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Preliminaries

X a complex manifold;
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Preliminaries

X a complex manifold;
f: X — X a map (or a multi-valued map) that is

holomorphic/meromorphic.

In holomorphic dynamics, one studies the behaviour of (for z € X)
z, f(x), fA(z), ..., f(x),...

Example: Let f be a rational map on the Riemann sphere C. Based on
the behaviour of the points z € C, we have the dichotomy:

@ The Fatou set of f:= the set of normality (or equicontinuity) of
{fn ne Z+}
@ The Julia set of f:= the complement of the Fatou set of f in C.
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Preliminaries

X a complex manifold;
f: X — X a map (or a multi-valued map) that is
holomorphic/meromorphic.

In holomorphic dynamics, one studies the behaviour of (for z € X)

z, f(x), fA(z), ..., f(x),...

Example: Let f be a rational map on the Riemann sphere C. Based on
the behaviour of the points z € C, we have the dichotomy:

@ The Fatou set of f:= the set of normality (or equicontinuity) of
{fn ne Z+}
@ The Julia set of f:= the complement of the Fatou set of f in C.
The dynamics on Fatou sets is tame and the structure of Fatou sets is well

understood. On the other hand, the dynamics on Julia sets is chaotic and,
in the generic case, Julia sets are fractals.
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Certain dynamically defined measures on Julia sets provide an essential
tool to find patterns in chaos, i.e., to study the dynamics and geometry of
Julia sets.
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Certain dynamically defined measures on Julia sets provide an essential
tool to find patterns in chaos, i.e., to study the dynamics and geometry of
Julia sets.

These measures are important because:

@ Montel's theorem on normal families and the theory of
quasi-conformal maps are not useful in higher dimensions.
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Certain dynamically defined measures on Julia sets provide an essential
tool to find patterns in chaos, i.e., to study the dynamics and geometry of
Julia sets.

These measures are important because:
@ Montel's theorem on normal families and the theory of
quasi-conformal maps are not useful in higher dimensions.

@ There is considerable success in constructing analogues of the
above-mentioned dynamically defined measures in higher dimensions
even for multi-valued maps.
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Certain dynamically defined measures on Julia sets provide an essential
tool to find patterns in chaos, i.e., to study the dynamics and geometry of
Julia sets.

These measures are important because:
@ Montel's theorem on normal families and the theory of
quasi-conformal maps are not useful in higher dimensions.

@ There is considerable success in constructing analogues of the
above-mentioned dynamically defined measures in higher dimensions
even for multi-valued maps.

Mission statement of this talk: To study these measures from
potential-theoretic points of view for the case of polynomial semigroups.
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What conceptual framework do we have?

We study measures that describe the limiting distribution of the iterated
pre-images of any point excluding, perhaps, a small set of exceptional
points. In short, such a measure is the weak* limit of the sequence {uy,}
(if limit exists), where

R

fr(z)=
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What conceptual framework do we have?

We study measures that describe the limiting distribution of the iterated
pre-images of any point excluding, perhaps, a small set of exceptional
points. In short, such a measure is the weak* limit of the sequence {uy,}
(if limit exists), where

Hn 2= 8(f{ad) n{ N Z 0z
I (z)=
For certain (X, f), such limiting measures exist & satisfy interesting properties:

@ invariance (in an appropriate sense), ergodicity, mixing;
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What conceptual framework do we have?

We study measures that describe the limiting distribution of the iterated
pre-images of any point excluding, perhaps, a small set of exceptional
points. In short, such a measure is the weak* limit of the sequence {uy,}
(if limit exists), where

R
fr(z)=
For certain (X, f), such limiting measures exist & satisfy interesting properties:
@ invariance (in an appropriate sense), ergodicity, mixing;
@ describe the limiting distribution of periodic points;

@ are the unique measures of maximal entropy.
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What conceptual framework do we have?

We study measures that describe the limiting distribution of the iterated
pre-images of any point excluding, perhaps, a small set of exceptional
points. In short, such a measure is the weak* limit of the sequence {uy,}
(if limit exists), where

R
fr(z)=
For certain (X, f), such limiting measures exist & satisfy interesting properties:
@ invariance (in an appropriate sense), ergodicity, mixing;
@ describe the limiting distribution of periodic points;

@ are the unique measures of maximal entropy.

