
solutions are constructed by solving a linearized system of equations
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by a comparison of coefficients calculation, Theorem 7.6. This is the
longest step in the proof of the Main Theorem 6.5, and the intricacy
of the calculation is due in part to the large numbers of equations and
variables, with the ¢ (parameter) variables treated differently from the
z, x variables. The x3 variable is also distinguished because of the
inhomogeneity of the cubic normal form. The more subtle and more
serious difficulty regards the size of the domain of the approximation.
The norm of one solution in the sequence of approximations might be
estimated only on a strictly smaller domain than that of the previous
approximation, so this shrinking of the domain must be controlled pre-
cisely. However, the linearized system has a large solution space of for-
mal series, which includes divergent series solutions as well as solutions
that converge on arbitrarily small sets; such approximate solutions are
not suitable for an iterative process with the goal of converging toward
an exact solution which is analytic on an open set. The calculation of
Theorem 7.6 makes some choices to avoid the bad solutions and find
a good solution, defined by a series expansion which converges on a
suitably large set, and with a useful bound on its norm following from
estimates for subseries and applications of Cauchy’s Estimate and the
Schwarz Lemma at several points of the construction.

2. Topological considerations

Mostly we will be looking at the local geometry of real submanifolds,
however we start with the big picture by recalling some topological
notions, without any claim of novelty with this paper, but with the
intention to motivate and give a global context for some of the local
constructions in the remaining Sections. These global notions will not
be required in any later Proofs, but they do give a nice explanation for
some of the choices of dimensions m, n, which might otherwise appear
as merely technical restrictions (such as the hypothesis of Proposition
6.2) or computational conveniences (for example, Equation (105) in the
middle of the lengthy calculation proving Theorem 7.6). The explicit
normal forms for unfoldings give an opportunity to see, in a concrete
way, how a global count of singularities can be conserved even under
local deformations that create or destroy singular points, as in the
example (1) from the Introduction.

2.1. A grassmannian construction.

Let M be an oriented real m-submanifold smoothly embedded in
C™, with m <n. An embedding in general position will be totally real
at most points x: the tangent space Ty M will contain no complex lines.
At other points x, the tangent space may contain at least one complex
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line: such a point is a CR singular point of M (a point where M has a
“complex tangent” is also known as a “complex point,” “complex jump
point,” or “exceptional point”). The CR singular locus is stratified by
the (complex) dimension j of the largest complex space tangent to M:
denote

(2) Nj = {x € M : dimg (T M NiT M) > j}.

Recall (see [Lai], [F], [G]) that if G is the grassmannian variety of
oriented real m-subspaces in C* = R?", then the real m-subspaces T
such that dim¢7 N 7" > j form a subvariety Dj of real codimension
2j(n —m+j) in G. Define the Gauss map M — G : x — TxM, so
the set NNj is the inverse image of Dj, and for M in general position,
meaning that the Gauss map is transverse to each D \ Djq, the set
N; will have codimension 2j(n —m +j) in M. When M is in general
position and its dimension is equal to the real codimension of Dj in
G, the Gauss map will meet D; \ Dj,; in isolated points where we can
assign an oriented intersection number, giving an index +1 or —1 for
each isolated point in V.

Currently, the best understood CR singularities are those in N;\ Vs,
the simplest and most generic type, where the tangent space contains
a complex line but no complex plane. This paper will also consider
only such points, leaving the study of points in Ny as one of the open
areas listed in Section 8. However, we will not restrict our attention to
M in general position as defined above; some points x € N; where the
Gauss map meets D; \ Dy non-transversely will be of interest. The pairs
(m,n) where the dimension m of M is equal to the real codimension
2(n—m~+1) of Dy in G satisfy m = 2(n+1). The case (2,2), where a real
surface in general position in C? will either be totally real everywhere or
will have isolated complex tangents, is considered in Section 5. When
m < n, the smallest pair of dimensions where CR singularities are
expected to occur is m = 4 and n = 5, where the codimension of D; in
G is 4, so a real 4-manifold M in C® in general position is totally real
except at isolated points in Ny \ Na. The next cases of m = 2(n+1) are
(6,8), (8,11), ..., although their local geometry is expected to behave
in about the same way as the (4,5) case since the local normal forms
for nondegenerate singularities for all the pairs (m,n) with %(n +1) <
m < n fall into a common algebraic pattern, as shown in [Cg).

When m < 2(n + 1) (the case of very high codimension, such as a
real surface in C?), CR singularities could still occur in a submanifold
M, but are unstable, in the sense that one would expect most small
perturbations of M to be totally real. So, we refer to the range %(n +
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1) < m < n as the stable dimension range for N; CR singularities, and
the later Sections will consider only these cases.

2.2. Global index sums.

An especially interesting one-parameter deformation phenomenon
to be observed in Sections 5 and 6 is a pair creation/annihilation pro-
cess, where the number of isolated, nondegenerate CR singular points
increases or decreases by 2. At some critical intermediate point, one ex-
pects some sort of topological degeneracy where the Gauss map meets
Dy \ D, non-transversely. This cancellation property of certain types
of pairs of CR singular points has been considered by [F| in the case
of surfaces in C?, and by [D;] for 4-manifolds in C°, in both cases as
examples of the h-principle method of Gromov: if M has a pair of
CR singularities with opposite indices (and the same orientation, in
the m = n = 2 case), then there is a homotopy of embeddings of M
that deforms it into another submanifold with two fewer CR singular
points but the same index sum. An analogue in the singularity the-
ory of differentiable mappings would be the pairwise cancellation of
cross-cap singularities of smooth maps from real surfaces to R? as in
[Whitneys]. In this paper, in Example 5.18 and Subsections 5.3, 6.2,
6.3, these cancellation processes are considered from a local point of
view. At the moment of contact between colliding nondegenerate CR
singularities of opposite index, there is still a CR singularity, but with
a degenerate normal form.

For the £1 intersection indices of the Gauss map as previously de-
fined, the index sum of all the isolated, nondegenerate CR singularities
of a compact oriented real submanifold embedded in C" is a topological
invariant. More generally, the index sum can also be defined when M is
smoothly immersed in an almost complex manifold, and is an invariant
of the homotopy class of the immersion. Even more generally, let M
be a dj;-dimensional connected, oriented, smooth manifold, let F' be
a smooth real vector bundle over M of real rank 2n, with a complex
structure operator J, so (F,J) is a complex vector bundle of complex
rank n, and let T be an oriented real subbundle of F' of real rank m.
The CR singularities are points x on the base M where Ty N J T is
a nonzero subspace (such subspaces are J-invariant, so they are com-
plex subpaces of Fy with complex dimension 0 < j < n). It makes
sense (see [DJ]) to redefine G to be the bundle over M where the fiber
over X is the grassmannian of real oriented subspaces of Fy, to define a
Gauss map M — G : x — Ty, and to say that T is in general position
if the Gauss map transversely meets the smooth, oriented submani-
folds Dj \ Dj41 of G (D defined in each fiber as above). In the case
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dy =m = 2(n+ 1), M meets D; \ D, transversely in isolated points
x € N; with intersection indices ind(x) = £1. When M is compact,
Ny is a finite set and

3) > indix) = [ An(p(D). (1),

xEN1 M
where A,, is a polynomial in the pontrjagin classes of T, p(T) = 1 +
1+ ...+ p, £ < m/2, and the chern classes of (F,J), c¢(F,J) =
1+c1+...+¢,. The polynomial expression is a Giambelli-type formula,
specifically, A,, is the degree m part of the following formal quotient
of total chern classes:

c(F,J) - (c(T®C)™*

n l
(4) = O ) O (=1tm) !

n 0 l
(5) = Q:m-@]zx4www>
6) = ltat(atp)tietap)+

(cs + cop1 — po +pi) +
(c5 + capr — capa + 0129%) +
(¢ + cap1 — Capa + Copi + p3 — 2pip2 + p5) + - ..

Step (4) is the definition of pontrjagin classes, and (5) is a formal series
expansion. The terms of (6) are grouped by total (even) degree.

In the case where the subbundle T is the tangent bundle of M, the
pontrjagin classes are topological invariants of M and do not depend
on its orientation, however, the integration over M to get an integer
does depend on the orientation. Reversing the orientation of M will
switch the indices (£1) on the LHS of (3), and reverse the sign of the
characteristic number on the RHS. In the case where M is immersed
in an almost complex manifold A, (F,J) is the restriction (or pullback
by the immersion) of the ambient complex bundle (T'A,J4) to M,
and the chern class ¢(F,J) is an invariant of the homotopy class of
the immersion. When A = C”, the chern class is trivial, ¢(TC") =
1+0+4+...40.

ExXAMPLE 2.1. The case where dy; = m = n = 2 gives a formula
of [Websters], where T is a real, oriented 2-subbundle of a complex
2-bundle (F, J) over a smooth, compact, oriented surface M. If T' is in
general position, the set N; of points x where the fiber Ty is complex
(or “anticomplex,” where the given orientation of T disagrees with its
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orientation as a complex subspace of (F, J)) is finite. The enumerative
formula (3) then reads:

(7) D ind(x) = / et (F,J).

xEN1 M
When T is the tangent bundle of M immersed in C2, F is trivial and
the index sum is zero.

EXAMPLE 2.2. In a further special case of Example 2.1, suppose M
is an immersed compact surface in general position in R?. Considering
R3, with real coordinates x1, y1, T2, as a real hyperplane in C? with
coordinates z; = x1 + iy1, 2o = X2 + iy, the only complex lines con-
tained in R? are the horizontal planes parallel or equal to the z;-axis.
So, the complex tangents are the familiar critical points of the height
function: elliptic points (local maxima and minima), and hyperbolic
(saddle) points are the only types of critical points for M in general
position. This coordinate system will be used in Section 5.3 to visualize
CR singular surfaces in C2?. The topological oriented intersection num-
ber counts elliptic complex points and hyperbolic anticomplex points
as index +1, and hyperbolic complex points and elliptic anticomplex
points as index —1.

We will recall the more general definition of elliptic and hyperbolic
points for surfaces in C? in Section 5. The above sign convention differs
from that of [F], which assigns all elliptic points index +1 and all hy-
perbolic points index —1 (so the only difference is for the anticomplex
points). In the notation of [F|, the RHS of (7) is equal to I, — I_.
Formula (7) is not the only topological invariant of surfaces in C? —
a formula which involves the Euler characteristic of M and also ap-
plies to non-orientable surfaces is discussed by [BF], [F], [IS] App. IV,
[Slapar|. For M embedded in R? as in Example 2.2, the index sum
using the [F] sign convention is I, +I_ = x(M), a familiar result from
Morse Theory.

ExAMPLE 2.3. The case dyy = m = 4, n = 5 gives a formula of
[Dl]:

Z ind(x) = / co(F,J) +piT.
xEN; M
So, for a compact, oriented 4-manifold immersed in C®, the index sum
of its CR singularities is equal to its pontrjagin number.
For example, it is easy to embed the 4-sphere S*, with p;S* = 0, as a
totally real submanifold of C®, by first embedding it in a totally real R®.
In contrast, CP? (considered only as a smooth, oriented 4-manifold)
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has no totally real immersion in C°, since p;CP? = 3. An embedding
of CP? with exactly three CR singularities and some immersions with
exactly five CR singularities were constructed in [Cy].

The topological cancellation of complex points of surfaces has re-
cently found various geometric applications, for example, [DJ], [IS],
[Slapar]. The relationship between pontrjagin classes and CR singu-
larities has been considered since [Wells| and [Lai], and further for-
mulas appear in [Webster,| and [Ds]. For more on the interpretation
of some of these characteristic numbers in terms of Giambelli-Thom-
Porteous formulas for degeneracy loci of bundle maps, see [HL] and

[Cyl.

3. Local defining equations and transformations

Here we set up the general framework and notation for the local
defining equations of real submanifolds, and the action of the transfor-
mation groups.

3.1. Defining equations for m-submanifolds in C".

For the rest of the paper, m < n and M is assumed to be a real
analytic embedded m-submanifold of C”, which has coordinates z; =
X1+, ..y Zn = Tp + 1y,. It follows that for any point x € Ny \ Ny
(as in (2), where there is exactly one complex line tangent to M at
x), there is some translation taking x to 0, and some complex linear
transformation taking the tangent space T5M to the real subspace with
coordinates x1, Y1, Ta, ..., Tm_1, which contains the z;-axis. Further, in
some neighborhood of 0, M can be written as a graph over its tangent
space:

(8) Y2 = HQ(Zlazlax)a"'a
Ym—1 = Hmfl(zlazlax%

Zm = hm(z1,21,2),. ..,

zn = hu(z1, 21, 2).
where the functions Ha, ..., Hp—1, b, ..., by, are real analytic (de-
fined by convergent power series with complex coefficients, centered
at the origin) functions of x1, y1, x2, x3,...,Ty_1, Or equivalently, 21,
Zy = x — 1y, © = (T,...,Tm_1). Until Section 7, the size of the

domain of convergence will not be of concern, only that the series are
assumed to converge on some open neighborhood of the origin. The
functions Hy, ..., H,, 1 are real valued (as functions of (z1, zZ;, x)), and
the functions Ay, ..., h, are complex valued. Since M is tangent to
the zq, x space at 5, the series for Hs, ..., h, have no constant or linear
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terms, so each function could be labeled O(2) according to the following
Definition.

DEFINITION 3.1. A (formal, with complex coefficient C') monomial
of the form Cz{¢?2" has degree a + b+ 1, where I = (ia, ..., im-1) is a
multi-index, and a+b+1=a+b+is+ - -+i,_1. A power series in m
variables e(z1, (1, z) = > e®29¢21 ] is said to have degree d if e®! = (
for all (a,b,I) such that a + b+ I < d. Sometimes a series of degree d
will be abbreviated O(d).

DEFINITION 3.2. Similarly for n variables, a monomial C'zy" - - - z%»
has degree a; + --- + a,, but we will also work with the “weight,”
ap+ -+ am-1 + 2a,, + - -+ + 2a,. A series p(2) = > p@-inzt . z0n

n

has “weight” W if p®*% = 0 when a;+- - -+a,_1+2am+- - -+2a, < W.

Once T M is in standard position with local defining equations (8),
the normal form problem is to find representatives of equivalence classes
under biholomorphic changes of coordinates. Holomorphic transforma-
tions fixing the origin and the tangency of M to the (21, xa,..., Tm_1)
subspace take vectors Z = (21,...,2,)7 to

(9) Z=(Z1,...,2)" = A7+ 0(2),

where p(Z) is a column vector of n functions of n variables p;(2), ...
pn(Z), each of which is holomorphic in a neighborhood of 0 € C™ and
has no constant or linear terms (so the weight is 2), and where A, the

invertible linear part of the transformation, has matrix representation
of the form

Y

aq as . ..QAm—1 Ay - - - Ap
Avin=1 0 Rum-2xm-2 Clm-2)x(n-m+1)
0 0 C(n7m+1)><(n7m+1)

The block R has all real entries (and is invertible because A is), and
the entries ay,...,a,, and in the blocks C are complex. The defining
equations in the new Z coordinate system will still be of the form (8)
but the goal is to find normal forms that expose the geometry of the
equivalence classes.

3.2. Parametrized families of submanifolds.

The approach to constructing a deformation of a CR singular real
submanifold of C" will be to consider it as a slice of a higher-dimensional
real submanifold of a higher-dimensional complex space. The deforma-
tion is parametrized by k real parameters, labeled t = (¢1,...,t). For
the sake of convenience in describing the ambient space, the parameters
are the real parts of k new complex coordinates wy = t1+1is1,...,w =
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tr + isg, although all the action will take place in the real subspace
where s; = ... = s, = 0. Consider C"** with (column vector) coor-
dinates (Z,@) = (21,...,2n, w1, ..., w;)", and a real submanifold M
of C"** with defining equations in a polydisc centered at (0,0) given
in the form of a graph over the real (m + k)-space with coordinates
21, L2,y ... ,ZEm_l,tl, c. ,tki

(10) yo = Hy(z1,z,2,t),...,
Ym—1 = Hp1(21, 2, 2,),
Zm = hpm(z1, 21, 2,1), ...,
Zn = hy(z1, 21, 2,1),
s1=...=s; = 0.

For a fixed vector t, (sufficiently near 0 € C*), let M,, = MnN {W =t}
be a slice of M. Then M,, is a real m-submanifold of the n-dimensional
complex space { = ty}, and clearly any M C C" as in (8) is of the
form Mg for some M as in (10). If k = 1, we can think of t = (¢;) as a
real time parameter, so that we are considering M as a time evolution
of M = My, and in general, we think of each M;, C C™ x {ty} as a
submanifold “close to” M when ¢, is close to 0. The slice M}, need not
be CR singular, as exampl/e§ will show.

We will consider only M which is real analytic and which contains
the origin, so that the real analytic functions Hs, ..., h, have no con-
stant terms, and then by a complex linear transformation of C"** that
fixes the W coordinates, we may assume that My is actually of the
form (8), so that Hy(21,21,2,0), ..., hy(z1,21,2,0) are O(2) in the
21, Z1, x variables. This means the defining equations are of the form
Hy = r§to + O(2),...,hy = ity + O(2), where r§, ..., r%_, are real
coefficients summed over a = 1,...,k, ¢%,...,c% are complex coeffi-
cients, and the O(2) notation now extends Definition 3.1 to include ¢ in
the count: the degree of zf{{’xltK isa+b+ig+---+ipm1+ki+---+kp.

A complex linear transformation of the form z; = z1, Z, = 2z, —

riw, foro=2,....m—1, 2, = 2, —ciw, foru =m, ..., n, W, = w,
fora=1,..., k, will transform the defining equations of M to eliminate
the linear terms in ¢, so that Hs, ..., h, in (10) are all O(2). Such a

transformation fixes C" x {0} pointwise and acts as a translation on
each parallel n-space C" x {to}. Since M = M, is not changed and each
M;, is merely translated without changing its geometry, we will from
this point work only with M in standard position, where the linear

coefficients r¢%, ¢ have been normalized to 0, and the tangent space

T(@O)]\/i is the subspace with coordinates z1, o, ..., Tp—1, t1,..., 1.
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Evidently, M itself is a CR singular (m + k)-submanifold of C"*, and

its tangent space at (6, 0) contains a complex line, but no complex
plane.

3.3. The transforril\ation group for unfoldings.

Given an unfolding M, one could try to put its defining equations
(10) into a normal form by a biholomorphic transformation of a neigh-
borhood of the origin in C*** in analogy with (9), but instead it is pro-
posed to work with a subgroup of the full transformation group, that,
roughly, preserves the distinction between the variables parametrizing
M = My and those parametrizing the deformation.

NOTATION 3.3. Let B,, 4+ denote the group of germs near (6, 0) of
transformations of C"** that fix the origin, are biholomorphic in (2, @)
near (0,0), and whose linear part preserves the tangent space Talﬁ as
in (9). Let U,ni denote the subgroup obtained by further imposing
the requirement that the transformation (11) preserve (near (0,0)) the
real subspace {s; = --- = sy = 0} as a set, so that vectors of the form
(21, .-y Zn, t1, ..., tx)T, with the last k entries real, are taken to vectors

of the same form.

Sometimes we will abuse notation by referring to transformations
instead of germs, and spaces such as C" instead of neighborhoods of the
origin, although in Section 7 more care will be taken with the precise
size of the domain of convergence of holomorphic maps.

The requirement that the subgroup U,,, , preserves the real sub-
space as a set means that its elements are transformations of the form:

(11) (2,w) = A(Z,W) + p(Z, ¥),
where the invertible linear part acts on column vectors
(Z,0) = (21, ., Zp, W1,y .oy W) T

by the (n+ k) x (n + k) matrix representation

aq as ...0Am—1 Q. . . Qp CLl...CLk
0 R _ Cim— _ Rin-

12 A= (m—2)x(m—2) (m—2)x(n—m+1) (m—2)xk
( ) 0 0 C(n7m+1)><(nfm+l) 0

and where the higher degree part is of the form

(pl(ga lU), cee apn('g? lU), Pl(w)v 3 '7Pk(w))T7
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with the quantities Py, ..., P, real valued functions on the subspace
{w; = t1, ..., wy = tx}. Without the requirement that the ¢ en-
tries remain real, the last row of the above block matrix A would be
0, Ry (m—2) Crx(n-m+1), Rixk-

As a consequence of the defining property of U, , x, the subgroup
has the following property: for a fixed t, € R* (near 0) and transfor-
mation (2, W) +— (Z,W) in Uy, ni, all the points in the complex affine
subspace { = to} = C" x {to} (near (0, to)) are taken to another com-
plex space C" x {#}, with constant @ = #,. In particular, the subspace
C" x {0} is fixed as a set (near (0,0)). So, if we think of M, C C" x {t}
as a t-dependent perturbation of M = My, then the transformations
under consideration are those that, for each ¢ are holomorphic transfor-
mations of the ambient space of M;, C* — C", and simultaneously the
quantity ¢ may be real analytically re-parametrized. The restriction of
the transformation to C" x {0} is exactly of the form (9), so it will be
convenient to arrange for normal forms of M that put M into already
known normal forms.

In analogy with the deformation theory of singularities of maps,
where the mapping variables and deformation parameters are trans-
formed by groups that respect the distinction between the two types of
coordinates by taking certain fibers to fibers ([AVGL] §§1.1, 3.1, [Lu]
§3.4, [Martinet], [PS] §6.1, [Wall] §10), M C C"** and any of its
normal forms under transformations of the form (11) will be called a
k-parameter “unfolding” of the CR singular submanifold M. Manifolds
Ml, M2 C C™* related by a transformation in the above subgroup will
be called u-equivalent.

Having set up the framework for the defining equations and trans-
formation groups, from this point the reader could skip ahead to either
the treatment of real surfaces and their unfoldings in Section 5, or to
the case of higher codimension in Section 6 (which is different, and
treated independently, from the surface case). In the next Section, we
continue a general discussion of real analytic defining equations and
their complexification.
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4. A complexification construction

The previous Sections mentioned some analogies between the ge-
ometry of CR singularities and the theory of singularities of maps. It
remains to be seen whether the analogies are merely rough and super-
ficial, or can be made precise, and this paper will not give a complete
answer to that question, the goal being instead to consider some of
the simplest examples. As one possible framework for an investiga-
tion of the correspondence between CR singularities of real subman-
ifolds and critical points of holomorphic maps, we recall a complexi-
fication construction ([MW], [Webster;|), which relates a given real
m-submanifold M C C" to a certain parametric map C™ — C" (or,
more precisely, a neighborhood of the CR singularity in M to the germ
of a map near the origin of C™). Our analysis of normal forms in later
Sections will not explicitly refer to this construction, unlike [MW],
where the geometry of the complexification is crucial for the theory.
Instead, we will be using this complexification technique as a compu-
tational tool, for identifying the CR singular locus of some concrete
examples in Subsections 5.3 and 6.3.

First, for an arbitrary power series h = > h@¥12¢¢?2T as in Definition
3.1, let h = >" h®2¢¢P2! be the series with coefficients defined by the
formula A%! = hbal. Then, the function A(z;, z;, ) has the property
that it is equal to h(zy, z1,2) when ¢4 = z; and © = (29, ..., Zp_1) is
real.

Next, we want to consider the equations (8) of M, which are in the
form of a graph over the tangent space, in two different ways, both as
a parametric map and an implicit description.

M can be described implicitly in C™ by the following 2n — m equa-
tions:

(13) 0 = ys— Ho(z,21,2),...,
0 = Ymo1 — Hpoi(21, 21, 7),
0 = zm—hn(z,21,2),...,

(14) 0 = z,—hu(z1,2,2),

(15) 0 Zm — hm(21, 21, ), ..

(16 0 Zn — hn(z1, 21, ).

Equations (13-14) are exactly the equations (8), of which the y, = H,
equations are self-conjugate. Equations (15-16) are the complex con-
jugates of the z, = h, equations. Now, consider C*", with coordinates



4. A COMPLEXIFICATION CONSTRUCTION 15

—

(Z,¢) = (21,- -+ 2n,C1, - - -, Cu)T. Taking Equations (13-16) and replac-
ing every occurrence of z with ( gives the following 2n — m equations:

Z2 — (2 23+ G2 Zm-1 1 Cm-1
17) 0 = — H
( ) 2 2(217C17 9 9 ) 9 )7 )
Zm—1 — gm—l zZ2 + CQ Zm—1 + gm—l
0 = - m— ) ) PRI 9
% 1(21,C1 9 9 )
0 = Zm—hm(217<-1722+<—2,...,Zm_l—}_gm_l),...,
2 2
2o + CQ Zm-1 + Cmfl

0 = Zn_hn(zlugh

2 VAR 2 )7
0 = (o= (21,1, Zg + 62’ L Zm—1+ Cm—1
2 2
22 + G2 Zm—1 T Cm71>
R 5 .
Near (6, 5), these equations define a complex analytic m-submanifold
M, embedded in C?". Denoting

.

0 = Cn - hn(ZbCla

A:C"—C™: 7 (21, .., 20,21, Zn) "
the set {(1 = z1,...,( = 2, = A(C") is a totally real 2n-subspace of
€2, and M, N A(C") = A(M). Denoting 7 : C*"* — C" : (Z,¢) — 7,
(mo A)(M) = (M, N A(C")) = M. In a neighborhood U of 0 € C",
(M) is a complex analytic variety (possibly all of U) containing M.

