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Abstract In this paper, we give the Hérmander’s L? theorem for Dirac operator over
open subset 2 € R**! with Clifford algebra. Some sufficient conditions on the existence
of weak solutions for Dirac operators have been found in the sense of Clifford analysis.
In particular, if £2 is bounded, then we prove that for any f in L? space with value in
Clifford algebra, we can find a weak solution of Dirac operator such that

Du=f

with the solution w in the L? space as well. The method is based on Hérmander’s L?
existence theorem in complex analysis and the L? weighted space is utilised.
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1 Introduction

The development of function theories over Clifford algebras has proved a useful set-
ting for generalizing many aspects of one variable complex function theory to high-
er dimensions. The study of these function theories is referred to as Clifford analysis
[Brackx et al(1982),Huang et al(2006), Gong et al(2009), Ryan(2000)]. This analysis is
closely related to a number of studies made in mathematical physics, and many appli-
cations have been found in this area in recent years. In [Ryan(1995)], Ryan considered
solutions of the polynomial Dirac operator, which affords an integral representation.
Furthermore, the author gave a Pompeiu representation for C'-functions in a Lipschitz
bounded domain. In [Ryan(1990)], the author presented a classification of linear, confor-
mally invariant, Clifford-algebra-valued differential operators over C”, which comprise
the Dirac operator and its iterates. In [Qian and Ryan(1996)], Qian and Ryan used
Vahlen matrices to study the conformal covariance of various types of Hardy spaces
over hypersurfaces in R". In [De Ridder et al(2012)], the discrete Fueter polynomial-
s was introduced, which formed a basis of the space of discrete spherical monogenics.
Moreover, the explicit construction for this discrete Fueter basis, in arbitrary dimension
m and for arbitrary homogeneity degree k was presented as well.
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In [Hérmander(1965)], the famous Hérmander’s L? existence and approximation
theorems was given for the 0 operator in pseudo-convex domains in C*. When n = 1,
the existence theorem of complex variable can be deduced. The aim of this paper is
to establish a Hormander’s L? theorem in R™*! with Clifford analysis, and provide
sufficient conditions on the existence of the weak solutions for Dirac operator in the
sense of Clifford algebra.

Let A be an real Clifford algebra over an (n+1)-dimensional real vector space R
and the corresponding norm on A is given by |Alg = \/(XA, A)o (see subsection 2.1). Let
2 be an open subset of R"*1 L2(2, A, ) be a right Hilbert A-module for a given
function ¢ € C?(£2,R) with the norm given by Definition 29. (see subsection 2.3). D
denotes the Dirac differential operator and the operator E; is given by (9). Then we
can present the main results of the paper as follows.

Theorem 11 Given f € L?(2, A, ), there exists u € L?(2, A, @) such that

Du~— f (1)
with
ul]? = / ulZe?dz < 27 (2)
0
if
(fa)ol2 < | Dal? = ¢ /Q DLafZe . Va e CF(R2, A). 3)

Conversely, if there exists u € L?(£2, A, @) such that (1) is satisfied with
lul* < e
Then we can get (3).

The factor 2™ in (2) comes from the definition of the norm in Clifford analysis. If n = 1,
then the factor would disappear which gives the necessary and sufficient condition in
the theorem. From the above theorem, we give the following sufficient conditions on the
existence of weak solutions for Dirac operator.

Theorem 12 Given ¢ € C?(£2,R) with 2 being an open subset of R and n > 1;

2%y . . .. 8% X
Ap >0, ‘mdaz»am =0, i # 7, lgz,jgnandwgo, 1 < i< n. Then for all

feL?N,A ) with fQ %e*“’dx = ¢ < 00, there exists a u € L*(12, A, p) such that

Du=f
with

2
Jul? = / e ?da < 2° / 1 ¢ 4.
0 n ASO
2

Remark 13 Assuming x = (z9,21,...,2,) € R it is easy to see that o(x) = 3
satisfies the conditions in Theorem 12. Another simple example would be

n

p(x) = (n+ ag — Y af.

i=1

It is obvious that Ap(z) =2 Po = 2, and 2L =0, i #7, 1<4,j<n.

’ Txf Ox;0x;
Corollary 14 Given ¢ € C*(2,R), and p(x) = ¢(xo) with ¢"(xg) > 0. Then for all
2
feL?N,A ) with Jo ‘:;,l? e~ ?dx = ¢ < oo, there exists a u € L*(£2, A, @) such that

Du=f

2
lul|> = [ |u|e %dx <2 @ef‘pdl’.
a o ¢

with
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Furthermore, there is nothing to do with the boundary conditions of {2 in the above
results. This phenomenon is totally different with the famous Hérmander’s L? existence
theorems of several complex variables in [Hérmander(1965)]. Then we can also have the
following corollary on global solutions.