What is an example of such a measure?
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.Brolin's theorem

Result (Brolin, 1965)
Let g be a polynomial of degree d > 2 and a be any point in the complex

plane with (perhaps) one exception. Then

1 weak™*
fn 1= o Z 0, — > [tg asn — 00,
9" (2)=a
where the measure g4 is the equilibrium measure of the Julia set of g.
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.Brolin's theorem

Result (Brolin, 1965)
Let g be a polynomial of degree d > 2 and a be any point in the complex

plane with (perhaps) one exception. Then

1 weak™*
fn 1= o Z 0, — > [tg asn — 00,
9" (2)=a
where the measure g4 is the equilibrium measure of the Julia set of g.

@ Roughly speaking, an equilibrium measure gives the distribution of a
unit charge, in the absence of any external field, on a conductor that

minimizes energy.
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.Some terminology

A rational semigroup S is a semigroup consisting of non-constant rational
maps on the Riemann sphere C with the function-composition as the
semigroup operation.

(*) We assume in this talk (unless stated otherwise) that S has an element of degree > 2.
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.Some terminology

A rational semigroup S is a semigroup consisting of non-constant rational
maps on the Riemann sphere C with the function-composition as the

semigroup operation.
(*) We assume in this talk (unless stated otherwise) that S has an element of degree > 2.

@ The Fatou set of S, F(S):=the set of normality of S.
o The Julia set of S, J(S) := C \ F(9).

Mayuresh Londhe A natural invariant measure for polynomial semigroups



.Some terminology

A rational semigroup S is a semigroup consisting of non-constant rational
maps on the Riemann sphere C with the function-composition as the
semigroup operation.

(*) We assume in this talk (unless stated otherwise) that S has an element of degree > 2.

@ The Fatou set of S, F(S):=the set of normality of S.
o The Julia set of S, J(S) := C \ F(9).

Observe that, J((g)) = the Julia set of g.
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.Some terminology

A rational semigroup S is a semigroup consisting of non-constant rational
maps on the Riemann sphere C with the function-composition as the
semigroup operation.

(*) We assume in this talk (unless stated otherwise) that S has an element of degree > 2.

@ The Fatou set of S, F(S):=the set of normality of S.
o The Julia set of S, J(S) := C \ F(9).

Observe that, J((g)) = the Julia set of g.
It turns out that J(S) = UgesJ ((9)).
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.Some terminology

A rational semigroup S is a semigroup consisting of non-constant rational
maps on the Riemann sphere C with the function-composition as the
semigroup operation.

(*) We assume in this talk (unless stated otherwise) that S has an element of degree > 2.
@ The Fatou set of S, F(S):=the set of normality of S.
@ The Julia set of S, J(S) := C\ F(S).

Observe that, J((g)) = the Julia set of g.

It turns out that J(S) = UyesJ((g)).

Example: S = (22,22/2). Then J(S) = {z:1 < |2] < 2}.

Consider a generating set G of S. For g € S, the expression I(g) = n is
the shorthand for the following implication:

llg9)=n = Jgiy,---,9i, €G suchthat g=g; o---0g;. J
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.Measures associated with semigroups

Result (Boyd, 1999; special case of Dinh—Sibony, 2006)

Let S be a finitely generated rational semigroup. Assume that:

m (Boyd) every element of S is of degree at least 2; or

m (Dinh-Sibony) S has an element of degree at least 2: i.e., as in ().
Let G={g1,...,9n} be a generating set and D := Zf\il deg(g;). Then
there exists a Borel probability measure pg such that for every a outside

some polar set
i = Dnzg 5&/@ as n — oo.

Moreover, supp(ug) = J(S).
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.Measures associated with semigroups

Result (Boyd, 1999; special case of Dinh—Sibony, 2006)
Let S be a finitely generated rational semigroup. Assume that:

m (Boyd) every element of S is of degree at least 2; or

m (Dinh-Sibony) S has an element of degree at least 2: i.e., as in ().
Let G={g1,...,9n} be a generating set and D := Zf\il deg(g;). Then
there exists a Borel probability measure pg such that for every a outside
some polar set

i = Dnzg (5 ﬂmug as n — oo.

Moreover, supp(ug) = J(S).

Question: If each element of S is a polynomial, then is pg the equilibrium
measure of J(5)?
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.Measures associated with semigroups

Result (Boyd, 1999; special case of Dinh—Sibony, 2006)
Let S be a finitely generated rational semigroup. Assume that:

m (Boyd) every element of S is of degree at least 2; or

m (Dinh-Sibony) S has an element of degree at least 2: i.e., as in ().
Let G={g1,...,9n} be a generating set and D := Zf\il deg(g;). Then
there exists a Borel probability measure pg such that for every a outside
some polar set

i = Dnzg (5 ﬂmug as n — oo.