M can also be parametrically described as the image of the para-
metric map o : R™ — C":

’

(21, 21, .CI?) — (21,33'2 + iHQ, N o | + 7;Hm71, hm: ey hn)T
The composite A o o : R™ — C?" is a parametric map:
(Zl, 21, l‘) — (Zl,ZEQ + iHQ, ey hn; El,ZEQ — iHQ, P ,h_n)T.
The complexification of the parametrization is the holomorphic map
¥ : C™ — C?" defined by replacing z; with ¢; and = = (29, ..., Ty 1)
with complex variables & = (&, ..., &,,—1) in the expression for A o o
P (217C17£) = (217§2+Z'H2(217€17§)7"'7hn(zl7<-17£)7
Ca 52 - iH2(Zla Cl: 5)7 ey hn(zla Cl: €>)T

Let 0 denote the inclusion of the totally real subspace

(18) {Cl:217§2:€_2:x27"'7€m71:ﬁzxmfl}

in C™; then Y04 = AoogandtroXod =moAoo =o. Fora
neighborhood V' of the origin in C™, ¥ is a holomorphic embedding
V — C?, and ¥ 0§ is a totally real embedding. The connection
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between the parametric and implicit descriptions is that X is a local
parametrization of the complex submanifold M;: the image X(V) is
equal to M, near 0 € C". The composite T o ¥ : C™ — C" :

(19) (217<17§) = (Z17€2+iH2(217§17€>7'"7hn(217C17§))T

is holomorphic, but not an embedding: the complex Jacobian drops
rank along a critical point locus which includes the origin. For a point
i = (21,21, x) in the image of § in C™, if @ is not a critical point of
moX, then moX is a local holomorphic embedding near «, which takes
a neighborhood of ¥ in the totally real m-subspace (18) to a totally
real neighborhood of (7o ¥ 0 §)(@) = o (@) in M. So, if o(u) is a CR
singular point in M, then §(«) is a critical point of 7o X.

This complexification construction has the practical advantage that
the critical points of o X are easy to compute, and can be considered
‘candidates’ for CR singular points of a given real analytic parametriza-
tion. Generally speaking, the critical points of a complexified paramet-
ric map are also candidates for differential-topological singularities of
the real map, and such points were observed in [Cy] and [Cs] for some
parametrized images of real varieties in complex projective space. How-
ever, the local defining equations set up in Section 3 are always, being
graphs of smooth functions, smooth embeddings.

In Sections 5 and 6, we will also complexify the defining equations
(10) of M, treating the real ¢ coordinates as more of the real x coor-
dinates, so x and £ = (&,...,&n_1) in the above expressions will be
extended to (x,t) and (§,w) = (&, ..., &m1, W1, ..., Wk).

The map 7o is the one mentioned at the beginning of this Section;
it seems from the form of (19) that there should be some connection
between the geometry of its critical points, in terms of the better-
understood singularity theory of holomorphic (or smooth) maps, and
the geometry of the CR singularities of M. The classification of singu-
larities of maps up to certain group actions may relate to the classifi-
cation of CR singularities up to biholomorphic transformations (9).

However, the actions of the groups By, n, Bimntks Unnk (9, 11) on
the defining equations of M and M (8, 10) are not exactly the same
as the group actions usually considered in the theory of singularities
or their unfoldings ([AVGL] §3.1, [Martinet]). So while there may
be a useful analogy between the singularity theory of maps and the
geometry of CR singularities, it is already clear from previously known
examples, and those to be considered in the next Sections, that the
details will not be the same, and an understanding of the group action
would be the key to making the analogy precise.
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5. Real surfaces in C?

As previously mentioned, a real surface in C? in general position is
either totally real everywhere, or has isolated CR singularities.

5.1. Normal forms.

We begin by recalling some well-known normal forms for real sur-
faces in C2. The defining equation in standard position as in (8), with
the manifold tangent to the zj-axis, is:

2 = ho(21,21) = Q(21,21) + C(21, 21) + e(21, Z1),
where () and C have terms of only degree 2 and 3 respectively, and the
series e = O(4).

PROPOSITION 5.1. For any real analytic CR singular surface M
there is exactly one normal form {zy = Q+C+e} from the following list
equivalent to M under a holomorphic transformation of a neighborhood
of the CR singularity.

Label Q C e comment
elhptlc _ ) ) 1
generic z1Z1 + (2] + Z7) 0 O(4) real | 0 <y <3
elliptic _ 3 -3 -

cusp 2171 2] + Z3 O(4) real ~y=0

elliptic 21 + 27 _0
higher 2171 0 +0(s+1) Z ; 4

cusp real -
elliptic _
circular 2171 0 =0 J—_o(;

paraboloid -
parabolic _ 1,92 =l - _ _ 1
nondegen. | *1°1 +3(21 + 7)| i(z1 — Z1)zm 2 O(4) V=3
parabolic 1,2, =2 n(zi+z)z1z1| v=3
degenerate | “'*1 +a(a+ ) 0 +0(5) n==+1,0
T
. s<y<l1
2
hyperb911c 2171 + (23 + 22) 0 O(4) or
generic
v>1
hyperbolic
nondegen. nHh+2+2 | (1 —21)nk O(4) v=1
diophantine
hyperbolic
degenerate | 21z + 27 + 77 0 O(4) v=1
diophantine
hyperbolic _
fold 22+ 722 0 O(4) v =00
cubic 0 C O(4)




18 UNFOLDING CR SINGULARITIES

PRrROOF. The only new bit of information in the above table is the
quartic part for the degenerate parabolic case, so that is the only cal-
culation skteched here. The computation is typical of the procedure
for putting M into normal form by a transformation (9). The other
entries will be discussed in a later series of Examples.

For the degenerate parabolic case, begin with the defining equation
of M in the form (8),

1
29 = ho(z1,21) = 2171 + 5(2% +27) +e,

where Q = (21 4+ 71)?, C =0 and

(20)  e(z1,21) = 2] + e’ + 222122 4+ b 2128 + €302 + O(5).
The transformations (9) which preserve the quadratic and cubic part
of hy, while contributing to the normalization of the quartic terms in
e, are of the form

. 1.3, .2
(21) 21 = a17 + a2z + P12y +piz

. 2 1.4, .22 3.2

Z = (a1)22 + pa2) + P32122 + Pa2s,
where a; is a nonzero real number and ay is purely imaginary. Higher

weight terms in the transformation would only contribute degree 5 or
higher quantities to the transformed defining equation.

O
29 — 5(21 + Z)?
= (a1)%2 + pozi + P32z + 32

1
_§(a12’1 + agzy + p125 + pizize + (a121 + agze + pizi + piaiz))?,

and for points x = (21, z2) on M near 5, substituting zo = ho gives:
Z
1 ~ N2 1.3, ,2 1 5 \2
(22) = a121 + @2(5(21 +21)" +e) +piz +pia (5(21 +21)" +e),
S
(23) Z9 — 5(21 + 21)2
= (a)?(eY* 2 + e3® 22 + 322227 + 31720 4 e302))

1 1
+poz P (a 4+ 2)" + b5+ 7))

2
_ 2+2)7 — . — (214 7)?
—ay(z1+21) - (p123 +ple% +piz} ‘Hﬁzl%)

+O(5).
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Substituting the inverse function of (22), z; = iél + O(2), into (23)
gives the new defining equation in the Z coordinates:
- L. =
(24) 9 = 5(21 + 21)

(604 74 1333 223232 40 z4

z 313 =3

1
(a1)?
1 124 a0l o =0 sl =02
a1)4(p221 +p221§(2’1 + z1) +p2(§(2’1 +Z1)%)7)
_51 +Z
(a1)?
+0(5).

+

—~

~ ~ 2 +§ 2 = o= 2 +§ 2
RN TG 5 D s PRI b 5 )

)

Observe that the imaginary coefficient ay does not contribute to the
degree 4 terms. The normal form problem is, given e, find p’ which
simplifies (24). This is a (real) linear problem and a computer algebra
system ([MAPLE]) is useful; the remainder of the calculation is broken
into steps and just sketched here. The first step is that from the form
of (24), it appears that one could find p}, p3, p3 that eliminate the
complex coefficients €3*, €22, el while p}, p? are chosen to be 0 and
ay = 1. In fact, the following choice works:

3 _ 04 2 _ 22 04 1 _ 22 40 04
Py = —dey’, py = —2e3” +12e57, py = €3” — ey —9ey

Applying such a transformation, and then dropping the tilde notation,
gets M in the form (20), but with e3! = €22 = €3° = 0, and the new
complex coefficients ei?®, 3! possibly changed from the old ones.

The next transformation will be another with p? = 0, a; = 1, but

will use p} to normalize ei® and e3!. To preserve the partial normal

form €3 = €2 = €3° = 0, the coefficients of p, must be

P = —12pf, p; = 5p} + pi, p = 4pf.
Then (24) becomes:
2= Q+ (i +er”)az + (—pi + 63 = 8p))lz + O(5),

and for any ei®, e3') there is some p} so that the above coefficients
become equal.
The third transformation will use a; and all the unknown p coef-

ficients, and again, to preserve the partial normal form e3* = €22 =
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e3’ =0, ed3 = ¢3! the coefficients of p; and p, must satisfy:

1 1

b = _g(p% _p_%)v
o= -7,
Py = gm(pf -,
o= a2+
This brings (24) to:
1 2 )
7 =0Q+ <(Z£2 + 1081)3 - 10?51)3> (2121 + 212)) + O(5).

Only the imaginary part of p? contributes to these terms, so ei? can

be normalized to be a real number, and then the positive scale factor
(a1)? will make ed? either +1, —1, or 0, as claimed. |

The classification of CR singularities of surfaces in C? into elliptic,
parabolic, and hyperbolic cases is well known, but a few brief remarks
follow; for recent survey articles, see [BER], [S-G].

EXAMPLE 5.2. The higher degree terms for the generic elliptic case
were considered by [MW], who showed that M has a real algebraic
implicit normal form (to be recalled in Example 5.13).

ExXAMPLE 5.3. The v = 0, s = 3,4, ... cases were considered by
[MW] and [Moser|, and also by [HK], who proved that there exists a
holomorphic transformation so that hs is real valued, and M fits inside
R3 C C2. A real surface contained in R? is said to be “holomorphically
flat,” and the transformation of a surface into a flat normal form is
called “flattening.” The term “cusp” describing the CR singularity
is borrowed here from the terminology of singularity theory, since the
s = 3 form of hy bears a resemblance to the normal form for Whitney’s
cusp singularity of a map C? — C?: (21, (1) — (21, 21¢ +¢}) ([AVGL]
§3.1, [GG] §VI.2, [Lu] §2.6, [Martinet|, [Wall]). The resemblance
becomes more concrete in view of the complexification construction of
Section 4.
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EXAMPLE 5.4. The v = 0, s = oo case was considered by [Moser],
who showed that if hy can be transformed to z1z; + O(s) for all s =
3,4, ..., then there exists a holomorphic coordinate change transform-
ing M into the real quadric variety.

ExAMPLE 5.5. Cubic normal forms for both the nondegenerate
and degenerate parabolic cases were found by [Webstery|. In the
nondegenerate case, the normal form for C' given by [Webster,] is
C = —iz1Z1(21 + Z1), however it is possible to choose the signs differ-
ently so that the Proposition’s normal form gives a real valued @ + C.

EXAMPLE 5.6. In most of the hyperbolic cases, with v > %, the
cubic terms can be eliminated just as in the generic elliptic case. How-
ever, it was shown by [MW] that for «y satisfying a certain diophantine
condition, M cannot always be flattened into R? by making the higher
degree terms real valued. The only value of + for which this happens
at the cubic terms is v = 1, where the coefficient of the imaginary

quantity (z; — Z1)z12; can be normalized to either 1 or 0.

EXAMPLE 5.7. The normal form Q = 2?2 + z? is considered the
v — +oo limit of the hyperbolic normal forms. An alternative normal
form would be the complex valued monomial ) = z7. The label “fold”
again comes from its similarity to Whitney’s normal form for the fold
singularity, C2 - C2 : (Zla Cl) = (217 C12)

The presence of the continuous invariant v interpolating between
the fold and cusp normal forms is the most obvious way in which the
classification problem for CR singularities of surfaces in C? differs from
the analogous problem for singularities of maps C? — C2.

For purposes of comparison with the n = 2 case, and also with the
normal forms under u-equivalence in the next Subsection, the following
table of normal forms for n-submanifolds of C"*, n > 3, is recalled from

[MW] and [Websters].
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PROPOSITION 5.8. For n > 3 and any real analytic n-submanifold
M C C™ with a CR singularity x € Ny \ Na, there is a normal form
{zn = hn(21,21,2), Y5 = Hy(21,21,2),0 = 2,...,n — 1} from ezactly
one row in the following list equivalent to M under a holomorphic trans-
formation of a neighborhood of x.

Label normal form comment
elliptic hy = 2121 + (23 + 27) + O(3) real 0<~y<l
generic H,=0 2
elliptic hn = 2121 + O(3) _ 0
cusp H, =0(3) 7=
parabolic hy = 2121 + 5(27 + 27) +icy (21 — 21) 22 v=1
—i(21 + Z1)z1 21 + 02171 + O(4) ¢ =0,1
nondegenerate n
H, =0(4) g real
parabolic hn = 2121 + 5(27 + 27) +icy (21 — 21) 2 y=1
degenerate tmizezz + O(4) en = 0,1
& H, =0(4) 1 real
hyperbolic hy, = 2121 +v(22 + 22) + O(3) vl
generic H, =0(3) 2
hyperbolic hn =2 + 27 + O(3) v =00
fold H, =b,z171 +0O(3) b, =0,1
h, = (21 + zZ1)xo + i(zl — 51)%3 + 0(3) n>4
H, =b,z1z1 + 0(3) b, =0,1
hn = (21 + Zl)$2 + 0(3) b —0.1
H, =byz1721 + 0(3) 7 ’
hn = O(3) —
H, =b,z1Z1 + 0(3) be = 0,1

The quantities v and ¢, are biholomorphic invariants. 1

The constants b,, 77 in the above table are not necessarily invariants
and could be normalized by the R,_2)x(n—2) block of entries in (9).

REMARK 5.9. The parabolic points of a submanifold M"™ in general
position in C*, n > 3, are characterized by [Websters| as the points
x in Ny \ Ny where the real tangent space Tx /N intersects the complex
tangent line Ty M N Ty M in a real line, the “parabolic line.” At the
elliptic and hyperbolic points, these subspaces of T'M intersect only
at the origin. This property of parabolic CR singularities bears some
resemblance to the S, ; system of classification of singularities of maps,
as in [GG] §VI.4, but no connection will be pursued here.
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5.2. Unfolding CR singularities of surfaces.
The m = n = 2 case of (10) is that M is a (2 + k)-submanifold of

C2tk:
(25) Z9 = hQ(Zl, 21, t) = 0(2)
S1=...= S8 = 0,

and by a holomorphic transformation in z;, zo only (leaving  fixed),
we can assume that the quantity ho(z1,2z;,0) is in one of the normal
forms from Proposition 5.1. So, the quadratic part of hy is

(26) Q(21,71,0) 4 €3t 21 + €31, 21 + 5t ot s,
with complex coefficients summed over o, 3 = 1,...,k. The group of
transformations Us o 5 (11) is:
(27) Z1 = a1z + Qa2 + a®wy + p1(21, 22, W)
Zy = a2+ pa21, 20, W)
(28) W = Ryt + P().

Our approach to the u-equivalence problem is to find some normal
forms for (25) under this group. The only differences between this
problem and the normal form problem of Proposition 5.8 are that the
functions H, are already identically zero in (25), and the full group

from Proposition 5.8 would replace (28) by:
Wy = 1w + a2y 4+ P21, 20, 0),

allowing complex @ and complex valued P,.
The calculation proving the following result appears in [Bishop].

LEMMA 5.10. Given M C C2* of the form (25), with
hy = 212 +9(22 4+ 22) + st g 21+ €3 o 71+ €5t ot 54+ C (21, 71, 1) +O(4),
with v >0 and v # %, there exists a transformation of the form
Z =21+ a%w,, Z2 = 22+ ps 1w, —|—pg‘ﬁwaw5, W = 0,
such that the new defining equation is
ho(Z1, 21,1) = 212 +v(B2 + 22) + C(31, 71, 1) + O(4),

where the corresponding coefficients of C(Z1, 21, 0) are the same as those

OfC(Zl,El,O). l

This means that in the elliptic or hyperbolic cases, the quadratic
terms involving ¢ can always be eliminated by an element of the group
(27-28), without altering the cubic terms in z1, Z; only. An analogous
result holds for the v = oo case.
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The v = % case is considered in Example 5.18, but for any quadratic
part Q(z1, z1,0) in (26), a transformation in the group (27-28) of the
form Zy = 2z + pSziw, + pgﬂ wewp will eliminate, or re-assign any
complex value to, the coefficients el ¢5” in (26), without changing
any other quadratlc terms in hs. More generally, terms in hy of the
form e§"® 294X without any z, factor, can be assigned any complex
coefﬁment by a transformation of the form Zy = 2y + pa¥20w® without
changing any other terms of the same or lower degree. So, the defining
equation (25) of M is of the form hy = Q(z1,z,t) + C(21,21,t) +
e(z1, z1,t), where

C = C(Zl, 21, 0) + egan%t + ellazlzlt + 622a Qta

ey P otaty + €' B tat s + 5K,
and the coefficients e20%, 2% 0K (where K is a degree three multi-

index) can take any Value after a weight 3 holomorphic transformation
of z,. However, the normalization of the other cubic coefficients de-
pends on the quadratic part Q(z1, z1,t) and on C(z1, z1,0). The rest of
this Subsection will consider a series of Examples of the most generic
u-equivalence classes of unfoldings of the CR singularities with the var-
ious normal forms ()4 C' from Proposition 5.1. For the sake of economy;,
we will assume the e5’t ots and e3"KtK terms are eliminated at the be-
ginning of each calculation and also at each step where they might
re-appear, although we keep the terms e}z t,, e20922t,, e’
since they may be used later to get a real valued normal form.

thatﬁa

EXAMPLE 5.11. For M = M, with a generic elliptic or generic hy-
perbolic singularity, with C'(z1, z1,0) = 0 as in Proposition 5.1, Lemma
5.10 applies to M, and (25) becomes hy = Q+C(z1, 1, t) +O(4), where

10a3

(29) C= e%oa 2t + 62 Zlilta + 622a _2t + €9 thatg + eglaﬁgltatg.

The transformations that could alter the cubic terms in C' while pre-
serving the normal form of hs (21, Z1,0) are:

(30) Z = az+ p%azlwa + p?ﬂwaw,@
Zy = (a ) 21+ P;a'z%wa + p2 2Wq + pg leawﬁ
w = R,

where a; is a nonzero real scalar, and higher weight terms in p, that
would not contribute cubic terms in hg, are omitted. Without stating
all the detalls here the coefficients p1 , p%a’g can eliminate the terms

et Bzt is, es? B oty tg (the cancellation is similar to that of Lemma

5.10) We choose to use coefficient p3® to eliminate ei'*z;zt,, and to
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use py®ziw, to equate the coefficients of e2%*2%t, and €3**z%t,. The
stabilizer of the partial normal form

C = e (2] + 2}t

is of the form (Z, w) as in (30), with P = py™ =0, p2* = ay (plo4pi®),

ps® = 2a18(pi™ — pi®). With R equal to the identity matrix 1, the
transformed quantity C' is

(2 2o =319 2+ Dt
1
So, each pi® only contributes its imaginary part, and €3* can be nor-
malized to be real. Unless all the €Y?* are zero, the real matrix R then
can transform the vector of coefficients to (1,0,...,0), so there is a

generic cubic normal form:
(31) 2 =nZ+ (v + ) (5 +2) + O04),

and also a degenerate case where the quadratic and cubic parts do not
depend on t.

Geometrically, the unfolding is about what one would expect: man-
ifolds M; near My will have Bishop invariant varying near v, and (at
least up to some degree) this variation can be normalized to depend
linearly only on one t coordinate. For ¢ close to 0, if My is elliptic, then
so is My, and similarly if My is hyperbolic, then so is M;. Since only the
linear part of the transformation of the w coordinates contributed to the
normalization, there is no difference in appearance between this cubic
normal form under u-equivalence, and the normal form from Proposi-
tion 5.8, for n-manifolds in C™ under the larger transformation group
(where n = 2 + k).

ExAMPLE 5.12. The diophantine cases from Proposition 5.1 have
unfoldings similar to those in the previous Example. In the degenerate
case, where v = 1, C' = 0, the calculations of the previous Example
work without changing the result. In the nondegenerate case, the sub-
group (30) preserving the cubic part hy(z1,21,0) = Q+ (21 — 21)2121 +
O(4) is different, in particular, a; must equal 1, but the end result is
the same, and the generic unfolding has normal form

Z9g = 2121 + (1 + t1) . (Z% + 5%) + (21 — 21)2151 + 0(4)

ExXAMPLE 5.13. In the generic elliptic case, the holomorphic in-
variants in the higher degree terms were found by [MW]; the implicit
normal form is the polynomial defining equation

2 =271+ (7 + 0x3) - (Z% + Z%)a
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where 0 < v < %, d = +1, and the integer s = 1,2,3,... (or s = 00 in

the quadric case) determine the local biholomorphic equivalence class of
a real analytic surface. When put into the graph form (8), the defining
equation for M is

(32) 22 = z2m+ (v +o(am +y(E+2D) - (22 +2) + 0(6),

where d = §if s=1,and d =0if s > L or s = 00. A nondegenerate
unfolding of this surface will be of the form (25), with

ho=Q+C+ (27 + (22 +2) - (22 4+ 21) + F(21, 21, 1) + O(5),
where @ + C'is as in (31), and the degree 4 terms depending on ¢ are

_ 30a 3 2la 2 5 1200, 52 03 53
(33) F = e %2ty +e5 %21 %1ta + e 21 21t + 637" 211,

+e30P 2t + ey Pz Eitat g + €90 2 ot g

ez t5 4 YKz 1K,

A transformation (27-28) of the form

(34) 2 = 2z +p™ 2w, + P mwa + p1* zwews + prwk
(35) 2 = 2+ Py 2wa + Pyl zw,
+p2° 2waws + St wawg + Pz wk
w, = wi+ Pf’gwawg
?IJ]' = wj,j:Q,...,k,

where P} # are real coefficients and piaﬂ are purely imaginary, can trans-
form F' to zero. Again, without stating all the details, the coefficients

. . 20 01 .
P, pK eliminate eQ'® and elX| the coefficients p2°®°, py'*? eliminate

208 and el and P, pi*? cancel the real and imaginary parts of

e Then p20o, pile pdoo plle can eliminate 30, 2l el2o (030
The conclusion is that the generic k-parameter unfolding M of a
surface M with a generic elliptic point (32) has a normal form under

the action of the unfolding subgroup:
(36) hy = =1z + (v +ti+ (a2 + (e +2) - (2 + 2) + O(5),

which is the same, up to O(5), as the implicit algebraic normal form
of [IMW] (Equation 5.4, adapted to our notation):

for a real (2 + k)-submanifold in C?>** under the action of local biholo-
morphisms.
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EXAMPLE 5.14. The next case to be considered is the v = 0, s = o0
elliptic normal form, where M = My has quadratic part () = z1Z; and,
like the generic elliptic case, zero cubic part. Applying Lemma 5.11, the
defining equation (25) becomes hy = 2121 +C(21, Z1,t) + O(4), where C'
is the same as (29). The transformations preserving this partial normal
form are:
a1Gz

(38) 21 = a1z + agzp — CLTZ% + piziwg + p?ﬁwaw,@
1
7y = |a1|221 + p%a'z%wa + p2 29Wq + p2 leaw,@

W = R,

where a1 is a nonzero complex scalar. As in Example 5.11, the coeffi-
cients p”, p3® | p2* can eliminate the coefficients 5", eéoaﬁ este.
The stabilizer of the new partial normal form is the above group
with the conditions ps™® = p = 0, p2* = a,p? + ap?, and the new
defining equation after such a transformation with R = 1 satisfies:

- Dy ay e200 91 0202
(39) C(z,71,t) = ((Ch) + o )zlt + 62 Zite.
Note that none of the terms in (38) contributes any quantities of the
form z%t,,, although each z?t, can be assigned any coefficient by choice
of pie.
In the one-parameter (k = 1) case, the single coefficient eJ*' (= 92
with a = 1) can be rotated by a; and scaled by Ryx1, so for 92t 7& 0,

a normal form for the 3-manifold M is

(40) Z9 = 212’1 + (21 + Zl)tl + O( )
S1 = 0.

This is simply the v = 0 case of (31), and geometrically, the circular
paraboloid shape with v = 0 deforms into an elliptical paraboloid with
Y= tl-

However, for k > 2, there are k complex coefficients €32%, but there
is still only one complex scalar a;. The real matrix R acts on the
real and imaginary parts of the coefficients; it will generically take the

vector (€921, e9%2, ..., e%?%) to (1,4,0,...,0), so a generic real valued
normal form is
(41) 2 = 27+ (B 4+ 2 +i(E - 2Dt + 0(4)

S = 0.

The normal form (40) can be obtained as a non-generic case, for ex-
ample, if the €J2* are all real.
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ExaMPLE 5.15. Here we consider the elliptic cusp singularity, where
the defining equation of M is 25 = 212, + 2} + 2} + O(4). The calcu-
lations from the previous Example go through without much change.
In particular, the subgroup (38) is the same, except that to preserve
the form of the cubic terms z? + z}, the complex scalar a; must be a
cube root of unity. For k£ > 2, the matrix R is enough to normalize the
generic coefficients €92® even with just a; = 1, so the generic normal

form is similar to (41):
(42) 20 = ma+ 2+ 2+ (Bt +i(Z — 2t +04)
s = 0.