Theorem 15 Given ¢ € C?*(R"™ R) with all derivative conditions in Theorem 11
2
satisfied. Then for all f € L2(R"*1, A, ) with IR"+1 %ef“"dm = ¢ < 00, there ezists a
u € L2(R" A ) satisfying o
Du=f
with

2
ul]? = / fu2ede < 2° / 18 ¢ 4.
Rn+1 Rn+1 Ag&

On the other hand, if the boundary of {2 is concerned, we consider a special kind
of 2y = {z € R"! : q < xg < b} for any a, b € R with a < b, then we can get the
following theorem within L? space instead of L? weighted space.

Theorem 16 Let f € L?*(£2, A). Then there exists a u € L*(£2y, A) such that
Du=f
with
[ lufide < 2c(a) [ |sifde
20 0
and c(a,b) is a factor depending on a, b.

Proof Let () = z3. It can be obtained that L?(§2y,.4) = L?(£2, A, ¢) for the bound-
ary of xg. Then the theorem is proved with Theorem 12.

Remark 17 In particular, any bounded domain 2 in R"*! can be regarded as one type
of $2o. Therefore, it comes from Theorem 16 that for any f € L?(02, A), we can find a
weak solution of Dirac operator Du = f with u € L?(£2, A).

2 Preliminaries

To make the paper self-contained, some basic notations and results used in this paper
are included.

2.1 The Clifford algebra A4

Let A be an real Clifford algebra over an (n+1)-dimensional real vector space R™*!
with orthogonal basis e := {eg,e1,...,e,}, where eg = 1 is a unit element in R"T.
Furthermore,

6i€j+6j6i :O, Z#]
T 2

Then A has its basis
{ea=¢ep,n, =€p, -rep, 1 <hy <..<h.-<n,1<r<n}

If i € {hy,....,h}, we denote i € A and if ¢ & {hy,...,h,.}, we denote i € A. A —i

means {hi,..., -} \ {i} and A + ¢ means {hq,...,h.} U {i}. So real Clifford algebra is

composed of elements having the type a = Y z4e4, in which 24 € R are real numbers.
A

For a € A, we give the inversion in the Clifford algebra as follows: a* = )" z 4e’ where
A

ey = (—=1)4ey and |[A] = n(A) is the r € ZT as e4 = ep,..n,. When A =0, |A| = 0.
Next, we define the reversion in the Clifford algebra, which is given by af = 3"z Aei‘
A
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where eTA = (=1)UAI=DIAI2¢ 4 Now we present the involution which is a combination

of the inversion and the reversion introduced above.
a = E TA€A
A

where €4 = e*AT = (=1)UAIFDIAI2¢ 4 From the definition, one can easily deduce that
ea€s = €épey = 1. Furthermore, we have

A=A, VA pe A

Let a = Y x4e4 be a Clifford number. The coefficient x4 of the e4-component will

A
also be denoted by [a]4. In particular the coefficient xg of the ep-component will be
denoted by [a]g, which is called the scalar part of the Clifford number a. An inner
product on A is defined by putting for any A\, u € A, (A, p)o := 2"[Ailo = 2" > Aapa.
A

The corresponding norm on A reads |Alg = 1/ (A, A)o.
We define a real functional on A that 7., : A - R

(Teus 1) = 2”(—1)(‘A‘+1)‘A|/2MA~
In the special case where A = () we have

<7'e0, :u> = 271”0.

Let £2 be an open subset of R**!. Then functions f defined in {2 and with values
in A are considered. They are of the form

f@) =Y fa(w)ea
A

where f(x) are functions with real value. Let D denotes the Dirac differential operator

n

E = Z eiam,
its action on functions from the left and from the right being governed by the rules

Ef = ZeieAafL’ifA and fﬁ = ZeAeiamifA~

i,A i,A

f is called left-monogenic if Df = 0 and it is called right-monogenic if fD = 0. The
conjugate operator is given by

n
D= Z éic’?m.
=0

It can be found that
DD=DD=A

where A denotes the classical Laplacian in R, When n = 1, one can think of =y as
the real part and of z; as the imaginary part of the variable and to identify e; with 3.
the operator D then take the form D = 0, + i0,,, which is similar the operator J in
complex analysis.
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2.2 Modules over Clifford algebras

This subsection is to give some general information concerning a class of topological
modules over Clifford algebras. In the sequel definitions and properties will be stated
for left A-module and their duals, the passage to the case of right A-module being
straight-forward.