Moreover, supp(ug) = J(S).

Question: If each element of S is a polynomial, then is pg the equilibrium
measure of J(5)?

@ We assume that degree 1 elements in S have oo as an attracting fixed
point —we refer to such semigroups as polynomial semigroups.
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;Logarithmic potentials

Let o be a Borel probability measure on C with compact support. Its
logarithmic potential is the function U? : C — (—o0, o] defined by
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;Logarithmic potentials

Let o be a Borel probability measure on C with compact support. Its
logarithmic potential is the function U? : C — (—o0, o] defined by

U (2) = /Clog g L ().

Key Proposition (L.)

Let S be a finitely generated polynomial semigroup with a finite set of
generators G. Let C(G) :={ce€ C: ¢'(c) =0 for some g € G}.
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;Logarithmic potentials
Let o be a Borel probability measure on C with compact support. Its
logarithmic potential is the function U? : C — (—o0, o] defined by

U (2) = /Clog g L ().

Key Proposition (L.)

Let S be a finitely generated polynomial semigroup with a finite set of
generators G. Let C(G) :={c e C: ¢'(c) =0 for some g € G}. Suppose
S satisfies the property that if {C(G) = 1 then C(G) N J(S) N E(S) = 0.
Then U*9 s finite and continuous on C.

0 £(S):={z€eC: Uges g~ {2z} is a finite set}.
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;Logarithmic potentials
Let o be a Borel probability measure on C with compact support. Its
logarithmic potential is the function U? : C — (—o0, o] defined by

U (2) = /Clog g L ().

Key Proposition (L.)

Let S be a finitely generated polynomial semigroup with a finite set of
generators G. Let C(G) :={c e C: ¢'(c) =0 for some g € G}. Suppose
S satisfies the property that if {C(G) = 1 then C(G) N J(S) N E(S) = 0.
Then U*9 s finite and continuous on C.

0 £(S):={z€eC: Uges g~ {2z} is a finite set}.
o (Arsove, 1960) U7 is finite and continuous at zy if o satisfies
o(D(z,r)) < Cr* Vre(0,r),

where |z — zg| < 0 and C, a, 19, 0 are positive constants depending
only on o and zp.
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.External fields and our first theorem

Let 3 be a compact subset of C and @ : ¥ — (—o0, 00| be lower
semi-continuous and Q(z) < oo on a set of positive capacity. The function
Q is called an external field. We define the energy as

Ig(o) == /C/Clog E i t‘da(z)da(t) + 2/CQda.
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.External fields and our first theorem

Let 3 be a compact subset of C and @ : ¥ — (—o0, 00| be lower
semi-continuous and Q(z) < oo on a set of positive capacity. The function
Q is called an external field. We define the energy as

Ig(o) == /C/Clog E i t‘da(z)da(t) + 2/CQda.

A measure o’ is called an equilibrium measure associated with Q if

Io(o’) = inf{Ig(o) : supp(c) C T}.
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.External fields and our first theorem

Let 3 be a compact subset of C and @ : ¥ — (—o0, 00| be lower
semi-continuous and Q(z) < oo on a set of positive capacity. The function
Q is called an external field. We define the energy as

To(o) = /C /C log yzit‘da(z)da(t)—l—Q /C Qdo.

A measure o’ is called an equilibrium measure associated with Q if

Io(o’) = inf{Ig(o) : supp(c) C T}.

Theorem (L., J. Anal. Math (to appear))

Let S be a finitely generated polynomial semigroup with a finite set of
generators G. Suppose S satisfies the property that if $C(G) = 1 then
CG)NIS)NES) =0.
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.External fields and our first theorem

Let 3 be a compact subset of C and @ : ¥ — (—o0, 00| be lower
semi-continuous and Q(z) < oo on a set of positive capacity. The function
Q is called an external field. We define the energy as

To(o) = /C /C log yzit‘da(z)da(t)—l—Q /C Qdo.

A measure o’ is called an equilibrium measure associated with Q if

Io(o’) = inf{Ig(o) : supp(c) C T}.

Theorem (L., J. Anal. Math (to appear))

Let S be a finitely generated polynomial semigroup with a finite set of
generators G. Suppose S satisfies the property that if $C(G) = 1 then
C(G)NJI(S)NE(S) = 0. Then the measure g is the equilibrium measure
associated with the external field G|y (s)-

v
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.External fields and our first theorem

Let 3 be a compact subset of C and @ : ¥ — (—o0, 00| be lower
semi-continuous and Q(z) < oo on a set of positive capacity. The function
Q is called an external field. We define the energy as

To(o) = /C /C log yzit‘da(z)da(t)—l—Q /C Qdo.