However, for k = 1, a nonzero complex coefficient €3?! can be scaled

to the unit circle by Ryy;, but can only be rotated by v/1 (the factor
2 from (39)). So, the cubic normal form for a generic one-parameter
deformation has a “modulus,” a continuous invariant under the group

(43) 2 = mz+24+2+ (7 +e Dt +04),0<0< &
S1 = 0.

EXAMPLE 5.16. For the higher cusp cases, with vy =0 and 3 < s <
oo in the normal forms for M, the nearby manifolds M, are generic
elliptic, with a small but nonzero Bishop invariant, except in degen-
erate cases. In the k& = 1 case, there will be a similar root of unity
phenomenon in the stabilizer of the degree s normal form.
The generic normal form for the s = 4, k > 1 case is again similar
to (41):
(44) 2 = z;a+2+2+ G+t +i(F — 2t + 0(4)
S = 0
where the O(4) quantity may contain degree 4 terms depending on
t. For k = 1, the quartic normal form for a generic one-parameter
deformation has a modulus:
(45) 2 = zm+2+2+ (G e +0(5),0<0 <7
S1 = 0.
Without going through the details, the degree 4 terms depending on ¢,

as in (33), can be eliminated in this £ = 1 case.

EXAMPLE 5.17. The hyperbolic v = oo fold singularity has qua-
dratic part Q = 22 + z? and, like the generic elliptic case, zero cubic
part. As mentioned earlier, a version of Lemma 5.10 works, so that

the terms el%zit, + €5'zit, can be eliminated without introducing
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any cubic terms in zj, Z; only. The defining equation (25) becomes
hy = z1Z1 + C(2z1,21,t) + O(4), where C' is the same as (29). The
transformations preserving this partial normal form are:

(46) z21 = a1z + pizrws + p?ﬂwawﬁ

~ =2 2 —2\ .2 la 2 20 lap
Zy = ar-z1+ ((a1)” —@17) 27 + pa2iwe + Py 20Wa + Py 21Wa W3

w = R,
where a1 is a nonzero complex scalar. The coefficients p?ﬁ, péaﬁ, P,
p2* can eliminate the coefficients ey ?, es’?, e20e (020
The stabilizer of the new partial normal form is the above group
with the conditions p2* = 2a;p§, ps® = 2a;p$ — 2a1p¥, and the new

defining equation after such a transformation with R = 1 satisfies:
_ ap _
C(z1,71,t) = —e5' 21 Z1t,.
ax

Note that none of the terms in (46) contributes any quantities of the
form z;zt,.

In the one-parameter (k = 1) case, the single coefficient eJ*' (= 92
with a = 1) can be rotated by a; and scaled by Ryx1, so for €3t # 0,
a normal form for the 3-manifold M is

(47) z = i+ 72 +thazn +04)
S1 = 0.

For k > 2, there are k complex coefficients €3**, but there is still
only one complex scalar a;. As in Example 5.14, the real matrix R acts
on the real and imaginary parts of the coefficients, generically taking

the vector (e92,e9%2,...,e9%) to (1,,0,...,0), so a generic normal
form is
(48) zZ9 = E% + Z% + (tl + itQ)Zlgl + 0(4)

S = 0.

The normal form (47) can be obtained as a non-generic case, for ex-
ample, if the €32* are all real.

ExXAMPLE 5.18. The nondegenerate parabolic CR singularity is an
important case; it is well-known that it is an unstable singularity for
a surface M = My in C2, in the sense that, unlike the elliptic or
hyperbolic properties from Example 5.11, one expects that surfaces M;
near M will generally not all have parabolic singularities. The following
unfolding calculation makes this more precise.

For M C C? defined by 2z, = Q + C + O(4) with quadratic normal
form Q = z % + 3(27 + z}), the transformations (9) of C? stabilizing
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the quadratic normal form are Z; = a121 +p1, Zo = (a1)%22 +po, with py
weight 2, py weight 3, and a; real and nonzero. For C' =i(z; — 21)212
as in Proposition 5.1, the stabilizer of the cubic normal form is z; =
21+ 929 + 1, Zo = 29+ po, With a; = 1, as purely imaginary, p; weight
3, and 2R weight 4.

For M C C?** as in (26), a transformation (27-28) of the form
21 = a121+0%Wg, Zz = (a1)*22, W = 0 transforms the term €'z t,, into
(a1€9' — a® — a®)zt,. So, unlike every one of the previous Examples,
only the real part of a® contributes to the normalization. Canceling
the real parts of eJ'® leaves a vector of purely imaginary coefficients,
which is either the zero vector, or can be normalized by Ry« to —2 -
(1,0,...,0). Then, a transformation Z; = 23 + p§z w, gives a real

valued quadratic part for the following normal form for M:
1
(49) Z9 = 2121 + 5(2% + 2%) + 2(21 — El)tl + 0(21, El,t) + 0(4),

where C(z1,2,0) = i(z; — 2z1)z121 is as in Proposition 5.1 and the
other terms in C are as in (29). This normal form already resembles
the normal form for a parabolic CR singularity of a real n-manifold in
C", as in Proposition 5.8.

The transformation group (27-28) contributing to the normaliza-
tion of cubic terms, without introducing quadratic terms, is

(50) 2 = 21+ agze + a®wa + p1(z1, 29, W)
Z = z+ Py wiwa + pa(21, 22, 0)
Wy = wy + Py(W)
Wy = riwe + P(W0), j=2,...,k

with ay; and a® purely imaginary and pi® = 2ia®.
If we use a particular transformation of the above form with ay; =
0, p1 = PY21Wa, P2 = PY2aWa, W = W, the coefficient of €y2°z%¢, is
transformed to |
€y + 5y — D +ia”,

2
and the coefficient of el'*z, 2 t,, is transformed to

ey +ps — pf — pf — 4ia®.
The a® quantities come from transforming the cubic term i(z; —21)21 21,
so this step is where the nondegeneracy property of M is used. Setting

both quantities to zero gives a system of two equations that has a
solution: solving the first for p§ and plugging into the second gives

1 — 1
5(19? —pY) + 3ia” — f%la +ed** =0,
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where the imaginary part of py and the real quantity 3ia® are enough
to cancel the given complex part. This cancellation, using the linear
coefficients a®, takes the normalization a little further than that of
[Webster,]; in the nondegenerate parabolic case of Proposition 5.8,
the coefficients 77 can be canceled by a transformation of C" in B, .
The previous step cancels the e3**z%t, and el'®z zt, terms, but
also changes the coefficients of z;¢,¢3 and other terms. We reassign the
same ey labels to the new coefficients. Another particular transforma-

tion,

2 = 2z —|—p§“ﬁwaw/g

Zo = 29+ p%o‘ﬁ 21 WaWg
W, = w;+ Pf‘ﬁwawg
w; = wj,J=2,...,k

transforms the coefficient of €5’z t,t5 to
ey — (1 + pt”) + Py,
without reintroducing either of the previously normalized terms z; z;t,,
Z2t,. The real part of pi” and the real coefficients P™ can elimi-
nate all the €)'’z t,t5 terms. The coefficients p3*” can eliminate the
eéoaﬁ z1tats terms and similarly, the remaining terms, not involving z;,
can be eliminated by transformations of 2, so the generic normal form
for M has cubic part not depending on t:

1 ) _ ) _ _
29 = 2121 + 5(2% +22) +i(z — 2t +i(2 — 22 B+ O(4).

The last step with P, p required the nondegeneracy of the quadratic
normal form (49).

Although the case where the unfolding M has a degenerate normal
form, in which the quadratic terms do not depend on t, is not considered
here, it is notable that the one-parameter unfolding resembling (31):

1 . v
2 =217 + (5 +t1) - (27 + 7)) +i(z — 21) a7 + O(4),

is not u-equivalent to a nondegenerate unfolding of the form (49), since
by the above calculation, the cubic terms (2% + z%)¢; can be eliminated
without introducing any quadratic terms.

EXAMPLE 5.19. For M C C? with a degenerate parabolic CR sin-
gularity, defined by

1
2 =217 + i(zf + 27) + n(z; + 23) 2121 + O(5),
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the normal form has zero cubic part, and the quartic terms are (2% +
Z2)21z1, n = +1,0. The calculations for a normal form for M proceed
at first in the same way as in the previous Example, so the generic
unfolding has a normal form with the same quadratic terms as (49).
We will consider only the n = +£1 cases.

The transformation group (27-28) contributing to the normaliza-
tion of cubic terms, without introducing quadratic terms, is similar to
(50):

(51) Z1 = a1z + asze + a®wq + p1(z1, 22, W)
Zy = 2y + Py wiwe + pa(21, 22, W)
U~J1 = a1uw + Pl(’LU>

Wy = riw, + Pj(w0), j=2,...k

with a; = 1, ay and a® purely imaginary, and pi® = 2ia,a®.
If we apply the above transformation in its most general form except

that w; = w; for 7 = 2,...,k, and label some terms p{ziw,, p§zewa,
the coefficient of €32“z%t, is transformed in the o = 1 case to
ay - .
a16g21 + Epé — p% — 109,

and fora =2,...,k to

1 _
e’ + =ps — arpf.

2
The coefficient of e}'“z,zt, is transformed in the oo = 1 case to

are3't + aipy — (pt + pl) — 2ias,

and fora =2,...,k to
&' +p5 — ar (pf + pY).

Unlike the previous Example, the coefficients a® do not contribute to
these terms. Even including the imaginary coefficient as, the transfor-
mation group does not have enough degrees of freedom to cancel both

the €92* and e}'® terms simultaneously. We choose to cancel the e}'*

coefficients and the imaginary parts of the €y2* coefficients (this is a
different choice from the normalization of Proposition 5.8). Then the
7% block can normalize the real coefficients €32* to (0, 1,0, ..., 0), gener-
ically if £ > 2. So, the generic k-parameter unfolding of a degenerate

parabolic CR singularity has the following cubic normal form:

1 . _
(52) 29 = 27+ (5 +ty) - (22 4+ 2) +i(z — 2t

(2 + 20) 2121 + F(z1,21,t) + O(5), k> 2,
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where the quartic terms F' = F'(zy, z;,t) depending on ¢ are the same
as (33).

For k = 1, or in a degenerate case where the €3* terms depend
only on ty, the real coefficient cannot be re-scaled except by a; = +1,
so there is a real modulus. The remaining cubic coefficients can be
normalized exactly as in the previous Example (assuming the nonde-
generacy of the quadratic part so there is a i(z; — Z;)t; term), so the
generic 1-parameter unfolding (or a non-generic k-parameter unfold-
ing), of a degenerate parabolic CR singularity has the following cubic
normal form:

]' . —
(53) = 25+ (5 +ety) - (27 +2) +i(z — 21t
(27 + 2)) a1z + F(21, 21, t) + O(5), € > 0.

The modulus € > 0 can be interpreted as a choice of line through the
origin in the (t1, t3)-plane in the parameter space for (52).

Returning to the normal form (52), the quantity F' = F(zy, z1,1t)
can in fact be normalized to zero by a transformation of the form (51).
This elimination of F'is similar to the result from Example 5.13, but the
details of the lengthy calculation are different, and again only sketched
here. Let a; = 1, as = 0 in (51), let p; and p, be as in (34, 35) so they
include (among others) terms labeled

P Fwe + V' 2awa + P nwaws + prw®,
pélazl ZoWeq + pglaﬁZQwawﬁa
and let w; = w; + PERw, Wy, = wy + Pfﬁwawﬁ, Wy = Wq, O =
3,..., k. Then the system of equations from a comparison of coefficients
is solvable: p?°® cancels the zjt, terms of F, pi'® cancels the zz%t,

terms, py *” cancels the z%t,ts terms, the real part of p?'® and the
imaginary coefficients a® cancel the 27zt terms, the imaginary part
of pi®® and the real coefficients P§” cancel the zZt.ts terms, and
the real part of p¥ and the real coefficients PX cancel the z,t¥ terms.
The other terms of F' do not depend on z; and can be canceled by
corresponding terms remaining in ps.

In the & = 1 case, F(z1,%1,t;) can also be eliminated from (53)
(for any € > 0), but in this case the analogous computation uses the
term p2z; z from (21) with a real coefficient in place of Py = P}1; the
quantity po(z1, 22) from (21) can compensate for the quartic terms in
21, Z1 this introduces.
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ExXAMPLE 5.20. As an example of a one-parameter family of sur-
faces which is so degenerate that it does not exhibit any of the un-
foldings considered in Examples 5.11 — 5.19, but which is interesting
from a global point of view as a case where the index sum formula (7) is
nonzero, we consider the following map using homogeneous coordinates
as a family of embeddings of CP! in CP?, parametrized by t; € R.

G:CP'xR — CP?
([ZO . 21], tl) = [ZO . (2050 + 2’151) . (22050 + 2121 — 2921 — 2021)
VAR (2050 + 2151) . (22050 + 2151 — 2021 — 2021)

. tlzo : (22020 + 32121) . (2020 — 2021 — 2021)].

At t; = 0, this is a holomorphic embedding [z : z1] — [20 : 21 : 0]
(so the image G(CP! x {0}) has a degenerate CR singularity at every
point). For a fixed value of ¢1, the restriction to one affine neighborhood

in the domain CP! has image contained in an affine neighborhood of
CcPr%

1:2] — 1:z1:t1~(2+3]z1]2)-( Lo )}

1+‘21’2 1+’Zl—1‘2

The image fits inside R?* C C?, and for ¢; # 0, it has two elliptic points
and no hyperbolic points. This is the entire image G(CP! x {t;}),
except for one point at infinity. A restriction to another pair of affine
neighborhoods is:

) t120 . (22020 + 3) : (2020 — 20 — 20)
(2050 + 1) : (22020 +1-— 20 — 20)

[20:1] — |20:

I

which for t; # 0 is in standard position (8), but not flattened in-
side R3. Observing the zyZ, term in the numerator, the view in this
neighborhood shows a third elliptic point at [0 : 1 : 0]. This exam-
ple is consistent with the calculation of [F] §7 (see also [IS] App. IV),
showing that there is a small perturbation of a complex projective
line in CP? into a real surface in general position, with index sum
>oind(x) = [ ¢i(F, J) = 3 (where (F,J) is the restriction of TCP? to
the surface), and exactly three positively oriented elliptic points.
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5.3. Visualization.

From the global theory of immersed compact surfaces discussed in
Section 2, one expects CR singularities disappearing (or appearing)
in a deformation will generally cancel (or be created) in pairs: one
elliptic and one hyperbolic, with the same orientation. Example 5.18
represents a local version of this phenomenon, and the normal form
(49) for the unfolding flattens (at least up to +O(3)) to fit in R3 x R,
so it can be illustrated by a series of pictures. .

In fact, for most of the examples of unfoldings M in the previous
Subsection, we were able to choose normal forms so that for each ¢,
the slice M; is contained in R® x {t}, at least up to some degree —
there may be higher degree terms with nonzero imaginary parts. Here,
we truncate the defining equations to their lower-degree, holomorphi-
cally flattened normal forms, to view a graphical representation of the
unfolding of M C R3 x {0}. In the following Figures, we visualize
R3 C C? as the @1, y1, vo-subspace, where the x1, y;-plane is the z;-axis
and the horizontal planes parallel to it are also complex lines. Each of
the normal forms for surfaces M in Proposition 5.1 is in standard po-
sition, so that the CR singularity is at the origin, and the 1, y1-plane
is the complex tangent line. For some unfoldings M, a slice M; could
have a CR singularity at some point other than the origin of C? x {t},
or could have a complex tangent line other than the z;-axis, although
when M; fits inside R? x {t}, the only possible complex tangent lines
are horizontal planes parallel to the z;-axis. So, in these pictures ren-
dered by [POV-Ray], the CR singularities will be visible as horizontal
tangents, i.e., the familiar critical points of the real height function in
the z5 direction.

ExaAMPLE 5.21. In Figure 1, the elliptic CR singularity of a surface

1
2’222121"‘/7(2’%—}‘2%), 0</7<§

is shown as the vertex of an elliptic paraboloid, tangent to the z;-axis
at the origin. It meets complex lines (horizontal planes) in ellipses, or
in a single point, at the CR singularity.

ExXAMPLE 5.22. In Figure 2, the hyperbolic CR singularity of a
surface
- 2 2y L
20 = 2121 + y(25 + Z), 5 <7<
is the saddle point, located at the crossing-point of the x-shaped de-
generate conic level set. The other level curves are hyperbolas. The
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Ficure 1. Elliptic CR singularity

F1GURE 2. Hyperbolic CR singularity

angle at the singular point, formed by the intersection of the surface
with the complex tangent line, is clearly a biholomorphic invariant.

Looking at the quadric models for generic elliptic and hyperbolic
singularities, their non-trivial intersections with complex lines parallel
to the x1,y;-plane are conics of a constant eccentricity. Varying the
parameter ¢ near 0 in the generic unfolding (31) varies the eccentricity,
and the angle in the hyperbolic case.
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F1cURE 3. Nondegenerate parabolic CR singularity

ExXAMPLE 5.23. In Figure 3, the nondegenerate parabolic CR sin-
gularity of the surface

1 . -
2o =212 + 5(2’% + 2 +i(z1 — Z1)z 21

is located at the cusp of the >-shaped singular level set.

A nondegenerate unfolding M of the above parabolic singularity, as
in Example 5.18 with £ = 1, is the cubic normal form:

1 . _ . _ _
(54) 29 = 2121 + 5(2’% + Zf) +i(z1 — 21ty + (21 — Z21)21 21

For t = (t;) with ¢; < 0, there is a pair of CR singularities in the de-
formed surface M;, one elliptic and one hyperbolic, as shown in Figure
4, and for t; > 0, the surface M; is totally real in C? x {t}, showing
no horizontal tangents in Figure 5. The unfolding in Figures 3-5 is
similar to Figure 1 of [Callahan], illustrating graphs of a family of
smooth functions undergoing a “catastrophe” as the number of local
minimum points varies with the parameter ¢.
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FIGURE 4. Deformation, t; < 0, of nondegenerate par-
abolic CR singularity into an elliptic/hyperbolic pair of
CR singularities

FiGURE 5. Totally real deformation, ¢; > 0, of nonde-
generate parabolic CR singularity

To more precisely analyze the local geometry of the unfolding, we
return to the complexification construction of Section 4. Corresponding
to the smooth real variety M C C**! is a smooth complex variety
M, C C2+Y | parametrized by ¥ : C*! — C22+D, Let C2*! have
coordinates (z1,(1,w;). The image of M, under the projection 7 :
C2C+) — C**! s all of C**'; the map 7o ¥ as in (19):

To¥ : C™' = C*™:(z,¢,w)

~ CaG 5+ E) e — G il — Gadia)
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is a two-to-one branched cover near (0,0). At each point in the domain
C?*!, the complex Jacobian of this polynomial map either will have
full rank, 3, or will be singular, with rank 2. The singular locus in the
domain is the complex affine quadric variety

{21 4+ G —iwy + 2} — 2iz,¢ = 0},

and, near the origin, this is also exactly the locus where 7 o ¥ is one-
to-one.
As in (18), let § denote the inclusion of the totally real subspace

{Gt=Z21,w1 =1 =11}

in C*™, so M is the image of m o ¥ o §. The intersection of this real
subspace with the singular locus is

{(z1 +iyy, x1 —iy1, t1) : 221 — 229y7 = 0,81 + :1:% + 3yf = 0}.

The first condition factors as 2z1(1 — y;) = 0, and if we are only
considering points in M near (5, 0), the solution set is {x; = 0,y; =
+1/—t1/3}. So, the candidates for CR singular points in M near (0,0)
are of the form

{(21, 20, 01)T = (Fin/—t1/3, £4(—t,/3)*/*,,)T} C M C C**,

or in implicit form, this locus is the real twisted cubic curve {t; +3y? =
0,7y — 4y? = 0} in the y;, 29, t; real coordinate subspace, tangent to
the y;-axis. .

In fact, this real curve is the CR singular locus Ny of M near (0, 0),
as can be seen by fixing ¢ = (¢;) with ¢; < 0, and moving the slice M,
into standard position in C? x {t}. Corresponding to one candidate
point in the slice M;, we first consider a translation of the form z; =

21 — 14/ —11/3. Substituting z; + iy/—t1/3 for z; in RHS of (54) (and

dropping the tilde) gives:

t t 1 t o
4(_51)% + (1 — 4y /—51)2121 +(5+ —é)(zf +21) +i(2 — )22,

so translating and then rescaling 2z, gives the normal form:
zo =272 + (2 + 7)) + 0(3),

1. /73
where v, = 2tV e can be concluded that the tangent plane
174\/7t1/3
to M; at the original candidate point is a complex line parallel to
the zj-axis (as expected from Figure 4), and the CR singularity is

hyperbolic for I—g’ < t; < 0. The other substitution, Z; — i\/—t1/3,
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FIGURE 6. Degenerate parabolic CR singularity, n = —1

translating the other candidate point, leads to a similar calculation
1 /T3
but with v, = 2V ot the elliptic CR singularity.

1444/ —t1/3’

The property that the complexified parametrization 7o 3 is a two-
to-one ramified map (locally, near the parabolic point) is shared with
the generic elliptic and hyperbolic points of real n-manifolds in C", as
considered by [MW]. The observation that the curve N, is tangent to
the complex zj-axis is an example of the intrinsic characterization of
the parabolic point of the real 3-manifold M in C?, as in Remark 5.9.

ExXAMPLE 5.24. A surface with a degenerate parabolic CR singu-
larity has a quartic normal form, as in Proposition 5.1:

1
(55) 22 = =z + é(zf +2) + (23 + 2z + O(5), n=+1,-1,0.

We will consider the n = £1 cases only, and drop the O(5) part in the
following illustrations.

In the n = —1 case, (55) simplifies to
Ty = 227 — 227 + 2u7,
the graph of which is a surface M~ with a local minimum at the origin

in R? (the y, = 0 subspace) in Figure 6.

The critical point of the height function is degenerate in the sense
of Morse Theory, being flat in the y; direction.
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FIGURE 7. Degenerate parabolic CR singularity, n = +1

In the n = +1 case, (55) simplifies to
Ty = 227 + 227 — 2y,

a surface M which has a degenerate saddle point at the origin in R?
in Figure 7.

The level set of a nondegenerate saddle point has a x shape as in
Figure 2, but the level set intersecting the critical point of the height
function in Figure 7 is a self-tangent curve. The level sets of Figures
1-3, 6, and 7 resemble the sketches in [Martinet| §3.XI1.5, of level
curves of smooth functions of two real variables with critical points.

One expects from Morse Theory that smooth perturbations of the
surface M+ or M~ in R? will replace one of these degenerate critical
points by one or more nondegenerate critical points. The normal form
calculation (52) from Example 5.19 shows that a generic 2-parameter
unfolding of M* in C? is u-equivalent (up to fourth degree, continuing
to neglect O(5)) to the following M* C R3 x R? C C2 x R2, where each
slice M;F is visible in R? x {t}:

1 ) _ o\ -
(56)z2 = z1Z1 + (5 tty) - (42 +ilz — 2 £ (2 + )z
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FIGURE 8. Deformation of the n = —1 degenerate par-
abolic CR singularity, t; # 0, t = 0

F1GURE 9. Deformation of the n = —1 degenerate par-
abolic CR singularity, t; =0, to < 0

In the n = —1 case, varying the first unfolding parameter ¢; while
fixing the second, ty = 0, introduces a linear (in y;) term in the real
defining equation:

Ty = 207 — 227 + 2y] — 2t y1.

The slices M, = M(; 0) have a nondegenerate elliptic point away from
the origin, as in Figure 8.