Definition 21 (unitary left A-module) Let X be a unitary left A-module, i.e. X is
abelian group and a law (N, f) = A\f : Ax X — X is defined such that VA, u € A, and
f[rgeX

(i) A+ p)f=Af+npf,
(i) Apf = Mpf),
(iii) A(f +9) = Af +Ag,
(iv) eof = f.
Moreover, when speaking of a submodule E of the unitary left A-module X, we mean

that E is a non empty subset of X which becomes a unitary left A-module too when
restricting the module operations of X to E.

Definition 22 (left A-linear operator) If X,Y are unitary left A-modules, then
T:X —Y is said to be a left A-linear operator, if V f, g€ X and A € A

TAf+9) = AT(f) +T(g).

The set of all “T” is denoted by L(X,Y). If Y = A, L(X,A) is called the algebraic
dual of X and denoted by X**9. Its elements are called left A-linear functionals on X
and for any T € X**9 and f € X, we denote by (T, f) the value of T at f.

Definition 23 (bounded functional) An element T € X*¥9 is called bounded, if
there exist a semi-norm p on X and ¢ > 0 such that for oll f € X

KT, flo < ¢ p(f).

Theorem 24 [Brackz et al(1982)](Hahn-Banach type theorem) Let X be a uni-
tary left A-module with semi-norm p, Y be a submodule of X, and T be a left A-linear
functional on'Y such that for some ¢ > 0,

KT, g9)lo <c-plg), YgeY

Then there exists a left A-linear functional T on X such that
(i) T ly=T, "
(ii) for some c* >0, (T, fYlo <c*-p(f), VfeX.

Definition 25 (inner product on a unitary right A-module) Let H be a unitary
right A-module, then a function (, ): H x H — A is said to be a inner product on H
if for all f,g,h € H and \ € A,

(i) (f,g+h)=(f.9)+(f,h),
(i) (f,9\) = (f,9)A,
(i) (f,9) = (9, [),
(1) (Teos (f, £)) =0 and (7o, (f, f)) = 0 if and only if f =0,
(V) (Tes (FA, FA)) < IN(Tey, (f, 1))

From the definition on inner product, putting for each f € H
IFI? = (7eo. (F, 1)),
then it can be obtained that for any f,g € H,
[(Teo, (oD < gl IS+ gll < WA+ Nlgll- ()

Hence, || - || is a proper norm on H turning it into a normed right A-module. Moreover,
we have the following Cauchy-Schwarz inequality.
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Proposition 26 [Brackz et al(1982)] For all f,g € H, |(f,9)|o < | fllllg]l-

Definition 27 (right Hilbert A-module) Let H be a unitary right A-module pro-
vided with an inner product ( , ). Then is it called a right Hilbert A-module if it is
complete for the norm topology derived from the inner product.

Theorem 28 [Brackx et al(1982)](Riesz representation theorem) Let H be a right
Hilbert A-modules and T € H**9. Then T is bounded if and only if there exists a
(unique) element g € H such that for all f € H,

T(f) = (T, f) = (9, f)-

2.3 Hilbert space of square integrable functions

Now we extend the standard Hilbert space of square integrable functions to Clifford

algebra. First, we denote L(£2, ) and L?(£2, 1) be the sets of all integrable or square

integrable functions defined on the domain 2 € R"*! with respect to the measure

p. Then LY(2, A, u) and L?(§2, A, i) are defined as the sets of functions f : 2 — A

which are integrable or square integrable with respect to p, i.e., if f = > faea, then
A

for each A, fa € L'($2, ), respectively f3 € L'(£2, ). Then one may easily check
that L'(2, A, u) and L?(2, A, ) are unitary bi-A-module, i.e., unitary left-.A-
module and unitary right-A-module. Furthermore, for any f, g 6 LQ(.Q A ), fe
L2(92, A, p) while fg € L}(2, A, 1), where f(z) = f(z) and (fg)(z) = [(2)g(x), = € 2.
Consider as a right A-module, define for f,g € L?(£2, A, 1) that

- / F(@)g(x)dy
N

Furthermore for any real linear functional 7" on A

(T.(f.9)) = (T, /Q F(@)g(@)du) = / (T J (@)

Consequently, taking T' = 7., we find that

(oo (F2 1)) = (oo, / fa /Q (regs F(2) f )i

- / (@) B
(9]

Hence, for all f € L*(2,A, 1), (Tey, (f, f)) > 0 and (7,, (f, f)) = 0 if and only if
f = 0 ae. in (2. Then it is easy to see that under the inner product defined, all
conditions for L?(§2, A, 1) to be a unitary right inner product A-module are satisfied.
Since L2(£2, A, 1) = [ 4 L*($2, n), we have that L?*(£2, A, pt) is complete; in other words
L?($2, A, i) is a right Hilbert A-module, with the norm

(6)

1712 = (reos (F, F) /\f ) 2dy

for f € L2(02, A, ).