A measure o’ is called an equilibrium measure associated with Q if

Io(o’) = inf{Ig(o) : supp(c) C T}.

Theorem (L., J. Anal. Math (to appear))

Let S be a finitely generated polynomial semigroup with a finite set of
generators G. Suppose S satisfies the property that if $C(G) = 1 then
C(G)NJI(S)NE(S) = 0. Then the measure g is the equilibrium measure
associated with the external field G|y (s)-

v

Remark: The hypothesis can be made “canonical”; don't have time to discuss it.
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SKETCHES OF A
FEW PROOFS...




A counting lemma

Let g1, ..., gn (not necessarily distinct) be polynomials in S such that
S: <g17"‘7gN>'
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A counting lemma

Let g1, ..., gn (not necessarily distinct) be polynomials in S such that
S = (gl,...,gN>. Let

M = max{|gi(2)| : 2 € J(S), i € {1,...,N}},

where D := Ef\il deg(g;). Thus M = Rx. Note, R>1and M > 1.
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A counting lemma

Let g1, ..., gn (not necessarily distinct) be polynomials in S such that
S = <g1,...,gN>. Let

M = max{|gi(2)| : 2 € J(S), i € {1,...,N}},

where D := Ef\il deg(g;). Thus M = Rx. Note, R>1and M > 1.

Assume £(C(g1,...,9gn)) > 1. Then there exist 79 > 0 and « € Z such
that for any r € (0,79] and y € J(S), we have

H((F™'(y) N D(2,7))* < max (D" =TIN=~1 (D - 1)") (1)

for all n € N and z € C, where v € Z, is the unique integer such that

—2u —2(v—1)
rel(v):= (rORT,TOR X } .

v

Mayuresh Londhe A natural invariant measure for polynomial semigroups



A counting lemma, continued: Main idea

Assume that C(gi,...,gn) NJ(S) = 0.
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A counting lemma, continued: Main idea

Assume that C(g1,...,gn) NJ(S) =
o Let 65 > 0 be such that g}(z) # 0 for every z € J?%2\ J(S) & Vi.
@ Let 93 > 0 be such that |g(z)| < R for every z € J% & Vi.
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A counting lemma, continued: Main idea

Assume that C(gi,...,gn) NJ(S) = 0.
o Let 65 > 0 be such that g}(z) # 0 for every z € J?%2\ J(S) & Vi.
@ Let 93 > 0 be such that |g(z)| < R for every z € J% & Vi.

o Let 94 > 0 be the Lebesgue number of the following cover:
{D(,r(&)): € 352}, where (&) > 0 is such that g;|pe () is
injective for i = 1,2,..., N.
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A counting lemma, continued: Main idea

Assume that C(gi,...,gn) NJ(S) = 0.
o Let 65 > 0 be such that g}(z) # 0 for every z € J?%2\ J(S) & Vi.
@ Let 93 > 0 be such that |g(z)| < R for every z € J% & Vi.

o Let 94 > 0 be the Lebesgue number of the following cover:
{D(,r(&)): € 352}, where (&) > 0 is such that g;|pe () is
injective for i = 1,2,..., N.

o Write:
min{ds, 03, d4 } an

4

ro 1= d k=1.

With this choice of ry and k, the inequality follows by induction on n.

Mayuresh Londhe A natural invariant measure for polynomial semigroups



A counting lemma, continued: Main idea

Assume that C(gi,...,gn) NJ(S) = 0.
o Let 65 > 0 be such that g}(z) # 0 for every z € J?%2\ J(S) & Vi.
@ Let 93 > 0 be such that |g(z)| < R for every z € J% & Vi.

o Let 94 > 0 be the Lebesgue number of the following cover:

{D(,r(€): €€ 2} where 7(§) > 0 is such that g;|p(e () is
injective for i = 1,2,..., N.
o Write:
min{ds, 03, d4 }

rozzf and k= 1.

With this choice of ry and k, the inequality follows by induction on n.

What if C(g1,...,gn) NJI(S) # 07

Hint: Choose §; > 0 appropriately and x € Z such that base-case of
induction holds given Z 2)=0 0rdz(gi) Z 0 on C(g1,...,gn) NI(S).
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»Sketch of the proof of the Key Proposition

o Case 1: §(C(G)) > 1.