Continuing with n = —1, fixing the first unfolding parameter t; = 0
while choosing nonzero values for the second, ¢, introduces a quadratic
(in 1, y1) term in the real defining equation:

Ty = QI? — Zm‘f + 2yi1 + 2t2(m% — yf)

For t5 < 0, the slices M, = M, (0.1) have a nondegenerate elliptic point
at the origin, as in Figure 9, but for ¢5 > 0, there is a hyperbolic CR
singularity at the origin and there are two elliptic points nearby, as in
Figure 10.
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F1GURE 10. Deformation of the n = —1 degenerate par-
abolic CR singularity, t; =0, to > 0

FI1GURE 11. Deformation of the n = +1 degenerate par-
abolic CR singularity, t; # 0, to =0

In the n = 41 case, varying the first unfolding parameter ¢; while
fixing the second, t; = 0, gives slices M," = M ('; 0) with a nondegener-
ate hyperbolic point away from the origin, as in Figure 11.
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F1GURE 12. Deformation of the n = +1 degenerate par-
abolic CR singularity, t; =0, to > 0

FI1GURE 13. Deformation of the n = +1 degenerate par-
abolic CR singularity, t; =0, to < 0

Continuing with n = +1, fixing the first unfolding parameter t; =
0 while varying the second, t,, gives slices M;” = M(Jg’h) with one
nondegenerate hyperbolic point at the origin for ¢, > 0, as in Figure
12, but for t5 < 0, there is an elliptic CR singularity at the origin and
two hyperbolic points nearby, as in Figure 13.
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All these unfoldings of the degenerate and nondegenerate parabolic
points are consistent with the conservation of topological index sum of
real surfaces in C? under perturbations as in Section 2. The unfolding
of the nondegenerate parabolic point has a pair of points with indices
+1 and —1 before they cancel and the surface becomes totally real. The
slices in the unfolding of the degenerate parabolic case with n = —1
have index sum +1 near the origin, when there are 1 or 3 nondegenerate
critical points; and similarly, the slices with nondegenerate singularities
in the n = +1 case have a local sum of —1. -

To more precisely analyze the local geometry of the unfoldings M=,
we turn again to the complexification construction of Section 4. Corre-
sponding to the smooth real variety M~ C C?>™2 is a smooth complex
variety ]\//ijr C C?*?*t2) | parametrized by X : C**2 — C>(*2)_ Let C?*?
have coordinates (z1, (1, w1, ws). The image of ]\/Zj under the projection
71 C22+2) — C?*2 s all of C**2; the map 7o ¥ as in (19):

moY:C*? — C*?: (21, (1, wy, w) =

(21, 21G + (% +wa) - (21 + () + iz — Gwr + (27 + )z, wi,wa)”

is a two-to-one branched cover near (0,0). (Globally, points in the
target can have up to three inverse images, but points near the origin
have at most two inverse images near the origin in the domain.) At
each point in the domain C?*2, the complex Jacobian of this polynomial
map either will have full rank, 4, or will be singular, with rank 3. The
singular locus in the domain is the complex affine variety

1
{Zl + (5 + WQ)2€1 — 1wy + Z% + 321€12 = 0}
As in (18), let § denote the inclusion of the totally real subspace

{G=2,w1 =W =t1,ws =Wy = 1}

in C22, 5o M~ is the image of 7 o ¥ 0 8. The intersection of this real
subspace with the singular locus is

{(@1 +iyr, x1 —iyr, b1, 1)  2(1 4+ to)ay +42f = 0,4y} + 2ty1 + 11 = 0}.

The first condition factors as 2z1(1 + ty + 22%) = 0, and if we are only

considering points in M* near (6, 0), the solution set in the z1, y;-plane
for each t = (t1,t5) is a set of at most three points on the y;-axis, as in

Figures 7, 11-13. So, the candidates for CR singular points in M near
(0,0) are of the form

{(21, 20, t1, t2)" = (iy1, —2t2y7 — 2t1y1 — 2y, t1,t2)" } C M+ C Cc*2,
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IIIITIIIITIIII-TIIII.

FIGURE 14. Discriminant locus in the t,t, parameter
space for the unfolding M

where y; satisfies 433 + 2toy; +t; = 0. This locus is a surface contained
in the real yp, x9,t1, s subspace, which is smooth near the origin, and
its tangent plane at the origin is the y;, to-plane.

The discriminant of the cubic equation 4y + 2tyy; + ¢ = 0 is
—432t? — 128t3, and the zero locus of this curve is plotted in the ¢,y
parameter space in Figure 14.

When t; =ty = 0, the cubic equation has a triple root, and the slice
Mg has an isolated degenerate parabolic CR singularity as in Figure 7.
When t = (t1,19) is a point above the A-shaped curve, so to > —%tf/g,
the cubic has one real root and M, has an isolated hyperbolic CR
singularity at (z1,20)7 = (iy1, —2toy? — 2t1y1 — 2y$)T as in Figures
11 and 12. When t is below the curve, the cubic equation has three
distinct roots and M," has two hyperbolic CR singularities and one
elliptic CR singularity near 0. For points ¢t = ({1, —%t?/ %) on the curve,
but not at the cusp at the origin, the cubic has two solutions, a simple

root at y; = —ti/*, and a double root at y; = %t}/:)’. Near 0, M;

has a hyperbolic CR singularity at (z,2)7 = (—it;’>,3t/*)7, and a
nondegenerate parabolic CR singularity at (21, z5)” = (%ti/:g, —%ﬂ%)T.
This can be verified by a translation to standard position and then
transformation to normal form as in the previous Example. In this
2/3
case, the hyperbolic singularity of M;” has v, = % : %, > % for ¢4
—Ph

close to but not equal to 0. The parabolic point of M;" can be put, by
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a holomorphic (but nonlinear) transformation, into the form

it/

1
m=u+ (L + ) — —
2+ 32° _ o

(21 — 21)2121 + 0(4),

so it is a nondegenerate parabolic point for ¢; close to but not equal to
0, as in Proposition 5.1.

Figure 14 resembles Figure 4 of [Callahan], and the overall geome-
try of this unfolding resembles the analogous catastrophe phenomenon
described by [Callahan]. Considering M* as a four-dimensional sub-
manifold of C*, it has a degenerate parabolic CR singularity at the
origin, in the sense of Proposition 5.8. The CR singular locus Ny is a
totally real surface in M™, and its tangent plane at the origin meets
the complex tangent line in the y;-axis, the parabolic line as in Remark
5.9. The locus of parabolic points

7 3 3
{(21, 22, w1, wp)" = (5’51/37 —gtil/ga t1, —ét?/g)T}

is a smooth curve, which could be re-parametrized as:

1 3 3
(_yla __yila y?a __y%

T
2 8 2 )

’

also tangent to the y;-axis. The tangency of the parabolic locus to the
parabolic line is an intrinsic characterization of the degenerate para-
bolic point of an n-manifold in C* (Proposition 4.1 of [Websters,]).

The geometry of the unfolding M- is analyzed by similar calcu-
lations. For ¢t = (t1,t2), the z; coordinates of the CR singularities
of the slice M, are iy;, where y; is a solution of the cubic equation
—4y3 + 2toy; + t; = 0. The discriminant is 128¢3 — 432t3, so its zero
locus is just an upside-down Figure 14. The slice M; will have two
elliptic points and one hyperbolic point as in Figure 10 for ¢ above the
Y-shaped curve, one elliptic point as in Figures 8, 9, for ¢ below the
curve, and one elliptic point and one nondegenerate parabolic point for
t # 0 on the curve.
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6. Real m-submanifolds in C", m <n

We move to the case of higher dimension, or actually higher codi-
mension, where m < n. In some of the results of this Section, we will
also restrict our attention to the case m = %(n+ 1), where M in general
position will be totally real except for isolated points in Nj.

6.1. Normal forms.

We recall from [Beloshapka] and [C,], without re-working all of
the details, the derivation of a normal form and the nondegeneracy
conditions for the defining equations of M, in the stable dimension
range 2(n + 1) < m < n. The equations in standard position as in (8)
are:

Ha(zla Z17 .CE) = O‘azf + Bazlzl + 702% + <Z 551211’01)
(57) + (Z €t Ewal) + <Z 0210%0@02) + Ey(21, 21, )
hu('zla 217 .CE) = Oduzf + Buzlzl + P)/uzf + (Z 551 leal>

i (Z 63151%) + <Z eglazxalx@) + ey(21, 21, ),

where E, = O(3) is real valued for 0 =2,...,m — 1, and e, = O(3) is
complex valued for u =m, ... n.

The first nondegeneracy condition is that the (n —m+1) x 2 block
of coefficients [3,, 7, in the functions h, satisfies:

B Ym
(58) rank [ @ = 2.

Bn Tn
In the nondegenerate case, there is a holomorphic transformation in
a neighborhood of 0 in C" taking M to the following partial normal
form:

(59) Yo = Ho(21, 21, 7) 0+ Ey(z1,21,2) = O(3)
(60)  zr = h(z1,z21,2) = (Z €t Elxal) + e, (21, Z1, 7)
) = 5% + en_l(zl, 51, ZL‘)

(61) zn = ho(21,21,) = 2121 + (Z 62151%71) + en (21,21, ),

for 7 =m...,n—2, or there are no h, expressions if m = n — 1. (The
quantities F,, e, may have changed but are still O(3).)

The real and imaginary parts of the coefficients 7' in (60) and (61),
foru=m,...,n—2and u = n, on the terms z1z,,, 01 =2,...,m—1,
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form a real 2(n — m) x (m — 2) coefficient matrix, in this expression
where the LHS is a column (n — m)-vector:

wm(i}ﬁa%J -

u=m,...,n—2n

Re(e2)  Re(e) Re(em=1)
Im(e?) TIm(e). Im(em1)
1 4...0 0 : Z2
: Re(e,_5) Re(e,_») Re(e, ) 28
0 0...1 ¢ Im(e2_,) Im(e3_,) Im (™)) L1
Re(e2)  Re(€d). Re(em™1)
Im(e2)  Tm(ed). Im(em1)

The second nondegeneracy condition is that this matrix has rank
2(n —m). In the nondegenerate case, there is a linear transformation
(the R block from the matrix A from (9)) taking this coefficient matrix
to an echelon form, so the h, expressions (60), if any, become

(63) (xQ(T—m+2) + Z.I2(7-—m+2)+1)21 + 67’(217 z17 ZE),
and the h,, expression (61) becomes
(64) 2121 + 1'221 + ’L.l'ggl + en(zl, 21, l‘)

PROPOSITION 6.1 ([Cg]). Given 2(n+1) <m <mn, if M is a real
analytic m-submanifold of C* with a CR singularity satisfying both
nondegeneracy conditions, then there exists a holomorphic coordinate
change Z = AZ+p as in (9), in a neighborhood of 0 € C", transforming
the equations (59-61) into the following real algebraic normal form:

(65) ¥ = 0, 0=2,...,m—1

Z; = (j‘2(7'—m+2) + ii‘Q(T—m—l—Q)-‘,—l)gl; T=m...,n— 2
~ =2
5. = (B + & +ids)5h.

So, M can be transformed into the real algebraic variety (65), de-
noted M. , with the higher degree terms F,, e, eliminated entirely in
a neighborhood of the CR singularity, assuming only that M is real
analytic and satisfies both second order nondegeneracy conditions at a
point in Nj.
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One could flatten M to fit inside R"*! C C", by introducing some
new quadratic terms to get

he(21,21,2) = (214 21)%o(r—mt2) + (21 — 21)To(r—mt2)41
hnfl(Zl, 21, 33') = Z% + 2%
ho(z1,21,2) = 2121+ (21 + 21) 22 +i(Z21 — 21) 23,

but this does not help as much with the visualization as the flattened
normal forms from the previous Section.

So, M has the property of “algebraizability”: having a real alge-
braic representative in its equivalence class. Some real analytic surfaces
in C? also have this property (Examples 5.4, 5.13), but unlike the case
of surfaces in C?, for M as in Proposition 6.1, there is no continu-
ous invariant. As remarked in [Cgl, the algebraic normal form (65)
is analogous to, but different from, the simplest type of singularity for
differentiable maps C™ — C", where the components of the parametric
map in normal form are monomials.

In the case m = %(n + 1), the CR singular point at 0 is an isolated
point and the real coefficient matrix (62) is square, with size 2(n —
m) x 2(n —m). If the linear transformation A is required to preserve
the orientation of T3M, then the nondegenerate normal form

hn = 21721 + X% — i$3§1 + en(zl, 21, 33')

is inequivalent to the formula (64) with the other sign. They are related
by the holomorphic transformation zZ3 = —z3, but this switches the ori-
entation of T;M. Recalling the topological description of CR singular-
ities from Section 2, these two nondegenerate normal forms correspond
to the differential-topological intersection index, +1 or —1, where the
Gauss map M — G meets the oriented submanifold D; \ Dy C G.

Continuing under the assumption m = 2(n + 1), if the first non-
degeneracy condition is satisfied but the second is not, then the real
coefficient matrix in (62) has less than full rank. Assuming it has rank
2(n —m) — 1, a real linear transformation of the xo, ..., x,,_1 coordi-
nates that puts the real matrix into echelon form can make the second
column (corresponding to x3) of the matrix zero, so the expressions
(63) are the same but expression (61) becomes

m—1
hy, =217z, + eiilxg + (Z ef;élxg> + O(3),

(=4

where €2 is a nonzero complex coefficient and for £ =4,...,m — 1, €/
is purely imaginary. A complex linear transformation of the form

~ _ _ 9 2 \T
2= (121,22, -+ s Zm—1, 01 Zmy - - -, Q1 Zn—2, Q1" Zn—1, |a1]"2n)
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can normalize €2 to 1, transforming h,, into:

m—1
h, = z21Z1 + Z129 + (Z ef,?lxg> + 0(3),

(=4

where now the coefficients €, are complex (using the same symbol even
though the value of the coefficients may have changed). In the (m,n) =
(4,5) case, there are no terms besides z1Z; + Zjzo. Otherwise, the
remaining terms satisfy the identity:

H
|3
\

AR

(66) 65;511'4 = (6?211’2]‘ + €ij+1,§1$2j+1)

~
I
N
<
)

o3

-1

= ((Tm(e? ™) +dIm(e?)) - (w2) + ira541) 71
=2

+(Re(67) — Im(67))z129;
+(Re(e 1) + Im(e))Z129j11) -

<

The re-grouping allows the elimination of the (z2; +ix9;41)Z terms by
n—2

linear transformations of the form z, = z,, + E a, -, and the remain-

T=m
ing z;x, terms have real coefficients so they can be eliminated by a real
m—1
linear transformation of the x5 variable, Zo = 25 + Z 7"52@.
=4
Note that it was at this point where we used the assumption m =
2(n+1). For 2(n+1) < m < n, there would be terms zz,, with
C=4,....2n—2m+ 1,2n — 2m + 2,...,m — 1, and only enough z,
quantities available to cancel £ =4, ... 2n —2m + 1.
This leaves the following quadratic normal form for the defining

equations of M near the origin:

(67) Yo = 0+ Ey(21,21,2)=0(3)
Zr = (Topr—mt2) + 1To(r—m+2)+1) 21 + €-(21, Z1, @)
Zno1 = Zp+en_1(21, 21, 1),

Zn = 2121+ 2172 + eq(21, 21, T).
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We will not consider degenerate CR singularities where the real
coefficient matrix has rank less than 2(n — m) — 1, or where the first
nondegeneracy condition fails. The remainder of this Section will deal
with only the nondegenerate normal form (65) and the degenerate nor-
mal form (67).

Writing out all the cubic terms in m variables in the defining equa-
tions (57) would give a lengthy expression. To get a normal form for
(67), using the transformation group (9) to eliminate as many terms
as possible to simplify the expression, we take three shortcuts.

First, any cubic term in (57) not depending on z;, that is, hav-
ing only 2y, xg,...,x,_1 factors, can be eliminated by a holomorphic
transformation of the form 2; = z; + p;j(z1, 22, ..., Zm-1), J = 2,...,1,
which does not change any other cubic terms in the system of equa-
tions, with the possible exception of introducing a complex conjugate
term (involving z; and not z;) in the H, expressions.

Second, we can take advantage of the fact that h,_; and h, ex-
pressions in the normal form (67) have quadratic part identical (up
to re-numbered subscripts) to that of the nondegenerate normal form
for real threefolds in C*, as in [Cs]. It was shown there that all cubic
terms of h,_1, h, in z1, Z;, 2o can be eliminated by a holomorphic
transformation Z = Z+ pl(21, 22, 201, 2n)-

Third, the E,, 0 =4,...,m — 1 and

hy = (Ta(r—m+2) + i%2(r—m+2)+1)Z1 + O(3)

quantities have no analogue in [Cs], but are identical to the expressions
in [Cg]. It was shown in the Proofs of Theorem 5.6 and Corollary 5.7
of [Cg] that for each 7 = m,...,n — 2, all of the cubic terms of the
three expressions hr, Ey;_m2), and Ey_p42)41 can be eliminated by
a holomorphic transformation of the form z. = 2z + pr, Zapr_mq2) =
29(r—m+2) T P2(r—m+2)s 22(r—m+2)+1 = Z2(r—m+2)+1 T P2(r—m+2)+1, Without
contributing cubic terms to any of the other equations. An analogous
argument applies in this case: the same calculation solving the system
of three equations works, the only minor difference being in the qua-
dratic part of h,. It also follows from an analogy with the treatment
of the Fg equation from the Proof of Theorem 5.6 of [Cg] that for each
o = 2,3, the cubic terms of E, can be eliminated by a transformation
of the form z, = z, +p,, where p, has weight 3 and does not contribute
cubic terms to the other equations.
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After these steps, the higher degree terms in (67) have a partial
normal form:

(68) E, = O4)

@)
m—1
— 1y
eno1 = (g (e \Zra; + e¥ zZiw; + € Ziaan;

+() ei@zlxe)xj)> +0(4)

4

n—1

where in the above double sums, e,”, and e are 0 if ¢ < j.

A transformation of the form

5 o= 2+ (Zp§j222j> + <Zp€j242j> 5
= o+ (s + (i)

can eliminate all the complex cubic coefficients from e,,_;.
A transformation of the form

- 15
21 = 21—1-5 P1 2175,

Zn = Zn+<zprlzjzjznfl> <ZP Z]Zn>

. . 15
can eliminate the e}/, 62], el cubic coefficients from e,. The p;’ coef-
ficients re-introduce ziz; terms in e,_1, but they can be eliminated by

another Z,_1 = z,_1 + 3. pil_ 1%j2n—1 transformation without changing
m—1

én. The partial sum Z Xz 1y can be re-grouped exactly as in (66),
=4

so that for each j = 3,...,m — 1, terms of the form €%z x,x;, with
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¢ =4,...,m—1, can be eliminated by a transformation of the form

m—1

- 0i

Zy = z+ Z ps Z0%j
=4
n—2

211 = zp+ ZpiT]ZTZja
T=m

where the coefficients pgj are real.

Here we are again using the assumption m = 2(n+1). For 2(n+1) <
m < n, there would be terms zyz,x;, with £ =4,...,2n—2m+1,2n —
2m + 2,...,m — 1, and only enough 2z, quantities available to cancel
(=4,....2n—2m+ 1.

This leaves the cubic term e*33

4337z 22, A transformation of the form

zZ = (a121, 0122 +p§3,z§, 7’%23, 124, . 5 A1 21, (al)sz, o (al)an)T,

with a; and 73 nonzero and real, and p3® real, results in the new defining
equation

~ _ ~ = = ~ aleigzs _p%:g = ~92
Zn = 21721+ 2129 + W 2173 + 0(4)7
3

without introducing any other cubic terms or changing the quadratic
part of the other equations. There are no other linear or nonlinear
transformations that contribute to this term (the lengthy check is omit-
ted). Using p3° to cancel the real part of the €33 coefficient, and then
re-scaling by a;, €33 can be normalized to either i or 0. We regard
the 0 case as another degeneracy, and from this point only consider the

following cubic normal form:

(69) Yo = 0+ E,(21,Z1,2) = O(4)
2 = (Topr—ms2) +iTo(r—mi2)11)21 + € (21, 21, 2)
Zno1 = Znt+en1(21, 21, T),
Zn = (21 + 2o +i23)7 +en(21, 21, 7),

where Fj, ..., e, have degree d > 4 and are real analytic.
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PROPOSITION 6.2. Given %(n—i— 1) =m < n, if M is a real analytic
m-submanifold of C™* with a CR singularity that can be put into the
cubic normal form (69), then there exists a holomorphic coordinate
change Z = AZ+p as in (9), in a neighborhood of 0 € C, transforming
the defining equations into the following real algebraic normal form.:
(70) J = 0, o0=2,....m—1

27- = (i’Q(T_m-}—Q) + ii‘Q(T—m—f—Q)-‘rl)gl) T=m...,n— 2
~ =2
anl — Zl

~ o ~ ~ LMo\ =

Zn = (214 To+1335)%.

This Proposition will follow as a corollary of a more general analytic
normal form result, Main Theorem 6.5.

Observe that the the involution Z3 = —z3, which reverses the orien-
tation of the tangent plane T5M, leaves the normal form (69) invariant,
and is a symmetry of the real variety in Proposition 6.2.

6.2. Unfolding CR singularities of m-submanifolds.

We continue to work with %(n + 1) < m < n. Recall that the non-
degenerate CR singularities of M are stable in two senses — near such
a point, any small real analytic perturbation of M is locally equivalent
to a constant normal form, and when m = 2(n + 1), the intersection
index (£1) is also constant under a small smooth perturbation. How-
ever, pairs of isolated points with opposite indices may cancel under a
larger-scale homotopy. These three phenomena are all reflected in the
analysis of the local normal forms for unfoldings — any unfolding of a
stable CR singular point will be shown to be u-equivalent to a trivial
(or “constant”) unfolding, and a degenerate point will have an unfold-
ing exhibiting a pair creation/annihilation. Unlike the unfoldings of
surfaces considered in Section 5, we will find normal forms not only to
arbitrarily high degree, but we will find the whole u-equivalence classes
for two different normal forms for real analytic submanifolds under
the group U, ,r of local biholomorphic transformations. The formal
problem, finding a normal form for higher degree terms, is, like the
calculations of Section 5, a matter of comparison of coefficients, to find
series expressions for the nonlinear part p’of transformations in U, ,, x
(11) in terms of the series expressions for the given defining equations
(10). A normalizing transformation may not be unique, so our con-
struction of p does more than just establish the existence of a formal
series, it also makes some choices to avoid series that are divergent or
that converge on insufficiently large sets.
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THEOREM 6.3. Given %(n—i— 1) <m <n, if M is a real analytic m-
submanifold of C™ with a nondegenerate quadratic normal form as in
the hypothesis of Proposition 6.1, and M is any real analytic unfolding
of M in C"** with defining equations in standard position

(71) yo = E (21,71, 2,t) = O(2)

Zr = (To(r—m+2) + 1T2(r—m+2)+1) 21
10 Oloy -
+el0% 2+ e 21+ Pt ot gt [T T b+ er (21, 21, 2, t)
=2 10 Ola =
Zn-1 = 2 te,itaz1 + e, 5t0 21

tenlitats + [ %0 ta + a1 (21, 21, 2, 8)
(72) 2, = (21 4+ 22+ 123)%

+€7110ata21+ 621ata51+ ezﬁtatﬁ—i_fglax"lta—i_ en(zl’ 2, t)’
(73) s = 0, a=1,...,k

then there exists a holomorphic coordinate change (Z,w) = A(Z, W) +
P(Z, W) in U i (11), in a neighborhood of((j, 0) € C"**, transforming
the equations (71-72) into the real algebraic normal form (65), which
does not depend on t, and preserving the form of (73): §, = 0.

PROOF. The statement of the Theorem is that any real analytic
unfolding M of any real analytic, nondegenerate M is u-equivalent (in
some small neighborhood of the origin in C"**) to the trivial unfolding
M x R¥, where M is the real algebraic model from the conclusion of
Proposition 6.1.

Considering the quadratic part first, as usual any terms in e, not
involving z; can be eliminated by a transformation of the form z, =
Zu + Dul(21,y - oy Zm—1, W). Similarly, terms z;t, can be eliminated from
the real functions E, in (71) while simultaneously eliminating their
complex conjugates. The terms €' ¢,z; can be eliminated by a linear
transformation z; = z; + a“w,, as in the v = oo version of Lemma
5.10.

The real and imaginary parts of the coefficients €?'* and €%'* can
be eliminated by real linear transformations of the x variables, z, =
2o + TW,, using real coefficients ry from the Ry,,—2)xx block of the
matrix A (12). This is where the second nondegeneracy assumption
on the quadratic normal form of M is used.

The result of this transformation is that the quadratic part of the
defining equations of the unfolding M does not depend on ¢. In fact, M
is a submanifold of real dimension m+k in C***, satisfying 2((n+k)+
1) < (m+k) < n+k, and its quadratic part satisfies the nondegeneracy
hypothesis of Proposition 3.3 of [Cgl, except for a merely notational

Ol
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difference: the real t1, ..., t; variables in the above quantities appear in
the place of the real x,, ..., Z(n4r)—1 variables from the normal form
of [Cg], which occur in the higher degree terms but not the quadratic
part. The conclusion of that Proposition is that there exists a local
holomorphic transformation in B,, ,+x of a neighborhood of the origin

in C"*F,
(74) (2,@) = (2,0) + (p1(Z,0), .. ., pu(Z,0), PL(Z,10), . .., Pu(Z, %)),

taking M to the claimed real algebraic normal form not depending
on t and with §, = Im(w@,) = 0. However, that statement is not
enough to establish u-equivalence, which requires that there exists such
a transformation in the subgroup U, , i (11).
An inspection of the Proof of Theorem 5.6 of [Cg] will show that
the transformation of the z,, 0 = 2(n+k)—2(m+k)+2, ..., m,
.., (m+ k) — 1, variables is of the form z, = Re(z,), T, = Re(Z,),
Zs = Zs + Po, such that the coefficients of p, are linear combinations of
the real and imaginary parts of the coefficients from F,, where y, = E,
is one of the defining equations of the manifold (in [Cg], this is worked
out for 0 = 6). In the case of ]/\/[\, Yo, 0 =M, ..., (m+k)—1, corresponds
to Im(wy) = Say, « = 0 — (m —1) = 1,...,k, and E, corresponds
to the constant function 0 from the RHS of (73). We can conclude
that the component w, = w, + P,(Z,w) of the transformation (74) is
simply w, = w,. The transformation constructed in Theorem 5.6 and
Corollary 5.7 of [Cg| conveniently satisfies the reality conditions of (11)
as a consequence of the assumption M C C" x R C C"**, and the
transformation of Proposition 3.3 of [Cg] is the limit of composites of
such transformations, so it also is in the subgroup U, » k- [ |

In [Cg], an analogy was offered between the nondegenerate normal
form result (quoted here previously as Proposition 6.1) and a result
of Whitney, that the cross-cap parametrization R? — R? : (u,v) —
(u,uv,v?) is a normal form for nondegenerate singularities of smooth
maps under smooth coordinate changes. The normal form result of the
above Theorem 6.3 could similarly be considered as analogous to the
cross-cap map’s property that any smooth unfolding is equivalent to a
trivial unfolding (in a specific sense; see Part 4 of [Martinet]).

