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Abstract

We study zero distribution of random linear combinations of the form

Pn(z) =
n∑
j=0

ηjfj(z),

in any Jordan region Ω ⊂ C. The basis functions fj are entire functions that are real-valued on the real line, and η0, . . . , ηn are
complex-valued iid Gaussian random variables. We derive an explicit intensity function for the number of zeros of Pn in Ω for each
fixed n. Our main applications are to polynomials orthogonal on the real line and polynomials orthogonal on the unit circle. Using
the Christoffel-Darboux formula, the intensity function in these cases takes a very simple shape. Moreover, we give the limiting values
of the intensity function in these cases when the orthogonal polynomials are associated to Szegő weights.

The Explicit Formula for the Intensity Function

Let {fj(z)}nj=0 be a sequence of entire functions that are real-valued on the real line. Let Ω ⊂ C be a Jordan region. We will be
studying the expectation of the number zeros in Ω, E [Nn(Ω)], of random sums of the form

Pn(z) =
n∑
j=0

ηjfj(z), z ∈ C, (1)

where n is a fixed integer, and ηj = αj + iβj, j = 0, 1, . . . , n, with {αj}nj=0 and {βj}nj=0 being sequences of independent standard
normal random variables. The formula we derive for the intensity is expressed in terms of the kernels

Kn(z, w) =
n∑
j=0

fj(z)fj(w), K(0,1)
n (z, w) =

n∑
j=0

fj(z)f ′j(w), and K(1,1)
n (z, w) =

n∑
j=0

f ′j(z)f ′j(w). (2)

Theorem

For each Jordan region Ω ⊂ {z ∈ C : Kn(z, z) 6= 0}, the intensity function hn for the random sum (1) is given by

E[Nn(Ω)] =
∫

Ω
hn(x, y) dx dy,

with

hn(x, y) = hn(z) =
K(1,1)
n (z, z)Kn(z, z)−

∣∣∣K(0,1)
n (z, z)

∣∣∣2
π (Kn(z, z))2 , (3)

where the kernels Kn(z, z), K(0,1)
n (z, z), and K(1,1)

n (z, z), are defined in (2).

Applications to OPRL

We say that a collection of polynomials {pj(z)}j≥0 are orthogonal on the real line (OPRL) with respect to µ, with supp µ ⊆ R, if∫
pn(x)pm(x)dµ(x) = δnm, for all n,m ∈ N ∪ {0}.

Setting fj(z) = pj(z) in (1) for j = 0, 1, . . . , n, with the pj’s being OPRL, we use the Christoffel-Darboux formulas (Theorem 3.2.2
p. 43 of [2]),

Kn(z, w) =
n∑
j=0

pj(z)pj(w) = kn
kn+1

· pn+1(z)pn(w)− pn(z)pn+1(w)
z − w

,

Kn(z, z) =
n∑
j=0

(pj(z))2 = kn
kn+1

· (p′n+1(z)pn(z)− p′n(z)pn+1(z)),

where kn and kn+1 are the leading coefficients of pn and pn+1 respectively, to obtain representations for kernels that make up the
intensity function (3).

Theorem

Let Pn(z) = ∑n
j=0 ηjpj(z), where the ηj’s are complex-valued iid Gaussian r.v., and the pj’s are OPRL. The intensity function hn(z)

defined in (3) for Pn(z) simplifies as

hn(z) = 1
4π (Im(z))2 −

|p′n+1(z)pn(z)− p′n(z)pn+1(z)|2

4π (Im(pn+1(z)pn(z̄))2 , z ∈ C.

Orthogonal Polynomials associated with Szegő Weights

We say that f (θ) ≥ 0 belongs to the Szegő weight class, denoted by G, if f (θ) is defined and measurable in [−π, π], and the integrals∫ π

−π
f (θ) dθ,

∫ π

−π
| log f (θ)| dθ

exist with the first integral assumed to be positive.
When w(x) is a weight function supported on [−1, 1] with w(cos θ)| sin θ| = f (θ) ∈ G, the orthogonal polynomials associated to
w(x) are polynomials {pn(z)}j≥0, where z ∈ C, such that∫ 1

−1
pn(x)pm(x)w(x)dx = δnm, for all n,m ∈ N ∪ {0}.

The Limiting Value of the Intensity Function for Random Orthogonal Polynomials spanned by
OPRL associated with Szegő Weights

Theorem

Let w(x) be a weight function on the interval −1 ≤ x ≤ 1 such that w(cos θ)| sin θ| = f (θ) belongs to the weight class G. The
intensity function for the random orthogonal polynomial Pn(z) = ∑n

j=0 ηjpj(z) with complex-valued iid Gaussian coefficients, where
the pj’s are OPRL associated to w(x), satisfies

lim
n→∞

hn(z) = 1
4π (Im(z))2 −

∣∣∣z +
√
z2 − 1

∣∣∣2
4π|z2 − 1|

(
Im(z +

√
z2 − 1

)2 , (4)

for all z ∈ C \ [−1, 1]. Furthermore, convergence in (4) holds uniformly on compact subsets of C \ [−1, 1].

Applications to OPUC

The orthogonal polynomials on the unit circle (OPUC) associated to a weight f (θ), where f (θ) is a non-negative 2π periodic function
that is Lebesgue integrable on [−π, π] such that ∫ π

−π
f (θ) dθ > 0,

are polynomials {φn(z)}j≥0 that satisfy
1

2π

∫ π

−π
f (θ)φn(eiθ)φm(eiθ) dθ = δnm, for all n,m ∈ N ∪ {0}.

Remark: When we restrict the weight function f (θ) to be an even function, it follows that all the coefficients of each φj(z), j = 0, 1, . . . ,
are real.
Taking fj(z) = φj(z) in (1) for j = 0, 1, . . . , n, where the φj’s are OPUC, using the Christoffel-Darboux formula for OPUC (Theorem
2.2.7, p. 124 of [1])

Kn(z, w) =
n∑
j=0

φj(z)φj(w) = φ∗n+1(w)φ∗n+1(z)− φn+1(w)φn+1(z)
1− wz

,

with z, w ∈ C, wz 6= 1, and φ∗n(z) = znφn
(

1
z̄

)
, the kernels that make up intensity function (3) simplify to give the following:

Theorem

Let f (θ) be an even weight function associated to the OPUC {φj(z)}nj=0. When |z| 6= 1, the intensity function hn(z) defined in (3)
for the random orthogonal polynomial Pn(z) = ∑n

j=0 ηjφj(z) with complex-valued iid Gaussian coefficients, reduces to

hn(z) = 1
π (1− |z|2)2 −

|φ∗n+1(z)φ′n+1(z)− φ∗ ′n+1(z)φn+1(z)|2

π
(
|φ∗n+1(z)|2 − |φn+1(z)|2

)2 .

The Limiting Value of the Intensity Function for Random Orthogonal Polynomials spanned by
OPUC associated with Szegő Weights

Theorem

Let {φj(z)}j≥0 be OPUC associated to an even weight function f (θ) from the Szegő weight class. The intensity function hn(z) for
the random orthogonal polynomial Pn(z) = ∑n

j=0 ηjφj(z) with complex-valued iid Gaussian coefficients has the property that

lim
n→∞

hn(z) = 1
π (1− |z|2)2 (5)

for |z| 6= 1. Moreover, the convergence in (5) holds uniformly on compact subsets of {z : |z| 6= 1}.
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