Mayuresh Londhe A natural invariant measure for polynomial semigroups



»Sketch of the proof of the Key Proposition

o Case 1: §(C(G)) > 1.

For n sufficiently large:

D

pn(D(z,7) = S H(F (a) 0 Dz, 1) < (N)l‘?
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»Sketch of the proof of the Key Proposition

o Case 1: §(C(G)) > 1.

For n sufficiently large:
1 Dy1-%
- mn '|' ° < - K
in(D(z1)) = Sot((F) @) N D) < ()
Since 7 > rgR~2"/* and recalling that R := D/N, we get

R By o
pn(D(z,1)) < <7“0)‘/2“> rze = C1re.

Since p, — pg in the weak* topology, ug(D(z,7)) < Cyr®.
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»Sketch of the proof of the Key Proposition
o Case 1: §(C(G)) > 1.
For n sufficiently large:

(D)) = S ((F™) @) 1 Dzr)* < (2)7F)

Since 7 > rgR~2"/* and recalling that R := D/N, we get

A

R A
pn(D(2,1)) < <7“0)‘/2“> rz = Cire.

Since p, — pg in the weak* topology, ug(D(z,7)) < Cyr®.

o Case 2: §(C(G)) =1 and C(G) N J(S) # 0.
Consider the list of polynomials G2 := {g; o gi:1<1i,5 <N}
C(G)NI(S)NE(S) =0 implies that ﬂ(C’(QQ)) > 1. [ |
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»Sketch of the proof of our first theorem
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»Sketch of the proof of our first theorem
In the statement of our theorem

. 1
Ggl2) = limsup 7 log (l(H l9(2) — a\) :

g)=n

where a is arbitary element outside a certain polar set.
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»Sketch of the proof of our first theorem
In the statement of our theorem

. 1
Ggl2) = limsup 7 log (l(H l9(2) — a\) :

g)=n
where a is arbitary element outside a certain polar set.
e Since u, — pg in the weak* topology, we get

log A

UM (2) + Gg(z) < Do§ N for every z € C,
log A

Ur9(2) + Gg(z) = D0§ N for g.e. z € C,

where A = |lead(g1) x lead(g2) X - -+ x lead(gn)|-
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»Sketch of the proof of our first theorem
In the statement of our theorem

. 1
Ggl2) = limsup 7 log (l(H l9(2) — a\) :

g)=n
where a is arbitary element outside a certain polar set.
e Since u, — pg in the weak* topology, we get

log A

UM (2) + Gg(z) < Do§ N for every z € C,
log A

Ur9(2) + Gg(z) = D0§ N for g.e. z € C,

where A = |lead(g1) x lead(g2) % -+ x lead(gn)|.
@ As UM9 is continuous, it follows that

U#9 (2) + Gh(2) = g’f ’?V vz eC.
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«Lower bound for capacity of the Julia set

Theorem (L.)

Let (S,G) be as in our main theorem and let QQg denote the external field
associated with (S, G).
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«Lower bound for capacity of the Julia set

Theorem (L.)

Let (S,G) be as in our main theorem and let QQg denote the external field
associated with (S, G).

© Assume that, for some zy € J(SS), the orbit of zy is unbounded and is
not dense in C. Then Qg # 0 for any finite generating set G.
Moreover, if each element of S is of degree at least 2 then

cap(J(S)) > AVD.
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«Lower bound for capacity of the Julia set

Theorem (L.)

Let (S,G) be as in our main theorem and let QQg denote the external field
associated with (S, G).

© Assume that, for some zy € J(SS), the orbit of zy is unbounded and is
not dense in C. Then Qg # 0 for any finite generating set G.
Moreover, if each element of S is of degree at least 2 then

cap(J(S)) > AVD.

Q If Qg # 0 for some finite set of generators G then there exists a point
zo € J(S) such that the orbit of zy is unbounded.
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«Lower bound for capacity of the Julia set

Theorem (L.)

Let (S,G) be as in our main theorem and let QQg denote the external field
associated with (S, G).

© Assume that, for some zy € J(SS), the orbit of zy is unbounded and is
not dense in C. Then Qg # 0 for any finite generating set G.
Moreover, if each element of S is of degree at least 2 then

cap(J(S)) > AVD.

Q If Qg # 0 for some finite set of generators G then there exists a point
zo € J(S) such that the orbit of zy is unbounded.

THANK YQOU!
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