Next, for m = %(n + 1), let M have a degenerate CR singularity
with cubic normal form (69), and let M be a k-parameter unfolding
of M in standard position. The defining equations of M are the same
as (71-72) from Theorem 6.3, except that the term iz;x3 in (72) is
replaced by iz;232. The elimination of all the quadratic terms involving

t proceeds as in the above Proof, with the exception of the eX'*z ¢,



58 UNFOLDING CR SINGULARITIES

terms. The real part of the complex coefficients €2'* can be eliminated

by Ze = 29 + rfw,, but this leaves the transformed equation for z, in
the form

- 2\ = 0lay = =
Zn = (21 + X2 +i23)Z1 + €, “toZ1 + en(z1, 21, T, 1),

with purely imaginary e2'*. A real linear transformation of the ¢ vari-

ables (the block Ry of the matrix A from (12)) can normalize the
coefficient vector (e, ..., e%%) to either (i,0,...,0) or (0,...,0). We
regard the zero case as a degenerate unfolding of M, and it is not con-
sidered further. A nondegenerate unfolding of M as in (69) has the

following normal form:

(7‘5) Yo = E0(217217x7t>

2r = (Ta(r—m+2) + 1To(r—mi2)11)21 + (21, Z1, 2, 1)
Zno1 = Ziden (21,71, 2,1)
2 = (21 + a0 +ity +i23)2 +en(21, 21, 7, 1)
S = 0
where Es, ..., e, have degree 3, and all the cubic terms except iz x>
depend on t.

REMARK 6.4. Our first observation on the geometry of M in the
normal form (75) is that, as a real (m-+k)-submanifold of C"** it has a
nondegenerate CR singularity and is equivalent under a biholomorphic
coordinate change in B,, 1 near the origin of C"** to the real algebraic
normal form M x R¥ from the conclusion of Theorem 6.3. In particular,
the complex line;zlr transformation that switches z3 and t;, Z3 = wy,
W, = z3, puts M into the same quadratic normal form as (71-73),
and then the cubic term iZ,#2 can be eliminated as in Proposition 3.3
of [Cg]. However, this M is not u-equivalent to M x R¥. Under the
action of the subgroup U, (11), which does not include any linear
transformation switching x5 and ¢;, and which preserves the fiber C" x
{0}, the slice M = My retains its degenerate normal form. This is
a different phenomenon from Examples 5.23 and 5.24, where surfaces
with parabolic points had unfoldings M and M* that themselves had
parabolic points as submanifolds of C2**.

The following result is the Main Theorem, which states that any
real analytic, nondegenerate unfolding (75) of M not only has the alge-
braizability property under u-equivalence, but, further, is u-equivalent
to a unique real algebraic model. The slice My is simultaneously trans-
formed into an algebraic normal form, so Proposition 6.2 follows as a
corollary. The m =4, k =1, d = 4 case appeared in the Introduction.
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MAIN THEOREM 6.5. Given %(n +1) =m < n, if M is a real

analytic m-submanifold of (C”/\wz'th a degenerate CR singularity having
cubic normal form (69), and M is a nondegenerate real analytic unfold-
ing of M in C"* with defining equations in standard position given
by (75), then there exists a holomorphic coordinate change (Z,%) =
A(Z,%) + P(Z,0) in Upny (11), in a neighborhood of (0,0) € C™*
transforming the equations (75) into the real algebraic normal form:

(76) Jo = 0
Zr = (Tatr—m+2) +ifi2(r—m+2)+1)§1
Bl = 22
Zn = (14 Ty +it +i33)%
5, = 0.

REMARK 6.6. The proof of the Main Theorem will be divided into
several steps. The first step would be to show there exists a coordinate
transformation (2, w) = A(Z, W) + p(Z, W) in Uy, 5 eliminating all the
cubic terms from the normal form (75), except iz;73, so that the quan-
tities Ea, ..., Em_1 , €m, --., €, are all O(4) in 2y, z1, z,t. However,
rather than going through a lengthy but straightforward calculation to
find a suitable invertible matrix A and polynomial p(Z,w) achieving
such a transformation, we will skip ahead to the next step in an induc-
tion, and show that if Es, ..., e, are O(d) with d > 4, then there is a
holomorphic transformation so that in the new coordinates, the higher
degree terms of the defining functions have degree greater than d. The
main part of that argument will be the solution of a certain system
of linear equations, Theorem 7.6. After the Proof of that Theorem,
it will be shown in Remark 7.7 how the calculation of that Proof can
be modified in a small way to go back to the start of the induction at
d = 3 and to establish this cubic normal form.

Then, showing that there exist a linear part A and a holomorphic
function p(Z, @), so that (Z,w) = A(Z, &) + p(Z, W) is in the subgroup
Umn i and takes the cubic normal form and eliminates all its higher
degree terms to transform M into the algebraic variety (76), involves
finding p’as a solution of a system of nonlinear functional equations, by
iterating the solution of the linear system. The convergence argument
is given in Section 7 in a series of steps, each stated as a Theorem.
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6.3. The geometry of the algebraic unfolding.

Before proceeding to the Proof of Main Theorem 6.5, we conclude
this Section by considering the geometry of the real algebraic variety
given by (76), denoted M, which is a representative of the u-equivalence

class for the nondegenerate unfolding M of any real analytic M with
cubic normal form (69). The example (1) from the Introduction is the
m:4,n:5,kzlcaseof]\7.

Recalling the complexification construction from Section 4, corre-
sponding to the smooth real variety M C C™* is a smooth complex
variety M, C C2+%) | parametrized by ¥ : C™tk — C2n+k) | Let Cm+k
have coordinates

(Zla €17§27 ce. 7§m—17w17 cee 7wk) - (217C17£7w)'

The image of M, under the projection 7 : C2(»t%) — C"*+* is a singular
complex variety, parametrized by m o X as in (19):

ToX:C"hF — Crth.
(21,1, f,w) = (Zlu 2, &m1,
ooy (Goprmmar) T i&o(r—ma)+1)C1s -
(7, (21 + & +iwy +483)Cr,wr, - wi)

At each point in the domain C™**_ the complex Jacobian of this poly-
nomial map either will have full rank, m + k, or will be singular, with
rank m 4+ k — 1. The singular locus in the domain is the affine variety

{&tr—mt1) + i&2(r—ma1y+1 = 0,0 = 0, 21 + & +iwy + i¢s = 0}.
As in (18), let § denote the inclusion of the totally real subspace
{Cl :El,égzgzibg,...,wk:_k:tk}

in C™*, so M is the image of m o ¥ o §. The intersection of this real
subspace with the singular locus is

{ZE4 = ... =Tm-1 — O,Zl =2z = 0,1‘2 :O,tl +ZE§ = 0},
so the candidates for CR singular points in M are of the form
{(O,O,.Tg,o,...,O,tl,tg,...,tk)T 1t —|—3;'§ = 0} - ]7@ CnJrk,

and all the other points in M are totally real. When k = 1, this is a
real parabola in M contained in the real x3,t; coordinate plane and
tangent to the real x3-axis at the origin; for £ > 1, it is a k-dimensional
real parabolic cylinder. As observed in Remark 6.4, M considered as
a real submanifold of C"** near the origin is locally biholomorphically
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equivalent to M x RF , so it has a totally real k-dimensional locus N;
of nondegenerate CR singular points in a neighborhood of (0, 0).

We continue studying the geometry of M by considering the slices
M, for various t. The slice My is exactly the normal form variety
of Proposition 6.2; as a submanifold of C", it has a degenerate CR
singular point at the origin and is totally real at every other point. For
t=(t1,...,t,) with t; > 0, the slice M, is totally real.

For ¢ with ¢; < 0, the slice M; has two candidates for CR singu-
larities, at (0,0,3,0,...,0)T € C", where x3 = 4+/—t;. Keeping in
mind that ¢ is fixed, so ty, ..., t; are constants with ¢; negative, the
equations for M; in C™ are

Yo = 0
2y = (Toproma2) T 1T2(r—mi2)+1) %1
Zpn_1 = Zf
(77) Zn = (21439 +it) +i23)7.

This contains the origin but is not in standard position. Replacing z3
with the quantity z3—+/—t; is a translation that moves a CR singularity
candidate point to the origin, and Equation (77) becomes

Zn = (21 + X9 — Qi\/ —tll'g + ix%)il,

which is in standard position, in the quadratic normal form (59-61),
with > €%z, = x9 — 2iy/—t;x3 and e, = i757;.

Similarly, the other translation x3 — x5+ +/—t; puts M; into stan-
dard position with defining equation

Zn = (Zl + Zo + Qi\/ —tll'g + il‘%)gl.

The conclusion is that both candidate points are in fact CR singular-
ities, satisfying both nondegeneracy conditions, with complex tangent
lines parallel to the z;-axis, and with opposite indices, 1, correspond-
ing to the sign of the coefficient of ix3Z; in the quadratic normal form.
In the £ = 1 case, we can consider t; as a time parameter increasing
from negative to positive; the unfolding M represents a cancellation,
where M; has two nondegenerate CR singularities of opposite index
that approach each other, meet at the origin at t; = 0 so that My has
a degenerate CR singularity, and then M; is totally real afterward. By
Main Theorem 6.5, the same phenomenon is expected to hold, locally
in space and for a short interval of time, for any real analytic unfolding
M (satisfying a nondegeneracy condition as in (75)) of any real analytic
My with a degenerate CR singularity having cubic normal form (69).
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7. Rapid convergence Proof of the Main Theorem

7.1. A functional equation.

To show the existence of a normalizing transformation as claimed
in Main Theorem 6.5, we will set up a system of nonlinear functional
equations, so that any solution p of the system will define a normalizing
transformation (2, ) = (2, W) +p'in Up, nx (11). In addition to finding
a formal power series solution, we will also have to show that the so-
lution is convergent in some neighborhood of the origin. The method
of proof is the rapid convergence technique, as used in [Moser]|, [C,],
and [Cg|. Rather than trying to solve the system of equations directly,
we first find an approximate solution by solving a related system of
linear equations. Iteration of this process gives a sequence of approxi-
mations that approach an exact solution. We are careful to construct
the approximations so that their domains shrink slowly enough so their
diameters are bounded below by a positive constant.

We start by considering the effect of a coordinate change (11) on
the quadratic and cubic parts of the defining equations in normal form
(75). The transformation (Z,w) = (2, W) 4 p'is formally invertible near
(6, 0), and it may be useful to think of (Z,w) = (Z, @) + p as having
identity linear part, although there may be some linear terms in p),
which could be included as entries in the above-diagonal blocks in the
matrix A (12). In terms of Z, w, 2, &, consider the system of equations

(78) 0 = Im(Z,) = Im(zy + py(Z, 1))

0 = z; — (glfz(f—mn) + igl@(r—mﬂ)ﬂ)
= 2+ p.(Z, )
—(21 + p1(Z, 7)) - Re(22(r—mt2) + Par—ma2) (2, W)
—i(21 + p1(Z, W) - Re(2za(r—my2)+1 + P2ir—mr2)+1(Z, W)
0 = Z,1— 7
= Zut + Pai(B0) — (21 + pr (B D))
0 = 2, — (51 + &y +it) +i73)%

=z, + pa(2, W)
—(z1 + p1(Z, W)
—(z1 + pi(Z, W) -
—i(z1 + p1(Z,W)) - Re(w1 + P
—i(z1 + p1(Z, )) (Re(zg + p3(Z
0 = 3, =1Im(w,) = Im(w, + Pu(w)).

(21 + pu(Z, W)

\_/ e N e N
SL
N—
N—
N—
Do
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In order to get (76) to be the defining equations for M in the (Z, )
coordinates, the above equalities must hold for points (Z, %) on M
and near (0,0). So, we can replace the Z = (21,...,2,)" and @ =
(wy, ..., wg)T expressions in (78) by the defining functions (75):
(79) 7 = (21, To + iEQ(Zl, 21, xZ, t), ceey hn(Zl, 21, xZ, t))T,
’LU = = (tl,...,tk),
to get a system of equations where the RHS functions depend only on
21, 21, T, L:
(80)0 = Tm(z, +iEs +po(2,1)) = Eo(21, 21, 2,) + Im(p, (Z,1))
0 = e (z1,21,2,t) + p(Z, 1)
—D1 (27 t) ' (xQ(T—m—i—Q) + ixQ(T—m—i-Q)—i—l)
—Z1 - (Re(pa(r—m+2)(2,)) + iRe(pa(r—m+2)+1(Z, 1))
P E0) - (Re(parmsa) (2, 8)) + iRe(patrmiay1 (5, 6)
_ S — 2
0 = eni1(21,21,2,t) + pu1(Z,t) = 221p1 (2 1) — p1(Z, 1)
0 = en(zla Z1,, t) + pn(ga t)
(81) —iz1 - (Re(ps(2,1)))?

—(p1(Z,1)) - (21 + w2 + ity + i)
—(p1(Z,1)) - (01(Z,1) + Re(p(Z, ) +iPi(1))
—(p1(2.1)) - (2ia3Re(ps(2, 1)) +2(Re(193(7Z £)*))
(82)0 = Im(t, + Pa(t)).
The components of € = (Es, ..., Epn_1,€m,...,6e,) appear in (80-82) in

two ways — as terms in the equatlons, and also in the Z input (79) for
each p;(Z,t) in (80-82), j =1,...,n. So, given €, if we happen to have
an exact solution p’ of the above system of functional equations, the
conclusion of Main Theorem 6.5 holds and we are done. However, (80—
82) is a nonlinear system in the unknown quantity p, where in addition
to the composition with the given defining functions (79), there are
products of the components P, p;, and pj.

If £ > 1, there are unknown quantities Ps(t),. .., Px(t), that appear
only in line (82). The quantity Im(t, + P,(t)) is identically zero for
any P, satisfying the reality condition of the subgroup U, , so we
can choose P, = ... = P, = 0 as the solution, leaving only the real
quantity P;(t) as an unknown to be determined in terms of €.

Suppose € has degree d > 3, then by inspection of the system (79—
82), the components of a solution p" have lower bounds on the weight:
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Dm, - - - » Pn have weight > d, Py, p1, D2, D4, - - -, Pm—1 have weight > d—1,
and p3 has weight > d — 2. For d = 3, p3 may include some weight 1
linear terms, of the form

(83) Bo= o+ (Y r5ta) + (weight > 2),

where 7§ entries from the block R;,_2)x; from matrix A (12) will be
needed (in Remark 7.7) to cancel the imaginary parts of cubic terms
of the form e z;x3t,.

As a first step in solving for p'= (p1,...,pn, P1,0,...,0)T in terms
of €, consider the following system of simpler equations:

(84) 0 = E,(z1, 21, z,t) + Im(py(2,1))
(85) 0 = e,(z1,21,2,t) + pr(Z,1)

—p1(Z,1) - (To(r—m+2) + iT2(r—mi2)41)
—z1 - (Re(pair—m+2)(Z, 1)) + iRe(Pa(r—m+2)+1(%, 1))
(86) 0 = e, 1(z1,21,2,t) + pusr(Z,t) — 221p1 (2, 1)
en(z1, 21, 2, t) + pu(Z, 1)
—Z1 - (p1(Z,1) + Re(pa(2, 1)) + i1 (1) + 2izzRe(ps(Z,1)))
—(p1(Z,1)) - (21 + @2 + ity + ia3),
where the Z input for each p; is:
(88) Z= (21,%2 -+, Tm1, (Ta+ixs5) 21, . . ., 21, (21 + @2+ ity +ia3)z)"

This simplifies p;(Z,t) by considering only the lower degree terms of
the input (79) that appear in the algebraic normal form (76). Also,
the products of Py, p;, p; are dropped, so that these are (real) linear
equations.

To see how the new equations are related to the original system,
suppose € has degree d > 3, and that p'is a solution of (84-88) so
that p3 has weight > d — 2, p1,p2, P4, - .., Pm_1 have weight > d — 1,
and Py, . .., p, have weight > d. Evaluating the RHS of (80-82) with
this solution for p’ results in expressions of degree > 2d — 2, except
for the —iz; - (Re(ps(Z,t)))? quantity (81), which has degree 2d — 3
if p3 has weight d — 2. Converting these expressions in 2y, zj, x, t
to Z1, Z1, 7, t, and equating them to the Z expressions in (78) gives
the higher degree terms of the new defining equations for M in the
(Z,w) coordinate system. (It will be shown later (Theorem 7.13) that
in fact for (Z,w) € M close enough to (0,0), z, Z, =, t are real
analytic functions of %, 71, &, t.) If d > 4, then 2d — 3 > d, so the
expressions Fo, ..., e, increase in degree, and while a solution p of the
linearized equations is just an approximation to the solution of the

S
0
|

S—
o

I
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original system, using such a p to define a coordinate transformation
does have the effect of nearly doubling the order of vanishing of the €
quantity.

7.2. A solution of a linearized equation.

The goal of this Subsection is to construct a solution p of the system
of linear equations (84-88), given the higher degree terms of the defin-
ing equations, €. The solution p'constructed here will be an (n+k)-tuple
of series in 7= (21,...,2,)7 and @ = (wy, ..., wy)T with the following
properties: the transformation (2,w) = (Z, W) + p(Z, W) is in the sub-
group U o1 (11), the size of the domain of convergence of p'in C"** is
comparable in a certain sense to the size of the domain of €, and also
a suitable norm of p’'is bounded in terms of a suitable norm of €.

NOTATION 7.1. For r = (ry,...,7y) € RY, with all r; > 0, define
a polydisc in CV by
Dy ={(Z1,...,2ZN) - |Z;| <15}
As special cases, let
D, =Dy,..;y S C™HF
and
Ar = D(r,...,r,2r2,...,2r2,r2,3r2+r3,r,...,r) - Cn+ka

where there are m — 1 radius lengths r, followed by n —m — 1 radius
lengths 2r2, in the 2,,,...,2,_o coordinate directions, and k radius
lengths r in the @ directions.

The initial assumption on the defining equations (75) is that
5(21, 21,33', t) = (EQ, ceey Emfl, Cmy ey en)

is real analytic, so there is some r > 0 so that each component of €
is the restriction to {{ = z;,x = Z,t = t} of a multivariable power
series in (21, (,x,t) centered at the origin of C™"* and with complex
coefficients, which converges on a complex polydisc D, C C™** (or,
equivalently, a complex analytic function on D,.).

NOTATION 7.2. For a complex valued function ez, (, z,t) of m+k
complex variables, which is defined on some set containing the polydisc
D,., define the norm

|€|7‘ = sSup |€(21,C,Ji,t)|.
(z1,¢,z,t)ED,

For an (n — 1)-tuple € = (Es, ..., e,), define
€lr = B2l + - + lealr-
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For a complex valued function p(z1, ..., 2,, w1, . .., wg) of n+k complex
variables, which is defined on some set containing the polydisc A,,
define the norm

Ipll- = sup |p(Z, @)|.
(Z,W)eA,

With this notation, we can further assume r > 0 is small enough so
that |€(z1, (, x,t)], is finite. Given € with degree > 4, the eventual goal
is to find some 7, 0 < 7 < r, and a holomorphic map 7 : Az — C"**, so
that the transformation (Z,w) = (2, %) + p(Z, W) is a biholomorphism
with domain A; taking M to M with the algebraic normal form (76).
That is, if (Z, W) € Mn Ay, then (Z, W) satisfies (76). However, for now
we are only looking for p’that is a solution of (84-88).

Some steps of the Proof of Theorem 7.6 will decompose series into
subseries and their complex conjugates, where these preliminary Lem-
mas on the |e|, norm will be useful.

LEMMA 7.3. Given 0 < R < r and complex coefficients fi1K & gtk

’ Z oK 2 G

and for complex x and t with |x,| <7, |[to| <7, a,b=0,1,2,3,...,

if

<K

Z gabIKxItK < Z fabIKxItK ’
LK LK
then )
Kr
abIK _a b I, K
2 CCxt ’ < —
’Zg 16 R~ (r—R)?
[ |

This is Lemma 5.3 of [Cg], the Proof of which uses Cauchy’s Esti-
mate and the geometric series formula.

In the applications of the Lemma, for each pair (a,b), the coeffi-
cients g™ will either be zero for all I, K, or equal to f*¥ for all I,
K, so the estimate in the hypothesis is satisfied.

NOTATION 7.4. On the complex vector space of formal power series,
define the following real structure operator:

e — Z eabIKZ(lszxItK e — ZmCazll’xItK.
The special case h +— h of this operation appeared in Section 4.

LEMMA 7.5. Given r > 0, the restriction of the above map to the
subspace {e : |e|, < oo} is an isometry. B
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This is Lemma 5.5 of [Cg].

Of course, this map is a representation of complex conjugation:
given a series e(zy, z1, x,t) for real x and ¢, which complexifies to e =
e(z1, ¢, z,t) for (21,(, z,t) € D, for the purposes of finding its norm as
in Notation 7.2, expanding e(z1, Z, x,t) as a series in (21, Z, x,t) and
then complexifying gives €' = €/(z1,(, z, ).

THEOREM 7.6. For eachm = 4,6,8, ..., andn satisfying %(n—i— 1) =
m < n, there are nonzero polynomials CL(.,.,.,.) and C%(.,.,.,.) with
real, nonnegative coefficients such that for any 0 < R < r, and any
é(z1,C, x,t) convergent on D, with |é], < oo and degree d > 4, there
erists

ﬁ(gau_j) = (pla"'apnapla"'apk>T
which 1s convergent on A,, and solves the linear system of equations

(84-88), and satisfies: Py = ... = P, =0, Pi(t) = Pi(t) for real t, and
such that
max{||pillg; - .-, [pallr; [ 1]l r}
1 1. CA(rR,:L+%)
< Ot R - = _m\ 7 ) R .
S R =l

PRrOOF. First, notice that if pl(z1,...,2,, w1, ..., wg) is a formal
series solution of (84-88), it does not follow that p'is convergent at any
point (other than the origin). For example, with any component p;,
the series expressions p;(Z, ) and

(89) pj(,?, U_j) + ((Zl + 29 4+ twy + iZ§)2Zn_1 - ZZ) . Q(Z, ’(17)

are formally the same when restricted to 2 as in (88) and @ = ¢, for any
(possibly divergent) series Q. So, if one formal solution j exists, then
there exist infinitely many divergent solutions. There may also exist
formal series solutions that are convergent only on some neighborhood
of the origin much smaller than that claimed in the Theorem.

Continuing with the abbreviations z = xo, ..., xpm_1, t = t1, ..., s,
and also using z = 2,...,%n_1, and multi-index notation 2! and
w¥ = wi‘l x -w,lj’“, the following choice of normalization will simplify

the construction of the solution p satisfying the claimed convergence
and bounds:

pl(»?, 117) = p1(2’1,272’n—17w)
p;(Z,w0) = pf(zl,z,zn_l,w)+znp§)(zl,z,zn_1,w’), j=2,...,n—1
pn(_’; U_;) = pf(zlaz7zn—lau_j) +ang(zlaz7zn—l7u_;)

—i—pﬁ(z, Zmy e ey Zn—2, W).
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Note that pL is the only term in the above expressions that depends on

Zmy -+ - Zn_2, and we will further assume that the quantity p’ is linear
in 2y, ..., 2_o:
n—2
PE(2, Zm e ooy 2o, W) = Zpif(z,w) 2.
T=m

The first component p; does not depend on z,, and the remaining
components, p;, have some terms not depending on z,, labeled p]E , and
other terms which have exactly one linear factor of z,. The pf and pjo
terminology corresponds to even and odd powers of z; which appear
after the substitution of (88) into p. The choice that p'has at most linear
terms in 2, = (Ta(r—m2) Hi%a(r—mi2)+1) 21 and z, = (21 +Ta+it +ix3) 2
is made to avoid high powers of the non-monomial quantities, since any
multinomial coefficients in the series expansion of p{(Z, w) could be large
enough to affect the size of the domain of convergence.

The exact formulas for the claimed polynomials C}, and C?, are not
important, it will be enough that they depend only on m and not on d
or & and that (r — R)™2 is the only (nonzero) power of r — R. These
properties will follow from the choices made in the construction of p;
and from estimates calculated in the course of this Proof.

We begin with (86), the e,_; equation of system (84-88), and apply
the normalization condition on p to get the linear equation:

(90) 0 = en1(2,21,2,1t) —|—p5_1(zl,x, Ef,t)
+(21 4 @2 + ity + ia3) 20 (21,3, 2, 1)

_251]91 (Zla z, E%v t)

If the series expansion of e,,_; had only even powers of z;, then it would
be a simple matter to compare the coefficients of e, (21, z1, z, t) and
pZ (21, 2,72,t), and get a solution of the equation with p& | = p; = 0.
The odd powers of 2, in e, _; make the p? | and p; quantities necessary
to solve the equation.

The consideration of the terms of the components of the given quan-
tity € which are even or odd in z; follows the general plan for com-
parison of coefficients from [Beloshapka], [C,], [C4] in other normal
form problems for CR singularities, and from analogous calculations in
[Whitney;] for singularities of differentiable maps. We will also use
some subseries decompositions, rearrangements, and add-and-subtract
tricks, as in [Cs], [Cg], to get the given terms of € to correspond to
the available terms of p’'in (90). In fact, e,_; will be decomposed into
more subseries than necessary just to solve Equation (90); the plan is
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to organize the solution p; into pieces that will be convenient for the
later solution of Equation (87).
First, decompose e,,_; into even and odd parts e,_1.4, €,-1,8, €n—1,c:

2: abIK _azb, 1K
(91) €n—1 = €h—1 #1741 T = €n—1,A + €n—1,B + €n—1,C,
ablK _a b T/ K
€n-1,A = E €n_1 21212t
b even
abIK _a b, I K
€n-1,B = E €pho1 2121TT
a even, b odd
abIK _a b, T K
en—1,c = g €p_1 2121 T
a, b odd

Since these subseries can be found by averaging, there are the esti-
mates:

len—1,4]r
1
= §(€n—1(zlagax) +€n—1(217_<7x)) < ‘en—1’r7
r
‘en—l,B’r
_ en—l(zla Cvx) — €n_1(2’1, _wa) + en—l(_Zh Cvx) — en—l(_zlv _wa)
4 r
S ‘en—1’r7
|6n71,C|r
_ enfl(zlp Cux) - enfl(zlu _Cux) - enfl(_zh Cax) + enfl(_zla _Cvx)
4 r
< |6n71|r-

Since the x5 and x3 variables have a distinguished role in the nor-
mal form, we will index them separately and use the multi-index J to
denote 27 = ' -2} In the (m,n) = (4,5) case, there are no
such variables, but to avoid changing notation for this case, we can

just assume J = 0 and 2’ = 1 in the calculations that follow.
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The e,_1 p subseries is further decomposed:

(92) €n—1,B = €Epn—1,D + €n—1,F +éen1 ya +éen1 .G + €n—1,H + €n—1,1,
abcdJK _azb .c .d J; K
€n-1,p = E Cpo1 2121 Tox3x T
a even, bodd, d >0
abcOJK _a=b .c J; K
en-1,E = E €ho1  R121Tyx
a even, bodd, b > 1
alcOJK _a = K
Cn_1,F = E en G A ST o’
aeven, a >0
V10K = e 3 K
€n-1,G — e, 1Tt
c>0
OIOOJK— J K
en—1,H = g €n—1 t
J#0

01000K
€n-11 = E €,

(The exponent and summation index ¢ is not to be confused with the
symbol d used to denote the degree of €.)
Each of these subseries can be estimated in terms of |e,_1 gl

’enfl,D‘r = ’enfl,B('zla Ca x, t) - enfl,B(Zla Ca X2, 07 Tayeoos Tn—1, t)‘r
S 2|en—1,B|7"
Let f,—1,4 denote the formal series
en_LB(zl, C, T, O, Tayeo oy Tm—1, t)
C Y
which extends to a holomorphic function f,_; 4 on D, since e,_1p

is odd in ¢. Using the notation D} = D, \ {¢ = 0}, the maximum
principle, and the Schwarz Lemma ([A]),

fn—l,A(Zlv Ca z, t) =

|f 1A| = Sup enflvB(Zl7C7l‘27 07$4,-..,$m,1,t)
e (2,¢,x,t)ED} g
‘i’ sup |en—1,8(21,¢, 22,0, 24, . .., Tpe1, t)|

< sup [cl<r
(2.¢,x,t)eD;: I<|
1

< —|€n—1,B|r.
r

From

enfl,E(Zla Ca x, t) = C : (fnfl,A(Zla Ca x, t) - fnfl,A(Zla O, x, t))a
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we get the estimate |e,—1 g|r < 2|en—1 pl,. Similarly, from
en—l,F(zla C) x, t) = C : (fn—l,A(Zh 07 z, t) - fn—l,A(07 07 X, t)))
we get the estimate |e,_1 p|, < 2|e,—1, 5], from

en—l,G(zla C,ZL’,t)
- C : (fn—l,A(()? 07 X2y Tm—1, t) - fn—l,A(07 07 07 07 Lgyoo s Tm—1, t)))

we get the estimate |e,_1 ¢|r < 2|e,—1,5]r, from

enfl,H(Zla Caxat)
= C . (fn—l,A(Oy 0, O, 0, Tay.ooyTm—1, t) — fn—l,A(Oy 0, O, 0, O, ey 0, t)),

we get the estimate |e,_1 g|, < 2|€,—15|r, and from
enfl,l(zla Ca x, t) = Cfnfl,A(Oa 07 O: 07 O: ey 07 t):

we get the estimate |e,—1 1], < |€n—1.8]r
The e,,—1 ¢ subseries also decomposes into parts:

(93) €n—1,c = €n—1,J+ten_1K,
_ abcdJK _a=b_.c_.d_J; K
Cn-1,] = g €1 R1ZXyx32
a,bodd,d>0
o abcOJK _a=b _.c J;K
en—-1LK = Z (AR Al A
a, b odd

with each subseries estimated in terms of |e,,—1 ¢l

len—1glr = len—1.0(21,C 2, t) —en—1.0(21,(, 2,0, 24, .. ., Tyt )|
< 2lep—1.0lr

len—1klr = len—1.0(21,( 2,0, 24, ..., Tip—1,t)]r
< len—1,0]r-
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These two

€n—-1,0 =

€n-1,L =

Cn—1,M =

€n—-1,K =

Ep—1,N =

€n—1,0 =

enfl,P -

€n-1,Q =

€pn—1,R —

€n-1,85 =

€n—1T =

En—1,U =

UNFOLDING CR SINGULARITIES

series are further rearranged:

€n—1,L — €n—1,M,
g e“deJK 2y lzf lxgxg TK (21 + xo + ity + ix%)il
a,bodd,d>0
E eff"ﬁ”Kz‘f 12’{3:5953 JK. (w9 + ity +i23),
a,bodd,d>0
€n—1,N — €n—1,0 — En—1,P — €n—-1,Q
—€n—1,R — €n-1,8 — En—1,T — En—-1,U,
abcOJK _a—1zb—1 _.c J; K . A
g eX R 2T T ws - (2 + xg ity +ix3) 2
a, b odd

achJKalchK . 2
§ en 2 sttt - (ix3)

a, b odd
g eff’c?JKz‘f 12’1’3:5 JK (9 + ity)
a,bodd, b>1
1e0JK ja—12 .c I K :
E el R R sttt - (g + ity)
aodd, a>1

Z ellcOJK— .Tgl'JtK . (33'2)

10K 5 e I K  (
E e, 1 nwsrtt - (ity)
c>0

Z eilf)?JKilitK . (Ztl)
J#£0

The Schwarz Lemma gives an estimate for e,,_1 a7, and similarly for
en—1.0, where this time D} denotes D, \ {z; = 0}:

To + itl + Z.T%

En—1,M = —enfl,J(Zla z1,T, t)
21
_ t
len—1.m|r = sup|(z2+it; + w?,}) en-1,7(21,G, 7, 1)
D <1
z
M sup ’enfl,J(Zla Ca z, t)’
2 r |z1]|<r
< (2r+7r7)sup
Dy |21
S (2 + T)‘enfl,J‘r'
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2
i _
en-1,0 = Z—Sen_l,K(217zl7'r7t)
1
_ t
= |en—10/r = sup (ix§)€” Lk (21,6, 2, 1)
D; 1
z
% sup |ep—1,x(21,¢, ,t)|
< r’sup i< < 7rlen—1,xlr-
Dy |Zl|

For estimates on the remaining terms, we introduce the expression

en—l,K(zh Cu z, t)

fn—l,B - ZIC bl

which can be estimated using two applications of the Schwarz Lemma:

_ t
(94) fo-18lr = sup en-1i(e1, 6, 7, )'
(z1,¢,x,t)EDE* ZIC
z
u sup ’enfl,K(Zlagaxatﬂ
r |z1]|<r
< sup
(Zl,C,I,t)ED;‘* ”ZlHC’
sup [ sup fe 1, ¢, 1)
1 lzal<r | T I¢l<r
< - sup
T (21,¢,z,t)eDx> |C|
1
S ﬁ‘enfl,K‘r-

In some of the above steps, we restricted to the open subset D}* =
D, \ ({z1 = 0}U{¢ = 0}), again to avoid division by 0 but not affecting
the sup by the maximum principle.
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en1.p = (v2o+it1)C - (fu-1.8(21,C 2, t) — fao1,8(21,0,2,1) =
len_1plr < 2r%(| fac1Blr + [ foo1.8lr) < 4len1.xl|r

en-1.90 = (r2+1it1)¢- (fu-1,8(%1,0,2,t) — fro1,8(0,0,2,t) =
len—10lr < 20%(|fuciBle + [ fom1slr) < 4len1klr

en-1r = 220fn-15(0,0,2,t) =
len—1.rlr < 7“2|fn—1,3|r <len-1.5lr

en-1s = (it1)¢ - (fn-1,5(0,0,2,1)

—fn-1.8(0,0,0,0,24, ..., 2m_1,1)) =

len—1.5 < 7"2(|fn—1,B|r + | foc1.Blr) < 2|en—1.xlr

en—1r = (it1)C - (fn-1.8(0,0,0,0,24,...,Zm_1,1)
—fn-1,8(0,0,0,t)) =
len—17]r (| fae1,8lr + [ fum1,8lr) < 2len—1,klr,
en1v = (it1)Cfn-15(0,0,0,t) =

7"2|fn—1,B|r <len—1.xlr-

IN

|€n—1,U|7‘

We also make a more specific choice of normalization of p; (2, W) as
follows:

DP1 = Dia+PpiB+Dpic +DPip T Pie +Pir + Pic

. auJBK o N _p T B K
Pia = E Pia Rl RoR3% Zp W
a even, >0
- al0IBK o A, T B K
PiB = E PiB R1Ro% Zp W
«a even, a > 0
. 0MNOJBK A\ _J_#3 K
pPic = E Pic Ro R Zp W
6>0
0NOJOK A T K
Pip = Z Pip AR
A>0
000J0K _J, K
Pie = E P1iE 2w
J#0
_ 00000K , K
Pir = E Pir w
. al0JBK o N\ _J_ 5 K
Pic = E Pig Rl 7% Zp W .

o odd
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Now we can re-group the RHS of (90) to get the equation:

(95) 0 = e, a+pr,—22Dg
teno1,L + 1y + (21 + @2 + ity + ia3) 7Dl
+€n—1.D — €n—1,M — €n—1,0 — 2Z1D1A
+en—1,E — €n—1,p — 2Z1P1B
+en_1,F —€n_1,9 — 2Z1D1c
+en-1,6 — €n—1,R — €n—1,5 — 2Z1P1D
+en—1,H — €n—1,7 — 2Z1D1E

+en—1,1 — en—1,U — 2Z1P1F,

with like terms in each line, so that setting each line equal to zero

gives, by inspection, a unique solution for p¢ , and py4,...,p1r. The

quantity p;g will be found later and then pZ | can be determined.
We record the estimates for the solved terms, beginning with p¢ ;:

€n—1,L + €n—1,N
(21 + o + itl + i.T%)El

pq(z)—l('zl?xv 2%?” - -

I B e ¥ QU e K )
2121 2121
en—1,0(21, ¢, @t
— W(an g - ool
= ||pg—1|‘7‘ = sup |pg_1(zlu$7§27t)|

|z1]<r| 20| <r,|C2| <2, |ta|<r
en—l,C(Zh Ca xz, t)
sup -

|z1|<r,|zo | <m,|C| <1, ta|<T ZIC

1
_yenfl,C‘r
7«2

(96)

IN

= HZnPSAHr < Hanerg—lHrg(3“’7&)’67171’7“

The above step (96) uses the Schwarz Lemma twice, in steps similar
to (94). The following calculation uses the Schwarz Lemma again, and
also Lemma 7.5, and later calculations with similar steps may use these
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Lemmas without mention.

N (6n1,D — enf_l,M — enl,o)
221
e/ _ e/ _ e/
— pua(aa, () = DT B0
221
1
= |paallr < o s=(len—1,plr + len_1ulr + €1 0lr)
1
< 5, Clen-vplr + 2+ 7)len-1lr +7len-1xlr)
3 3
S (_ )‘enfl‘r'
_9 €n—1,E — €n—1,P
t) =
plB(217x7 215 ) ( 221 )
el —é
= plB(Zlax7C27t) = 17E221 n-LP
1
= ||pisllr < o —(len_1glr + e 1plr)
1 3
S 2_(2’671 1B’ +4‘en lK‘ ) _yenflyr'
T
) €n—1,F — €n-1,Q
t —
p1c(21,33, 215 ) ( 2%, )
el —e
- p10(217x7C27t) = 221 L@
1
= |Ipicllr < o —(le),_ L + ey, Lolr)
1 3
S 20 (2’611 1B’ +4‘en lK‘ ) _yenflyr'
T
plD(Zl,x,E%,t) _ (en lG_en 1R_en 15)
e ’_ e
— plD(21,$,C2,t) _ 7121,R 1,8
21
1
= |pipllr < Q_T(‘eiz—l,G’T—i_’eiz—l,R‘T_‘_‘e;’L—l,S‘T)
1
< 5(2|€n—173|7’ + |€n—1,K|r + 2|en—1,K|r)
5
S _‘enfl‘r'

2r
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! /
— pi(z, 7, A1) = enlvHQ;lenl,T
= |pel. < 2_17°(|€;_17H|r+|€;z—1,T|r)
<

§(2|6n—1,3|7‘ +2[en1,kxlr) < ;|€n—1|r‘

[ — €y
=2 n—1,1 n—1,U
plF(Zlyxa 217t) = ( 221 )

/ ’
enfl,l - enfl,U

= plF(Zl7x7€27t) =

221
1
= |pirlly < §(|e;_u|r+ |e;_17U|T)
! 1
< 5(’6"*173’7“ + ’enfl,K‘r) < ;‘enfl‘r.

The norm of p; cannot be estimated until we find p;, but the other
terms can be combined to get:

(97) pia+ ...+ piF
1 / /

= 2—21 (en—l,D +too e — 621—1,1\/1 - (6;_170 +...+ e;l_LU))

. . /!
1/, , Ty + ity + i3
— e, 1p—€1u— | ——en1x
221 n—1,B n—1,M 21

—  pra+...+pirl-
<

1 1 1 2r +r?
o 1tn—1]r —(2 2 n—1|r B n—1|r
lenily + 522+ 12len-1ls + 5= T eni]
7T 3
= (2_T+§)|€n—1|7"

The next step is to consider Equation (87), and to solve for the
unknowns p,,, Pi, pig, p2, and p3. The unknown quantities po, ps also
appear in the o = 2, 3 cases of (84), so we will need to consider a system
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of three equations:

0 = Es(z1,z1,2,t) + Im(pa(2, 1))
0 = Es(z1,z1,2,t) + Im(ps(Z, 1))
(98) 0 = ez, 21,2, t) +pl (21,2, 21, t)
(21 + mg + ity +ixd)2p0 (21, 2, 22, 1) 4 pE(Z, 1)
—Zz1 - (p1(2,t) + Re(pa(Z, 1)) + iP1(t) + 2izsRe(ps(Z.1)))
—(p1(Z,1) - (21 4 @2 + ity +ixd).
Finding the term p;g will finish the solution for p; and then pf ; can
be determined in (95).

Starting with the RHS of (84), the following decomposition of E,
will be used for all c =2,...,m — 1:

Ea = EUA+60'B +60B +€O'C+€O',C+EO',D7

E,4 = 2 : FabIK jazh LK
a, b even
€eB = E EgbIKz1 zlxItK
a > b, a odd, b even
Coc = E EOOTK pagb Ltk
a > b, a even, b odd
EO',D — § EvabII(Z1 1$ItK
a, b odd
= €gE — Eq,F,
€0 E = (21 + 29 + itl + il'g E EabIK 1 b ! ItK
a, b odd
ea,F = (.TQ + itl -+ Z.T%) E EabIK il 1 ItK
a, b odd

The E, 4 piece is simply an even part, so |E, |, < |E,|., and similarly
for the odd part, |E,p|. < |E,|,. The other two subseries satisfy
the estimate from Lemma 7.3: |esplrn < 75 R2|E |- and |e,co|lr <

= R ——=|FEy|-. We re-group some of these subseries:

- S abIK LK
Mme(21,21,%) = €p+ €oc —€or = E mE Lozt

a even, b odd

= - — ablK _a=b I,K
fo(21,21,2) = Eya+eop+o+My = E JORR Lt

b even
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So, for each o, there is a decomposition of the real valued series E, of
the form

(99) EU = fo’ + €6,E +ms — m—aa

where f, is even in z; and m, is even in z; and odd in z;. This
decomposition is similar to that of £, in [Cg).
The estimates follow from Lemma 7.5 and the Schwarz Lemma.:

21 +$2+it1 +2$§E
o,D

|6(7,E|r -

21 r
< (3+47)|Esl,
ims|r = e, g+ eoc —eor|lr < |eoslr + |esclr + leor|r
< 9 " \E, |, + |zo + ity + a3 Eop
e — Ty + 1 s
2r?
< (m +2+ R) |E, |y,
\fole = |EU,A +2e, B + 26;0 — 6:77F|R
4r?
—— + 3+ R |E,,.
((r—R)” i )‘ ol
For 0 = 2 only, we decompose mo = mos + mop:
moa(21, 21, x,t) = Z mgreddE o Zb e pd T 1K
a even, b odd, d > 0
moa(z1,(,x,t) = mao(z1,(,To, 03,24, .+, Ty, t)
_mQ(Zla Ca X2, 07 Tay .oy Tm—1, t)

= |moalr < 2|malg,

Z eI azh e 3K
a even, b odd
mop(21,C, x,t) = ma(z1,(, 22,0, 24, ..., Tpm_1,1)

= |maeplr < |malr.

mop(21, 21, 2, t)

Recalling that the quantities p14, ..., pir have already been deter-
mined in terms of e,,_1, we re-write Equation (98) with the known terms
first (100-101), and introduce some new known quantities by adding
and subtracting (102-103) some of the terms from the decomposition
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of EQ and Egi

100)0 = eu(z1, 21, 2,t) — 21 - (pra+ ... + p1F)
101) —(21 + o + ity +ix3) - (pra+ ...+ i)
)
)

+Zz1 - (img — iy — 2w3ms + 2x3m3)

—1Z1M9y + 121 Mg + 121Map + 2Z1T3ms3 — 2Z1T3M3

+pE (21,7, 23, 1)

(21 4 29 + ity +i23) 21 (21, 2, 22, 1) + pE(Z,1)

—Z1 - (me(Z,t) + Re(pe(2,t)) + P (t) + 2izsRe(ps(Z,1)))
—(p16(Z,t)) - (21 + @2 + ity +i23).

An analogous add-and-subtract trick was used in [Cgl; here it will
eventually lead to a cancellation that allows for the solution of ps and
p3 in terms of e, e,_1, Fs, and Ejs.

To get all the unknown terms to correspond to the given terms, we
continue with a series decomposition of e,,:

As in (91), decompose e, into even and odd parts e, a, €, 5, €n.c:

BIK _a=b, 1,K
en = E e ATt =epatenntenc,
enA = E DK o Zb T
b even
enB = E VK pa b1tk
a even, b odd
enc = g VK o b 1K,

a, b odd
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As with e,_;, each of these subseries has norm bounded by |e,|.. The
en,p subseries is further decomposed:

€n,B = en,D+en,E+€n,F+enG+enH+enla
_ abchKabchK
€n,D = E €, 2121053t
a even, bodd, d >0
_ abc0OJK _a b J K
enE = E €, 212 w5t
a even, b odd, a >0
enp = 2 : (Obe0TK 5b e ) J4K
bodd,b>1
e = 2 : (OI0IK 5 o 34K
c>0
enrr = 2 : (QL00IK 2 T 4K
J#0
ens = 2 :egloongltK

This is not exactly the same as the e,_1 p decomposition (92); the

en,p and e, p terms are defined differently. However, the estimates

are similar: |e,plr < 2|lennlr < 2lenlr, lenelr < 2lenslr < 2lenl:,

and using the Schwarz Lemma, |e, r|, < 2|en sl < 2lenlr, |enclr <

2|6n,B|r S 2|€n|7‘7 |en,H|7‘ S 2|6n,B|7‘ S 2|€n|r7 and |€n,l| S |en,B|7‘ S |€n|r'
The e, ¢ subseries also decomposes into parts:

€nc = €EnJ + €n, K,

enJg = E eabedd K o Zb oy pd T 1K
a,bodd,d>0

en K = § eabCOJKZ%le)xg JtK
a, b odd

and this is just like the e,_; ¢ decomposition (93), with similar esti-
mates: ’en,J’r S 2’€n,C’r S 2‘671‘1"7 ’en,K’r S ’en,C‘r S ‘en‘r'
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To start collecting some like terms in the known quantities, let:

fn,A = e+ 1Z1Mya — 2Z1x3m3
abcdJK _azb, .c_d_ J;K
= E f A zrrsrts = fup — fac,
a,bodd,d>0
bedJK _a—1=b—1 J.K . TN
JnB = E O N w5l t% - (2 + a2y +ity +i2d) 2
a,bodd,d>0
K 1 K . . 9
fro = E f“deJ 1 zll’xgxg T4 - (xg + ity + 123).
a,bodd,d>0
Let:
- - 0bc0JK b, .c . JK
fop(Z1,2,t) = enr — ZiD1c = E n,E Zjx5 T,

bodd, b> 1

and let ¢, 4(C,z,t) = Can(C,x t), so that

foe(Z1,2,t) = 21 - (gn,a + Tn,A) — Z10n A

Let:
fap = enE—Z1P1B — Zi0n,A
abc0JK ya zb,.c . J 4K
= § : n,D 2720252 = for — fog — fnm,
a even, b odd, a > 0
2 : beOJK ja—15b—1,.c /K,
fn,F = fa - a 21 C t (21 + x9 + 1t + 7,33'3)
a even, b odd, a > 0
abc0JK =boc JK .
fng = E IR AT a2 - (20 + i)
a even, b odd, a > 0
abcOJK _a—1zb, .c, .d J; K
fom = E nD A1 Z1TaT3Tt (2x3) Jng = fna,
a even, b odd, a > 0
beOJK a—2=b—1, ¢ d J,K . S9N =
fag = E O M M 0 (i23)- (21 + 2o + ity +i23) 7
a even, b odd, a >0
beOJK ja—2zb,.c..d  J4K, . .9
g = E SRR 2 g aat t (i03) - (2 + ity + ia3),

a even, b odd, a > 0

S0 fn,D = fn,F - fn,G - fn,[ + fn,J'
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Using the Schwarz Lemma and Lemma 7.5 we get the estimate:

(en,E - gplB - CQAA) . (I’Q + Ztl)

fn,G(Zla C,l‘,t) =

21
/
- (e e, o) )
= |fuclr < 2lenrlr +2r|piBlr + 2lenrlr + 2r|pic]:
< Alenlr + 12]en 1],
Let:

_ — 01c0JK = JK
fn,K(Zlaxa t) = €n,Gg — R1P1D = § n, K z 33'2.77 t )
c>0

and let g, p(z,t) = <fn Kk (¢, z,t), so that

1 1
ok (Z1,2,t) = 551 (G, +GnB) + 551 (Gn,B — Gn.B)-

Further, re-arrange the second quantity:

1_
521 : (gn,B - gn,B)
01 OJK J,K
= E dm(f, 7" )25t = gnc — Gn.D — In.E,
c>0
. 10K c—1_ J,K . N

gnc = g iIm( T?JC(OJ Vgt (2 4w 4 ity - iad)E

c>0
gn,D —_ § ZIHl OlcOJK c 137.]th121

c>0
ng = E ZIHl OlCOJK C ll'JtK . (Ztl +2$§)§1

c>0

Note that this last re-arrangement is different from that of e,_; s,
en-11, Eop, frna, fap, and f, g. (A similar step appeared in [Cs].)
Using the Schwarz Lemma and Lemma 7.5 we get the estimate:

¢ z1
gn,p(21,C, 2, t) = 9 (gn,B - QZ,B) .
X2
_ zeng — 21pip — Ceq+ 21CPip
N 25172

5)
— ‘gn,D’r S ‘en,G‘r_'_r’plD’r S Q‘Gn‘r_'_ﬁ‘enfl‘r'

Let:
z 5 § : 0100JK » 4K
fn’L(Zl’I4""7xm_17t):en,H_lelE: ol t

J#£0
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Recall that in the (m,n) = (4,5) case, there are no such terms. For
m > 4, in a manner analogous to (66), this can be re-arranged as:

m—1
fn,L = an,L,Z(zlaxat)a
(=4

_ 0100JK = ,.j4,.J5 Jm—1,4K
Jopa = § ml  ATLTE Tyt
ja>0
- fn,L(zlyxély ooy Im—1, t) - fn,L(Elu O,$5, sy Tm—1, t)? R
_ Z 0100JK = . .je Jm—1,K
f?’L,LJ - TL,L lef Y x?;lzn—l t
7¢>0

- fn,L(zlyoa o .,O,I'g, e 7Im—17t)
_fn,L(zlaoy s ,0,0,l‘g+1, cee 7Im—17t)7 ey

_ 2 : 0100JK =, .Jm-1,K
fn,L,m—l - fn,L le.#;:l t
jm71>0
= me(El,O,...,O,xm,l,t).
For each 7,

’fn,L,f(Caxat)‘r S Q‘fn,L‘r = 2’€n,H - CplE‘r
2
S 2(2|€n,B|7‘+T' ;|€n—1|7’) S 4|€n|7‘+4|€n—1|r'

Of course, there is a smaller estimate for the last quantity, f, rm—1,
but it will be simpler later to treat them all the same.
For 0 =4,...,m—1,let g, pi(z,t) = éfmm((, x,t), so that:

|3

[y

fn,L -

(7]

(25 Gn, 7 2j (T, ) + Toji1Gn F2j+1(T, 1)) 2
2

<
|

3

[y

= (T (gn,m2j41) + 1Im(gn, F25)) - (2o +iT9;11) 21

<.
[\

(Re(gn,r2j) — Im(gn r2j11)) T2;Z1

+
+ (Re(gn,r2j1) + Im(gn,r2;5)) $2j+151) :

Finally, let:

fon(z1,t) = ens — Zip1r = Z fuartE 2zt

and let g, ¢(t) = %fn,M(C, t), so that

~ 1_ 1_ _
fn,M(Zlat) = 5/21 : (gn,G + gn,G) + 521 : (gn,G - gn,G)-
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To solve (100-103), it is sufficient to collect together groups of like
terms from RHS, known and unknown, and to set each group equal
to 0, so that we can solve for the unknowns one at a time. Grouping
together quantities with even powers of z; gives:

0= €n,A —iélmg +2§1ZL‘37TL3 — (21 —f-l’g +it1 —f-ZI%) . (plA 4+ ...+ plF) —i—pf.
This determines pZ, and we get the estimate
Ipr i < lenalr + Rlma|g + 2R?lmg|g

+|(z1 + @ + ity + m%) “(Pia+ - F0E)IR

272
< ‘en‘r‘f‘ (m —|—2+R) (R‘EQ‘r+2R2’E3‘T)

7T 3

Collecting quantities which are odd in both z; and z;, and do not
depend on x3,

0= €n K +1Z1Map — fn,G — 9n,D — z21P16G,
which determines piq:

€n,K — fn,G — 9n,D

¢

plG(Zlax7C27t) = +2ml23

We get the estimate:
1 1 1 ,
(104)|prcllr < ;|€n,K|r + ;|fn,G|T + ;|gn,D|T + Imag| R

7 29 2r?
S _|€n|r + _|en—1|7‘ + (72 + 24 R) |E2|r‘
r 2r (r —

R)
Collecting quantities with (21 + zo + ity + i23)Zz; as a factor,

0 = fn,B + fn,F - fn,] +gn,C _m ' (Zl + a2 +Zt1 +Z£If§)
—l—pg : (21 + 29 + it + il’g)gl.

This determines pg,

_fn,B + fn,F - fn,[ + gn,C pllG

O 2
z1,2,C5t) = . , + =
Pn ( ! C ) (21 + X9 + Ztl + m%){ C
_fn,A + fn,D - fn,H i gn,C
21G (21 + 2o + ity +ix2)C

/ / / .
en,K - fn,G - gn,D . 1Map

- 21¢ ¢
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Since

(21 + 2o + ity +ix3)C 229 %2¢’
these terms cancel in the above expression. (This minor simplification
is not crucial to the Proof.) Expanding this expression, we get an
estimate:

/ ’
gn,C gn,B — gn,B o gn,D

.y I
o €n,J Mg 4 2x3m3
Pn = — T~ -
ZlC 21 21
/
PiB _ Pic
Zlg 21 21
ix2e 2y,
ir3e, i B iT3p1B A Y uTe)
2 2 3 2
21C 21 21 21
/ / .
en,K fn,G 1Mo pB
+ J— —
21 1€ ¢

= HZnPSHR < (B4 R)-[(11+4R)|ey|, + (18 + 6R)|en—1]-

212
+ (7(7“ —Re "t 2+ R) (3R|Es|, + 2R?|Es],.)].

Collecting quantities with (xg; + ixg;41)%1 as a factor,

E

(105)0 = Im (9n,p2j+1) + 1Im(gn r2;)) - (T9; + ix2j+1),§1)

M

j=2
+ Z P (2, 1) - (To(r—mr2) + iT2(r—ma2)+1) 21

The correspondmg terms in the sums match, with j = 7 —m+ 2, again
using the assumption m = 2(n + 1), as in (68). This determines each

pk. and ph = zpk (z,10):

. -l
an,L,2(77m+2)+l an,L,2(77m+2)+l

L
Prr (1) 20007 —m+2)+1 22109 (r—m42) 41
faLo—ms2) . InLo(r—mi2)
B 2C$2(T—m+2) 221$2(r—m+2)
loplal, < 22 (2 |fn,L,2(7’2rn21+2)+1|r to |fn,L,2(2Tr2m+2)|r)
< 16|en|, + 16|en_1],
= HPﬁHr < 8(m —4)(|lenlr + [en-1lr)-
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Collecting some terms linear in z; and otherwise depending only on

t,
1_ S
(106) 0 = S (gn.c — Gnc) — 121 P1(2).
This determines P;(t), and the solution satisfies the reality condition:
Pit) = 5:(onc — i)
1 — 2 gn,G gn,G
1 €n,I € 1
P(3) = — [ _— — !
1 () % ( ¢ Pir 7 +Pir
1 1
[Pillr < =lenlr + =l
r r

Collecting all the remaining terms,

1
0 = en,D - fn,C + Z1'(gn,A + M) + fn,J + 521 '(gn,B + gn,B) - gn,E

—_

|3

+ (Re(gn,r2j) — Im(gn,r2j41)) To;Z
j=
+ (Re(gn,p2j41) + Im(gn,r2))) Toj4171)

[N}

1 ) - __
—1—521 (gn.c + Gnc) + 21 - (img — imy — 2z3m3 + 2x3M3)
—21 . (Re(pg(,?, t)) + Qinge(pg(Z, t)))

The only remaining unknowns are p, and ps, so we move them to the
LHS and divide by Zz;:

Re(ps) + 2iz3Re(ps) = en.0 — fnc j‘ Jng = gnE

21
1 .
(107) +9na+ Gna+ i(gn,B +9nB)
m_y
+ Z ((Re(gn,F,Qj) — Im(gn,r2j41)) g
j=2

+ (Re(gn,r2j+1) + Im(gn.r25)) Toj41)

1 _
+§ (gn,G + gn,G)

+im2 - img - 2x3m3 + 21[’37713.

By construction, several of the above terms, including g’;’lE, or pairs of

terms, are real valued, and the rest are divisible by x3, so setting the
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imaginary parts equal gives

. e — —+
ZIm( n,D fgl,C fn,J

) — 2x3ms + 2x3m3
(108)  Re(ps) =

2i$3

— (en,D_fn,C+fn,J
= Im

— + 1msg — 1mg.
22133'3

From (98) and (99), we have

Im(ps) = —(f3 + e,z + mg —m3),

and combining Re(ps) + iIm(ps), the ms terms cancel — this cancel-
lation is a key step, as mentioned previously when the moy, ms terms
were introduced in (102-103):

Dy = €n,D o e;l,D i fn,C f;z,C fn,J . 7,1,J —’Lf e
3 4’L€ZE3 4i21$3 4’L€ZE3 4iZlI3 4ZC$3 4i211‘3 3 38

= pf(zl,x,CQ,t) + (21 + xo + ity + ix%)(pg(zl,x, ).

We get estimates on some of these terms using the Schwarz Lemma,
and on their conjugates by Lemma 7.5. The ez p term determines p?,
the rest determine pZ.

—ies g —iks3p
109 0 fry ) — 3
(109) bs (21 + 2o + ity + i) 21C
= Hznp30||r < (3 +T)|E3|T'

6n,D < 2|6n|7‘
42<3§'3 R B 4R? 7
To+1 i3
fn,C _ 2t ill+ 2 fn,A
4ZC.CI?3 4ZC.CI?3
. . Cn,J My, My
= t 2y . ) _
(1'2 Tt ng) (4221C$3 42’11[’3 2221
fnC 2 2’671‘1"
T < 2R+ R°) | —52
liczy|, = CRAE) R

27“2 2|E2|7‘ |E3|r
— 42
+((T—R)2+ +R) ( iRz TR ) )
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(z2tit1 +ixd) . . .
fn,g — foH 1y +it; + m% m%

4ZC$3 4’L€ZE3 4i€21$3 21
/ /
én,e  P1B  CnF p1c)

422¢ 422 423 422

= (.TQ + itl + Z.T%)l’g . (

fn] ) 3 ’en’T Q‘enfl‘r
: < (2R°+ R L
dicn|, = PRI TR
‘en’T ’en’r
— Il < Sy oo plied

+(2+ R) (% +24 R) (% + |E3|r>

2 n|r 3 n—1|r
+(2+R)( ‘2‘ + ’erl‘)

42
+ (W +3+ R) | B3],

Returning to (107), setting the real parts of LHS and RHS equal
gives

Re(pg) — Re (en,D - fﬁ,C + fn,J) o 9n.E

21 21

1
+gn,A + 9n,A + i(gn,B + gn,B)

m_y

+ Z ((Re(gn,r2j) — Tm(gn,m2j41)) o

=2
+ (Re(gn,r2j+1) + Im(gn.r2;)) Toj11)

1 _
+§ (gn,G + gn,G)

From (98) and (99), we have

Im(ps) = —(f2 + e2,5 + Mo — M3),
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and combining Re(py) + ilm(ps), the my terms cancel, as before with
p3 and mg.

€n,D + e/n,D i fn,C frlLC fn]

Pr= e T T T 2y 2g+

gn.E 1
— ==t Gpa+ Gpat = (9nB +g;,3)

¢ oAt dat

m
?7 ! /
fn L 2] nL2i  JnL2j+102; fn,L,2j+1f’52j
+ + — - + —
221 22€$2j+1 2221$2j+1

fn,L,2j+1 TIL,L,QjJrl fn,L,2i%2j41 fﬁ,L,2jf’52j+1
+ + : —
QC 221 QZCI'QJ' 22211‘2]'
1 ) )
+§(gn,G + Gng) —ifa —iesp

= pQE(zlaxa C27 t) + (Zl + T2 + Ztl + ng)CPQO(Zl’ Z, CQ’t)'

Again similarly to the above calculation for ps, the ey p term determines
p$ as in (109), the rest determine pZ.

po _ —i€2,E _ —iE2,D
2 (21 + 2o + ity + i) 21C
= lzap5lly < (3 +7)| Bl

The estimates for the e, p, fn.c, fn,.7, fn,re and fo terms are similar
to some previous calculations.

gn,E €n,G Pbip eng plD . . 9
! = 2 —_ — 2 = - (1t
C (QC.TQ 233'2 221172 + 25172 (Z 1+ Zx?))
N E . 1+ R)|en 1
< 2+ Dlends+ (1 Bl
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en.F 2lenl, 3

Ina = c —pic = |gnalr < ia +;\€n71‘r,
en.G 2lenl, 5

InB = c —pip = |gn,B|R§T+2_T|€n—1|T7
€n,I lenlr 1

InGg = T_plF = |gnclr < R +;\€n71\r

— |Ipsllr < 2’;’;’7"+(4+2R)’€g7"
(4 +2R) (277”2 +2+R) (|Eal + R|Es],)
(r — R)? " "
2 2|6n|r 3|6n—1|r

+(4R + 2R") ( ot )

1 d
+2(§ + 1)|en|r + Q_r(l + R)|en-1lr

leale & Slea il + Zlealy + lens
S 16nlr —1€n—1|r S lEnlr o 1€n—1|r
R r ! R 2r !

1 1
+8(m — 4)(lenlr + len-1lr) + ﬁ’en’r + ;’enflyr

472
+ ((7“—73)2 +3+ R) | Bl

This completes the solution of the system of equations (98). From
(97) and (104), we can conclude that p; = pia + ...+ p1r + p1c has
been determined in terms of e, 1, e,, and Fs, so that

18 3 7 272
Ip1llr < (7 + 5) len—tlr + lenlr + ((T—i? T2+ R) | Ealr-

R)
From (95),
Py = —en1a+22DPic =
272
E
Hpn—IHR < 3O’€nfl‘r + 14‘en‘r + 2R (m +2+ R) ‘EQ’T.

If (m,n) = (4,5), we are done, all the equations have been solved. Oth-
erwise, the remaining equations from (84-88) can be solved in blocks
of three. The details of the calculation are similar to those in Theo-
rem 5.6 of [Cg], and simpler than the previous subsystem (98). For
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T=m,...,n— 2, the three equations to be solved are:
(110) 0 = E2(77m+2) (Zlu Z1,, t) + Im(pQ(TferZ) (Z, t))

0 = EQ(T—m—i—Q)—l—l(Zlazl?xat)+Im(p2(7'—m+2)+l(gyt))
A1) 0 = e (znzet) 4 pi(20)

—pl(zi t) : ($2(T—m+2) + i$2(r—m+2)+1)
—Z1- (Re(pQ(T—m—I—?)(gv t)) + iRe(p2(T—m+2)+1(ga t)))

We start by collecting some known quantities. Let

fT(Zla 217 xZ, t) - 67’(217 217 X, t) — D1 (Z, t) ' (xQ(T—m-i-Q) + ix?(T—m+2)+1)7

so that

1 3
’fT‘R < ‘67’R+2R((—+_) ’enflyr
T 2

7 272
— — +2 E
+T|6n|r + ((T— R)2 + +R) | 2|r) )

and as in (91), decompose it into even and odd parts:

fro= ) FA AN = foa+ fop + fro
fea = > fepaS

b even
abIK _azb, I, K
frB = E 2zt
a, b odd
abIK _azb, I;K
frc = E Azt

a even, b odd

The same bound holds for the even and odd parts: |fralr < |f+|r,

\fr.Blr < |f+|r, and | fr8|r < | fr|R-
Then, adding and subtracting some known quantities to (111), as
in (102-103), and using the normalized form of p,, gives:

0= fra+ frp+ frc
+pE (21,2, 22 ) + (21 4 2o + ity + i22) 210 (21, 7, 22, 1)
+21 - (1Ma(r—mt2) — TM2(r—mt2) — M2(r—m+2)41 + TM2(r—m+2)+1)
—1Z1Mo(r—my2) T 121Mo(r—m2) + Z1M2(r—m+2)+1 — Z21M2(r—m12)+1
—Zz1 - (Re(pa(r—m+2) (7, 1)) + iRe(Pa(r—mi2)+1(2, 1))
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Let:
GraA = [rB —1Z1MoG_myi2) T 21T —mi2)11
= Z gPE AR = .5 — grc,
a, b odd
grp = > ¢TI AT (2 g it + i)
a, b odd
grc = Z g AT R - (g + ity + i),
a, b odd
SO
|9¢,C|R = Z—lgT,A
R
S (2 + R)HfT‘R
2r?
+R (7“ _ R)2 +2+ R (‘EQ(T—WH-?)’r + ’EQ(T—m+2)+1’r>]-

Then (111) can be solved by comparing like terms. Grouping to-
gether quantities with even powers of z; gives:

0= fra — 1Z21Ma(r—m+2) + Z1M2(r—m+2)+1 + pE,
which determines pf, and
o7 ||
< |filr+R (

272
(r — R)? T2+ R) (| Bar—m+2)|r + [ Bar—m+2)41lr)-
Another group is
0=gr5+ (21 + 2o+ ity +ix2)51p% (21, 7, 72, 1),

which determines p?, and

po B —gr, A fT,B Z.mQ(TferQ) +m2(77m+2)+1
T 2121 2121 Z1 Z1

= |27l
<

a1+ 1) (gl

1 2r?
+§ (m +2+ R) ([ Ea(r—m+2)lr + ’E2(T—m+2)+1\r))-
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The remaining terms are:
0 = fT,C — gr,c
+Z1 - (iMa(r—mt2) — TMa(r—mt2) — Mo(r—m+2)+1 + T2(r—m+2)+1)
=21 - (Re(pa(r—m+2)(%,t)) + iRe(pa(r—m+2)+1(Z, 1))).

Dividing by z; and considering the real and imaginary parts,

Re(pagr—m+2) (2, 1))
Jrc— grc n frc —Grc
2z 22

Re(pa(r—m12)11(2,1))
Jre —grc Jrc = 9rC

= — . + 1Mo(r—mi2)4+1 — 27 —mi2)+1-
2171 2121 ( ) ( )

+ im2(7’—m+2) - im2(r—m+2)7

From (110) and (99), we have
Im(pQ(TferQ) (27 t))

= —(fotr—m+2) + €2(r—m+2),B T Mo(r—m+2) — M2(7—m+12))
Im(pQ(T—m-i—Q)—l—l (57 t))

= _(f2(77m+2)+1 + €2(r—m+2)+1,E T M2(r—m+2)+1 — m2(77m+2)+1)'

Combining the real and imaginary parts of pa(;—m+2) and por—m2)+1,
the m terms cancel, as before with p, and p3, to give:
P2(r—m+2)
= p2E(T—m+2)(Zla x, (% t)
+(21 + xo + ity + ix%)@pg(Tme)(zl, z, (%)

TyC - gT7C 7,-70 B ;70 )y )
f fro—9

Po(r—m+2)+1
p2E(r—m+2)+1 (21,7,¢% 1)
—|—(21 + 2y + 0t + il’g)gpgo(Tfererl(Zla €, C27 t)

/ /
 fre—9re Jre—9re .
= ; - - - Zf2(T—m+2)+1 — 1€(r—m+2)+1,E-
2iC 2121

Similar estimates hold in both cases, 0 = 2(1—m+2), 2(1—m+2) +1;
the e, p term determines p?, and the rest of the terms determine pZ.

As in (109),
Hznngr < (3+7)|Esl,
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and
2

.
——— +3+ R |E,|.
k)

The claimed estimate from the statement of the Theorem follows;
it is possible, but not necessary, to explicitly calculate the polynomial
expressions C} and C2,.

1 1
2l < e+ glonclat (

REMARK 7.7. The Proof of the above Theorem can be modified to
apply to the degree d = 3 case, as discussed in Remark 6.6, to estab-
lish the existence of a holomorphic coordinate change that eliminates
all cubic terms depending on t in (75), leaving only the cubic term
izy22, and possibly changing the O(4) terms. In the nonlinear system
of equations (80-82), if d = 3, then the solution p3 may have linear
terms of the form ) r¢t,, as remarked in (83), or as follows from the
construction of the above Proof, where terms of the form z;x3t, in e, p
could contribute such real valued linear terms to ps, from (108). In this
case, the term —iz; - (Re(p3(Z,t)))? from line (81) can have degree 3
terms, and so it cannot be included among the higher-degree terms
that are neglected to arrive at the linear system (84-88). The only
needed modification to the above Proof is that the degree 3 part of
the nonlinear, but purely imaginary, quantity —iz; - (Re(ps(Z,1)))? is
inserted into Equation (106), to get:

(112) 0 = %El . (gmG - M) - 2'21 . (Z Tgta)2 - Zglpl(t)

Then, while p3 eliminates terms in e, of the form Zzxst,, there still
exists a weight 2 solution P;(t) of Equation (112) that eliminates the
terms of the form z;t,13.

COROLLARY 7.8. There is a constant ¢; > 0 (depending only onm),
such that for any p and € as in Theorem 7.6, and any radius lengths p,
r with % < p<r <1, the following hold:

Cl‘ar
max{ || Pi[[p; [p1llps-- - [[Pallo} < =2

clel,
p} =)

Cl|é1r
p} ==

dP1 dpg
R o R { 2

dP1 - dpg
ﬁ%{'dwa 2 |,
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PROOF. Let R = (p + 7). The bound on each p; follows from
Ipjll, < |lp;llr and the bounds from Theorem 7.6: using 3 < R <
r<1< % < L < 2, the quantities C, and C? are bounded above

R
by some positive constant (depending on m), and (r — R)™? satisfies:
16 < (r_lR)Q = (r_4p)2. The bounds for the derivatives of p follow from

this consequence ([A]) of Cauchy’s estimate:
If 0 < Ry < Ry and f((¢) is holomorphic and bounded by K for
[¢] < Ry, then & is bounded by £ for |¢] < R,.

R1—Rs

This fact can be applied with K = ||p¢||r or ||Pi||r, and Ry —
Ry=R—p= %(T — p) for the z1, ..., 2,1 and wy, ..., wy derivatives,
Ri— Ry = R*—p* > R—p = i(r — p) for the z,_; derivatives,
Ry — Ry = 2R?> — 2p*> > r — p for the z,,,...,2,_ derivatives, and
Ry — Ry = (3R*+ R®) — (3p® + p*) > L2(r — p) for the z, derivatives.

Of course, some derivatives can be given sharper estimates, for ex-
ample, dP;/dz; = 0 by construction, but it will be simpler later to
treat them all the same. i

The lower bound r > % was important for the previous Corollary,

but it is not a significant a priori restriction on the manifold M. By a
real rescaling:

(113)(Z, W) —
(al'zl? a1z, \/a_lz37 A1245 5 A1Zm—1, (a1)2zm7 R (a1)2zn7 aj - u—)")j;

a; > 0 (a special case of (12)), the equations (75) can be assumed to

define M for |z;| < 1, |z,| < 1, |[ta] < 1, and, further, for any ny > 0,
there is a rescaling making |e]; < 7.

7.3. The new defining equations and some estimates.

To get a solution of the nonlinear system of equations (80) by iter-
ating the solution of the linear system, the rapid convergence technique
will apply, closely following the methods used by [Moser| on a different
CR singularity problem. Each step along the way to a proof of Main
Theorem 6.5 is stated as a Theorem.

Substituting the linear equation’s normalized solution p’ from The-
orem 7.6 into Es, ..., e, in the RHS of the nonlinear equations (80-82)
gives a quantity ¢ depending on 21, Z;, x, t. Equation (82) is satisfied
exactly by the P; constructed in Theorem 7.6, so for now, only (80-81),
where the solution of the linear equations is merely an approximation
to a solution of the nonlinear equations, will be considered. Let
(114)

Z=(21,2, ..., (Tor—mt2) TiT2r—mt2)+1) 215 - - - » 21, (s +wotity+ia3) z) T
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as in (88), let
(115) Z+¢é = (21,29 +iFy, ..., Ty 1+ iE, 1,
o (Ta(r—m+2) F 1To(r—mr2)+1) 21 + €0y
234 en_1, (21 + 2 + ity +ix3)7 +e,)T,
as in (79), and then define ¢(z1,z1,2,t) = (Q2y- -+, Qu1,Ums - - - n)
by:
(116) Q, = Im(p,(Z+ € t) — py(Z,t))
(117) ¢ = p(Z+ét) —pr(Zt)
—(To(r—mt2) + iTo(r—mi2)11) - (P1(Z+ €, 1) — p1(Z,1))
—Z1Re(Par—m+2)(Z+ €,1) — Po(r—m+2)(Z, 1))
—iz1Re(pa(r—mi2)41(Z+ €,1) = Par—ma2)11(4, 1))
—p1(Z+ €,t) - Re(pa(r_m+2) (Z+ €, 1))
—ip1(Z+ €,t) - Re(po(r—m+2)+1(Z + €, 1))

—

(118) ¢u—1 = ppa(Z+€.t) — pp_1(Z,1)

(119)  gn = pa(F+E 1) = pa(Z1) — 21 - (1(Z+ €1) — pi1(F,0))

—22'211'3R€(p3(_)+ é: t) — p3(7?, t))
iz - (Re(ps(£ + €.1)))?
(21 + 2o + 1ty + 1w )(p1(5+ €,t)—p1(5,t))
t

(2izsRe(ps(Z+ €,1)))

(i(Re(ps (2 + €.1)))%).

To outline the role of ¢'in the argument, the next step (Theorem 7.10)
will suppose p(z1, ..., 2n, w1, ..., w;) is complex analytic on A,, and
€] is small enough so that (Z,t) € A, = (Z+¢€,t) € A, and so ¢
is a real analytic function for (z1, z1,z,t) € D,. The quantity ¢ can be
thought of as an analogue of the RHS of Equation (23); it is the higher
degree part of the new defining equations, but expressed in terms of
the old coordinates. If ¢(z1, z1, z, t) happens to be identically zero, then
the manifold M has been brought to normal form by the functions p.
Otherwise, the degree of ¢ is at least 2d — 3 by the construction of
the solution p, and defining ¢(z1, ¢, z,t) by (116-119), with ¢ formally

)

_@- (Re(pa2(7 + €,t)) +iPi(t))
) -
)
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substituted for z; and allowing complex = and ¢, the norm |g], can
be bounded in terms of the norm of €. Then later, in the Proof of
Theorem 7.14, converting ¢{z1, Z;, x,t) into an expression in Z, %, T,
t, and equating it to the Z polynomial expression in (78) gives the
defining equations of M in the (Z,w) coordinate system, in analogy
with the substitution in the next step after Equation (23).

The N = N case of the following Lemma is proved in [C4] (Lemma
4.1.).

LEMMA 7.9. Let f = (f1,..., fx) :Dr — CY be a holomorphic map
with

N

max g su
. N p

/=1 ZGDr

Then, for Z = (Zy,...,2x), Z2' = (Z},..., Z)) € Dy,

N N
Yl Z) = fu2) < K125~ Z)).
= i

< K.

dZ()

THEOREM 7.10. There are some constants co > 0 and 61 > 0 (de-
pending on m) such that if% <k <r<l1, andé€is as in Theorem 7.0,
with |€], < 61(r — k), then

|—1K < CQ‘a .
(r—r)

PROOF. Let p = 1(r+ k). Note that if & < 3, the formal series for
¢ is convergent on D, since for (z1,(,z,t) € D, C D,, |z, +iE,| <
K+01(r—r) <k+(p—kK)=p, ’(x2(77m+2) + i$2(77m+2)+1)g +er| <
2%+ (p—k) < 26*+(p—k)(2(p+k)) = 2p?, and similarly [(*+e, 1| < p?
and |(z1 + zo + ity +i23)C +e,| < 3p* 4+ p?, s0 (Z+€,t) € A,, which is
contained in the domain of 7 by Theorem 7.6. The N =n+k, N = 1,
D, = A, case of Lemma 7.9 applies to p, : A, — C, with

max dpy < K = ﬂ
j=1,em, a=1,...k N (r—p)3

dw,
by Corollary 7.8, and Z = (Z,1), 7 = (Z+€,t) € A,, so the conclusion
is:

dpe
de p’

lpe(Z+ € t) —pe(Z,t)] < K(|Es|,+---+lenlr)
cilel, 8ci el 2¢i el
i anE R s
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This provides bounds for the differences that appear in (116-119), and
the remaining terms are the products, where we can also use % <k <
p < r <1 and the bound of Corollary 7.8 on the p, and P, factors. For
example, in a case of (117) where m > 4, part of the expression is the
product:

(D2(r—mt2)(Z+ € 1) + (Pa(r—mi2) (F+ €)'

2
ald, \* _ 16(c)?|éf? < 8(c1)?[el7
r=p?)  (r=r)t T (r—r)
Bounds for all of the other terms that are products of p, or P, can be

found similarly, except for the last line in (119), which is a product of
three quantities:

sup |(p1(Z+ €,t))

K

< il - IPatr—msal, < ( (

ps(Z+ & 1) + <p3<z+at>>')2

(m(Z+et) i (

Sgp 9

< Ml el < (2105 ) = Sl
64(c)’|elzon (r — k) _ 32(ct)’|el;

- (r—k)S — (r—k)p

The cubic nonlinear term (from the iz;23 term in the normal form)
in the last step of the above Proof is the only reason for the exponent
5 on ﬁ in the statement of Theorem 7.10. There were no such cubic
terms in the problems considered by [C,] or [Cg|, but the analysis will
proceed in a similar way.

The following Lemma on inverse functions will be used twice, in
the construction of the new coordinate system and the new defining
equations; a proof by a standard iteration procedure is sketched in

([C4)).
LEMMA 7.11. Suppose 0 < Ryy < Ry for { =1,...,N, so that

D? = DRy s, Ron) D! = D(ry 4,...R1 )

Let f(Z) = (F(Z1,.... ZN)s - fn(Zh, ..., Zx)) be holomorphic on

D!, with
N
max {Z sup

j=1,..,.N —1 Zebl

dfe , ~
d—Zj(Z)

}§K<1,
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and

N
E:supLﬂ )| < (1= K) min {Ri;— Ry},

Then, given W € D?, there exists a unique solution Z € D! of the
equation

W=27+fZ),
and this solution satisﬁes
N
2]@ Wil < < K;;MW

THEOREM 7.12. There is some constant 6o > 0 (depending on m)
so that for any radius lengths % <k<r<1,andé€, pas in Theorem
7.6, with |e], < 0y(r — k)* and p = 5(r + k), the transformation

U (Z0) = (21, .., 2y wr, .. wi) T

(ng) - (21 +p1(g7u—;) y ’m, +pn(57 )7w1+P1(U_;)7w27"'7wk‘)T
has a holomorphic inverse w((z,w)) (Z,) such that if (2,w) € A,
then Y((Z,w)) € A,,.

Proor. By Corollary 7.8,

dP " ||d ,
max H ! +Z Pk < c|e] :
i=1,..., dz ||, = lldzl, (r—p)
Jo(r — k)3 1
a 2(T ,;) = 8(5201 S = K,
(r—p)
if 09 < ﬁ, and similarly,
- dpy

dP,
max
a=1,..., dwa

Also by Corollary 7.8,

P /=1

Pl 3 o < AT < 4 )eadatr =) < (1K) ),
(=1

if 0 < 4(nT The hypotheses of Lemma 7.11 are satisfied with A, C
A, and Ry ¢y — Ryp > p— K, so given (Z,W) € A, there exists a unique
(Z,w) € A, such that (2,@0) = (21 + p1(Z,0), ..., 2, + pu(Z, W), w1 +
Py(W0), wa, . .., wy)T. ThlS defines 1 so that W o ¢ is the identity map
on A,. [ |
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For (z1,¢,x,t) € D, € C™** define 2* € C" by:

2 = (z1, ;o +iEy (21, xt), o Tt 1B 1 (21, (@, t),
ey ($2(7_m+2) + ixQ(T_m+2)+1)C + 67—(2’1, C, Z, t), ceey
C2 + en—l(zlu gvxu t)? (Zl + X2 + Ztl + Zl‘g)g + en('zl? Cu Ivt))Tv

and define a map ® : Dp, — C™** by

®(217€7x7t) - (q)l(zlag)xat)w“7®m+k(zlag7x7t))
= (21 +p1(zca t)? C + (pl(zca t))la

22 5B, + (ol 0)),

Tp—1 + %(pml(zcv t) + (pmfl(zca t))/)a

ty+ Pi(t),ta, ..., tg).

THEOREM 7.13. There is some constant 63 > 0 (depending on m)
so that for any radius lengths % <r' <r <1, andé, p as in Theorem
7.6, with |e], < 63(r — '), and k = ' + 5(r — '), the transformation
D (z,( x,t) — (21,5,55,1?) has a holomorphic inverse ¢(21,5,§:,f) =
(z1,C, x,t) such that if (31,(,&,1) € Dy, then ¢(3,(, %,1) € D,.

PROOF. Let p = r'+2(r—r'),s0 k—1' = p—k =r—p = 3(r—r') <
é, and let 7 = %(r—i—r’), SO % <r<k<r<p<r<l If(z,(xt) e
Dy, and 03 < 2, then |Ey(21,¢, 2, t)| < 5(r —1')% = 21663(p — 7)* <

2203(p —7) < p— 7, and similarly |e,—1(z1,(, @, t)| < p* — 72, ete., so

(2°,t) € A,, and p(2°,t) and ¢ are well-defined and holomorphic on
D;. Using Cauchy’s estimate as in Corollary 7.8, for (z1,(, x,t) € D,,

d ¢ 1)
dz T—K 5(p— k)
QCl‘ar - 5401’5“

(p=r)r=p)?*  (r—r)*

Similarly, the derivative of each term, p;(z%t), ps(2°, 1), (p1(25,1)),
(po(2°), )", Pi(t), with respect to each variable 2, (, z,, t, is bounded
by a comparable quantity, so there is some constant ¢3 > 0 (depending
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on m) so that

{ dp1<zc,t>' 'd<<p1<z D] S [dGWe( 1) + (0e(, 1))
dz dz . = dz .
'dpl(ZCat) d((p(5,0))| = [dG a5 1) + (5, 1))

dg K dC K =2 dg Ii’
) a0 S (a1 + 0ol 0))
dz; dz; s dx; -
'dpl(z )| e 1)) o |G pa (2, ) + (o2, 1))
dte | dta |, & dts )
dP(t)
i)
g(fﬂi}SScﬁgs—,
if 03 < ﬁ It also follows from Corollary 7.8 that
Ip1(2%, )] + [(p1(25, 1)) |
+ <Z 3 0e5.0) + (0 () ) Pl

m—1
< 2fpall, + (Z HpaHp> + [Pl
o=2

(m+ 1)cylél, < (m + 1)eid3(r — r')?
(r—p? ~ (r—p)?

1
= 9(m+ 1eds(r —r') < 5(/@ — '),

<

if 95 < m. So, by Lemma 7.11, given (El,f,f,f) € D,/ there

exists a unique (21, (, z,t) € Dy such that (2, ¢, 7, t) = ®(z1,¢, x,t). B
By inspection of the form of ®, for (z1,(, z,t) € D,,
@(21, Ca xz, t) = (517 57 ‘%7 E) — @(57 z17 ju E) = (57 517 ‘%7 E)

If, further, (31, ¢, #,1) = (C, 21, 4,1) € Dy, then (z1,C,2,t) = (C, 21, 7, 1)

by uniqueness of the inverse. In particular, if |Z] < r/, and for o =

2,...,m—1, &, is real and |Z,| </, and for « = 1,...,k, t, is real
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and [f| < 7/, then ¢(21, 2, 7,1) is of the form (21, 2, z,t) for some 2z
with |z1] < k, x real with |z,| < &, and ¢ real with |t,| < k. Such
(21, ,t) is unique, given (Z1,7,1): suppose there were (27,20, %) with
|29 < K, 22| < K, 20 real, |t| < k, t° real, such that

s 00 .0 40
Z = Pi(2], 20,27, t)

__— 020 .0 40 _

Tyo = Poii(z],20,2°,t"), c0=2,....,m—1,
o 0,0 ,.0 40 _

ta = Puialz],2),2°,17), a=1,... k.

Then the second component ®y(22, 20, 20, %) can be calculated to have
some value (, so ®(29, 20, 2% %) = (%,(, #,7). By the formula for
®, (= Z1, 80 (2, 2,1) € Dy and (22,29,2°,1°) = ¢(5,(, &,1) =
&(%1,21,2,t) = (21, 21, x,t), so we can conclude from the uniqueness of
Lemma 7.11 that 29 = 2y, 2° = 2, and t° = ¢.

THEOREM 7.14. There ezist constants c4 > 0 and 64 > 0 (depending
on m) such that for any 5 <1’ <r <1 (with K, p as in the previous
Theorem), and any € as in Theorem 7.6 with |e], < 6,(r —r')3, there
exist a holomorphic map
VA, = C™™ (2, zmwn, e we) = (B B W, W)
with a holomorphic inverse ¥ : A, — A,, and a holomorphic map
¢=(Ey,...,¢,): Dy — C" ' such that the defining equations for M
are

U =Im(%,) = FE,(31,%,%,1)

%= (Bapr-me) + iT2r-mi2p1) 2 + & (21, 21, 8, 1)
Fno1 = 24,131,551
Zno= (1 + B+ il + i85 + 6a(51, 51, 1, D)
Sq = Im(w,) = 0,

for |21 < 7', |&s] < 7', [ta| < r'. Further, the degree of € is at least

2d — 3, and
2
‘é’r/ < 764’5‘1” .
(r —r')?
PROOF. Initially, choose ¢, < min{%él, %62, 93}, so that Theorems
7.10, 7.12, 7.13 apply, and define ¥, v, ¢, and ¢ in terms of the given

¢ and the functions p constructed in Theorem 7.6. Define € to be the
composite of holomorphic maps go¢ : D,» — C"~ !, so that by Theorem

7.10,
02’5\3 . 02‘5‘72«

(r=r)  (Gr—1))>

|é|r’ < |‘j‘|n <

W
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Since ¢(Z;, Z1,,t) has no constant terms, and ¢ has degree > 2d — 3
by construction, (2, Z;, ,t) also has degree at least 2d — 3.

Given z;, 7, t = (t1,...,%;) such that |%| < 7/, ¥ is real with
|Z,| < r', and t is real with |t,| < 7/, define quantities 2, ..., %, by:

(120) 2, = Fo+iE,(%,5,%,1)

Zg = (@(t—mﬂ) + Z’jQ(t—mH)H)gl + ét(gla 51, z, E)
Znor = 4+ Ena(F1, 51,7, 1)
Zo o= (B + 32+ it +1i33) 7 + 6,(21, 21, 0, 1),
and denote Z = (Z1,%9,...,%,)7. The claim of the Theorem is that

V((2,1) € M.
If (6,)% < =22- then

729c¢s 7

B co(O4(r — 1")3)? 36 , ,
&l < (‘;(_ @5) L -y <h-r,

95
so (2,t) € A, the domain of 1.
By Theorem 7.13, there exists a unique (z1, z,t) (the first and last
components of (z1, z, x,t) = ¢(Z1, 21, T, t)) such that |z| < k, = is real
with |z,| < k, t is real with |t,| < k, and

Z = z+pi(z, 20 + 1By (21, 21, 2, t), L,

(21 + mp + ity +i23) 21 + en(21, 21, 7, 1), 1)
T, = w5+ Re(py(z1, 22 + iEs(21, 21, 2, 1), . . .,

(21 + 2o + ity +i23)71 + en(21, 21, 2, 1), 1))
ti = ti+ Pt

tj - tj,j:Q,...,k.

Then, define quantities zs, ..., z, by:

2, = To+iE,(z1,2,2,1)
2r = (Tapr—m+2) +iTo(r—mi2)11)21 + (21, Z1, 2, 1)
Zno1 = Zoden1(21, 21, 2,t)
Zn = (214 3o +ity +i23)2 + en(21, 21, 7, 1),
and denote, as in (88) and (114), Z = (z1,x, ..., (21 + T +it; +i23) 7))
and 2+ € = (21, 29,...,2,)7 as in (79) and (115). Since |z] < k < 7,

—~

|z,| <k <r,and |t,| <k <r, (Z+¢&t)€ M, and if 44 < %,then

, 27
€l < 18l < 8a(r —1')° =84 27(p — )° < O1z(p— k) < (p = k),

so (74 ¢é,t) € A,, which is contained in the domain of p.
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U(Z+ 1)

= (1 +p((F+E1), . 2+ pa((ZHED)), 0+ Pi(t),ta, - 1)
(i G + 0By (21, 51,2, ) +ilm(po (4 E,0)), ..

(21 = pi((Z+€,1))) - (Zor-m+2) — Re(Pair—m12)((Z+ €,1))))

+i(Z1 = p1((F+ €,1))) (Za(r—ms2)+1 — Re(Dar—mi2)+1((Z+ €,1))))
+e (21,21, x,t) + pr(Z+ €, 1)), ...
Gi=n(E+EN) +ena(on, 21,0, 8) + paca((F+ 1)),

(21 = pu((F+€1)))- (G — p((F+ €, 1)) + T2 — Re(p2((Z+ €,1))))
+i(z = pi((F+ 1)) - (= A1)
) -
(

+i(2 = p((Z+ €,1))) - (25 — Re(ps((Z+ €,1))))*
ten(z1, 21, 0,t) + pa((F 4+ 61)), )7
= (Z1,.. ., %5 +1Qu (21, 21, 2, 1), . . .,
21 (Zopr—mat2) T i@2(r—mi2)41) + ¢r (21, 21, 3, 1), ..,
2+ quoi(21, 21,1, 1),
21 (B + &y ity + 032 + qu(21, 21, 2, t), 1)
= (Z,..., %5 +1Qu(0(21, %1, 7, 1)), ...,
21 (Tagrmsn) + i Z2(r—mi2)+1) + € (0(Z1, 21, T, 1)), . .,
21 + quo1(6(21, 21, 7, 1)),
L (B 3o ity +i32) 4 qu(o(Z1, 21, 7, 1)), )T
= (21, o Ee 1B, (3, 5, B 1),
Z1 (Bo(r—mt2) + i T2(r—ma2)41) + (21, 21, T, 1), .. -,
2+ én1(5, 4,71, 1),
2 (B4 @+ ity +1433) + E,(51, 21, 3, 1), 1) = (2, 1)
by construction of ¢, €, and Z, and using the fact that p is a solution

of (84-88). By the uniqueness of Theorem 7.12, ((2,1)) = (Z+¢&,t) €
M.

7.4. Composition of approximate solutions.

The previous Theorem’s quadratic estimate on the size of € in terms
of € allows for the rapid convergence of a sequence of approximations.
A couple technical Lemmas will be needed to measure the behavior of
composite mappings. Theorem 7.21, which is the last step in proving
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Main Theorem 6.5, uses these Lemmas and the estimates of the previ-
ous Subsection to prove convergence of a sequence of transformations,
following the ideas of [Moser].

NoOTATION 7.15. For Ry > 0 and a (n + k) x (n + k) matrix of
complex valued functions F' = (F;((Z,w))) on Ag,, define

I1F[[l, = _max {Z sup IFej((Z?E))I}-

j=1,...,n+k —1 (Z,W)EAR,

This “maximum column sum” norm appeared already, in Corollary
7.8 and Lemmas 7.9, 7.11, in the case where ' = Df = Dz 4)f, the
Jacobian matrix of some map f : Ar, — C"** at (Z,7) € Ag,.

The 3 x 3 case of the following Lemma was proved in [Cy].

LEMMA 7.16. If |||Al||r, < 1, then 1 + A is invertible (where 1 is
the (n + k) x (n+ k) identity matriz), and
1

@+ A Mk <
1 —[[[A[[z,

Also, the following elementary fact from the calculus of one real
variable will be used.

LEMMA 7.17. If py is a sequence such that 0 < py, < 1 and ZW
=0
s a convergent series, then the sequence of partial products

N

1
Hl—ue

=0

is bounded above by some positive limit.

NoOTATION 7.18. Define a sequence {1, %, %, %, . } indexed by v =
0,1, 2, 3, ..., by the formula

1 " 1
r, = — .
2 v+1

Note that % < r, <1, and the sequence is decreasing, with

1 1
_ — < =
Tv4l = Tvd2 V+1>1

Ty, — Tui1 v+3 3
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NOTATION 7.19. Define £, = ry41+3(ry —7rv41), po = Tos1+3(ry
Ty+1), as in Theorem 7.13.

Recall that given 1y > 0, there is some scaling transformation (113)
so that M N A; is defined by (75), with € holomorphic on D;, degree

d > 4 (with the cubic terms of M already in normal form as in Remark
77), and ‘al S o-

NOTATION 7.20. Denote €, = € (so |él,, = |€]l1 < 1m9), and induc-
tively define the formal series é,,1(z1, (, z,t) in terms of €,(z,(, z,t),
by the € — ¢é procedure of Theorem 7.14, with r = r,, ' = r,,1. Each
€, defines, as in the previous Theorems, functions p,, q,, V., ¥,, ¢,,
and the degree of €, is denoted d,,.

Also recall that the degree d, 1 of €, is at least 2d, — 3; it can be
checked that this, together with dy = d > 4, implies d,, > 2" + 3.

The plan is to show that the bound for €, in the hypothesis of
Theorem 7.14 holds for all v, to get a sequence of transformations
Y, 1 A, — A, , so that the composition ¢go.. .09, 109, : A, — Ay

is well-defined, €, is holomorphic on D, , and lim |&,|., = 0.
V—00

THEOREM 7.21. There exists ng > 0 (depending on m) so that

if €y and M are as described above, then there exists a holomorphic
transformation 1 : A% — C"** with a holomorphic inverse ¥, and

such that if (3,7) € M N Ay, then W((3,1)) € M.

PROOF. Let d5 = min{1644, ﬁ}, and choose
Js 1
O<my<mng-——,—— .
o= TR { 1024’ 172801}
It will be shown that

|é;/|ry S 65(TV - TV—{—I)S - |€V+1|TV+1 S 65(Tu+1 - TV+2)5'

By Theorem 7.14, |€,|,, < 05(r, — ry1)® < d4(r, — 7,41)% and |€,|,, <
24:1304 (r, —r,41)° imply

. cal@|?, 1
|€V+1|7’u+1 < (TV _ ;VT 1)5 = 243 V|Tu7
+

this already suggests a geometric decrease in the sequence of norms.
Then, using the properties of the sequence r,,

‘q ‘ ( 7’u+1)5 < 55(7"u+1 - 7“u+2)5:

243 o= 243
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which proves the claimed implication. Using this as an inductive step,
and starting the induction with |€p],, < 19 < ﬁ(&) = 05(ro — 1)°,
the hypothesis of Theorem 7.14 is satisfied for all v. The first of three
conclusions from Theorem 7.14 is that €, is holomorphic on D,. , with
degree d, > 2" + 3, and |é€,|,, < 2437"ny. Secondly, ¥y o... 01, is a
well-defined holomorphic map A,, — A,), and ¥, o...0 ¥, is well-
defined and holomorphic on the image (¢ o ... 0 1,)(A,), so that
U,o0...0Pp01o0...01, is the identity on A, . The third conclusion
is that if 21| < ry11, |Te] < Tuy1, and |ta| < 7,41, and (2,1) is defined
as in (120) with é = &,,1, then (g o...0,)((3 1) € M. For any
(Z,W) = (21, -y 2Zn, W1, ..., W) € A%, the sequence (depending on v)
(oo...0th,_101,)((Z,w)) is contained in A, = Aqy/12. The following
argument, beginning with several applications of Lemma 7.9, shows this
sequence is a Cauchy sequence, and converges to some value 1((Z, w0)).

n+k

Z |(Yoo...00,11)e((Z,W)) — (Yo o...00,)((Z,0))]
=1

n+k

/=1

—(W0)e((Pro...0th)((Z,4)))

n+k

|||D77Z)0|||Pl ' Z |(¢1 ©...0 77Z)y+1)j((57 117))
—(W10...0th);((Z W))]

n+k

(121) < (H |||D¢€|||Pe+1> ’ Z |(¢V+1)j((gv 117)) - (27 u_;)j|7

IN

where (1)g), denotes the (" output component of the vector valued
function vy, etc., and (Z,w); = z; for j = 1,...,n, or w,_, for j =
n+1,...,n+k. By the estimate from Lemma 7.11, with f = p,,; and

K = % from the Proof of Theorem 7.12; and then using the bound for
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p from Corollary 7.8,

n+k 1 n+k
D 1@)i(Z,9)) — (2,);] < 1 2 [P ((Z,0)]
j=1 2 j=1

n+k n+1

IN

D, = Cl‘gu+1‘ru 1
2 @)l <2 [(Bos1)illppsr < 2(n+1)————
j; +1/j P ; +1)71lp +1 (’f’u+1 _ pl/+1)2
_CalCuiafr,

= 18(n+1) 5

= T72(n+ L)er(v +2)*(v + 3811, 04
(Tqul - 7“1,+2>
72(n+ 1)er (v + 2)*(v + 3)*no

<
- 243v+1

It follows from Dz 4%y = (]l—i—DW((g@))ﬁg)*l and Lemma 7.16 that:

1ID%elllprss = (L + Dyyizane) ™ e
. 1
< (@ +Dpe) " llo,

S — =7
L —[I[Dpel[,,

Then, by Lemma 7.17, the product from (121) is bounded above by
some constant c; > 0, since by Corollary 7.8,
cil€lr, 27c1élr, 3 3.1z
= =216(£ + 1)°(£ + 2)°cq|€y|,
(W _PZ)S (W _7"£+1)3 ( ) ( ) 1’ Z’ [
216(6 + 1)3(6 + 2)301770

D[]

IN

<1
- 243¢ ’
and by the comparison:
= . L2164 4 1)3( + 2)3eimo
Yo IDEll < > 5130 )
=0 =0

the infinite series is convergent, with terms < 1.
The inequality

n+k

D 1Wo o o)) — (oo ... 01, )e((Z, D))

- 72(n + 1)cies(v + 2)% (v + 3)%nq
- 243V+1

is enough to show that the sequence of composite functions converges
pointwise and uniformly to a function 1) on A 1. i
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8. Some other directions

1. The lists of normal forms from Section 5.1 stopped at () = 0,
although some results on surfaces with a higher order contact with
the complex tangent line appear in [H;|, [Hs], [Bharali]. The list of
normal forms from Section 6.1 is also incomplete.

2. The calculations of normal forms of unfoldings of surfaces from
Section 5.2 stopped at low degree, leaving O(4) or O(5) quantities
not normalized. Presumably some higher degree terms in the normal
forms could be analyzed by further calculations, but the term-by-term
approach of that Section does become complicated.

3. In Example 5.13, the unfolding normal form (36) for generic
elliptic points was observed to be similar to the flattened algebraic
normal form result of [MW] for n-manifolds in C" under biholomorphic
transformations. This leaves open the question: can the [MW] normal
form (37) be achieved by a transformation in the subgroup Us 2 (27—
28), or if not, how is the unfolding classification different?

4. The local geometry of a manifold near a point in Nj (as in (2)),
for m < mn, ] > 1, where the tangent space contains a complex plane,
has not been studied as much as the ] = 1 case. Since the codimension
of Ny is generally 4(n — m + 2), it could have a nonnegative expected
dimension for m > 8 and some n. It would be interesting to understand
the local geometry of M near a point in N5, and how such a manifold
might be deformed so that other types of singularities in N; or Ns
appear.

5. The case 3(n +1) < m < n, where M has high codimen-
sion, but the locus Ny has a positive expected dimension, is also inter-
esting. Globally, there are characteristic class formulas ([Websters,],
[Websters;], [C;]) describing the non-isolated CR singularities, gener-
alizing (3). The formulas of [Webster,| involving parabolic singular-
ities in the m = n case have not been generalized to other types of
degenerate singularities. Locally, the normal forms in the nondegener-
ate case for 2(n+ 1) < m < n are known ([Cg]), but the normal forms
for degenerate CR singularities are not, and may not be as simple as
those in Proposition 6.2. Normal forms for unfolding could also become
complicated.

6. Another less-explored case of CR singular m-submanifolds of
C™ is where m > n, so the generic point x of a submanifold in general
position satisfies ] = dim T, N JTy = m—n, and the CR singular points
are where this dimension jumps. The expected codimension formula
codim Nj = 2j(n —m +j) still holds for ] > m —n and m > n, and
some j > m — n cases have been considered by [G].
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7. The use of all real variables to parametrize the deformation
seemed to be a more natural, or at least simpler, choice than using
complex parameters, since the coefficients appearing in normal forms
(for example, the Bishop invariant) can be real quantities, and a real
time variable in the £ = 1 case was useful in the visualization. A
more general unfolding construction could use both complex and real
deformation parameters. Then, for example, even for M with only
N1\ N, singularities, the manifold M could be tangent to a complex
plane.
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