Definition 29 (weighted L? space) Similar with L?(2,A,pn), we can define the
weighted L?(H, A, ) for a given function ¢ € C?(£2,R). First, let

L2(2.0) = {fIf : 25 R, / F(@)]2e dr < +oo).
(9]
Then we denote

L*(H, A ) ={fIf: 2= A, =) faea, fa€L*(2,0)}.
A
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Moreover, for all f,g € L?>(H, A, p), we define

- /Q F(@)g(x)e*da.

Then it is also easy to see L*(£2, A, @) is a right Hilbert A-module, with the norm
1P = (e (5.5} = [ 11@)edo 7)

for f € L2(2, A, ).

2.4 Cauchy’s integral formula

Let M be an (n+1)-dimensional differentiable and oriented manifold contained in some
open subset ¥ of R"*!. By means of the n-forms

di; =dxro N\ --- Ndx;_q /\d.’l?g“Jrl A---Ndxy, i=0,1,...,n,

an A-valued n-form is introduced by putting

similarly, denote

Furthermore the volume-element
dr =dxg N\ --- Ndx,
is used.
Proposition 210 [Brackz et al(1982)](Stokes-Green Theorem) If f,g € C' (X, A)
then for any (n+1)-chain 2 on M C X,

[ pdog= /Q (/D)gdz + /ﬂ f(Dyg)dz

/arz fdog = /Q(fD)gdq: T /Q f(Dg)dz

Remark 211 Denote C§°((2,R) as the set of all smooth real-valued functions with
compact support in 2 and C° (2, A) :={f|f: 2= A, f=> faea, fa € CF(2,R)}.
A

If f or g € C§° (82, A), then we have from the Stokes-Green theorem that

| (Dgda =~ [ 1(Do)aa
| (D)o =~ [ f(Da)iz

Lemma 212 If u(x) € C*(£2, A), then Du = aD.
Proof Let u(x) =) , eaua. Then

Du =Y €40 us=Y  afi0sus =uD. -

i,A i,A

Lemma 213 [Huang et al(2006)] If u(z) = , eaua, v(z) =Y i, e;v;, then

D(uv) = (Du)v + u(Dv) + Z eju — ue; )0y, v.
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2.5 Weak solutions

Definition 214 (D solution in weak sense) If f € L} (2, A), u: 2 — A is a weak
solution of

Du=f (or Du= f)
if for any a € C3°(£2, A),

/Qozfdx:—/g(aﬁ)udx (or /Qafd:b:—/g(aD)udm).

It should be noticed that if u is a weak solution of Du = 0, in addition, if u is smooth
in {2, then it is left-monogenic. Now it is natural to give the definition of A solution in
weak sense.

Definition 215 (A solution in weak sense) If f € L} (2, A), u: 2 — A is a weak
solution of

Au=f

/Q afds = /Q (Aa)udz.

Theorem 216 If f € L}, (2, A), and Df = 0 in weak sense, then f is left-monogenic
at any point of (2.

if for any o € C§°(02, A),

Proof : Since Df = 0 in weak sense, then Af = 0 in weak sense. By Weyl’s lemma, f
is smooth in {2 and has Af = 0 in classical sense, then of course f is left-monogenic at
any point of {2.

Remark 217 This is useful to deal with uniqueness of weak solutions. for example,
if u, v € L}, (2, A) are two weak solutions of Du = f, then u = v + w with any w
left-monogenic.

Remark 218 An important example of a left monogenic function is the generalized
Cauchy kernel

1 T
||t

G(z) =

N Wn+41
where wy, 41 denotes the surface area of the unit ball in R™*Y. This function obviously

belongs to L},.(£2, A) and is a fundamental solution of the Dirac operator in the classical

sense at any point of R™1 except 0. However, it is not a weak solution of the Dirac
operator. In fact, if it satisfies Df = 0 in weak sense, then from Theorem 216, it must
be left-monogenic in the any point of 2 which could include 0. Therefore, we get a
contradiction.

For f € L?(2,A,¢), u : 2 — A. If Du = f, based on the Stokes-Green theorem,
we can define the dual operator ﬁ; of D under the inner product of L?(£2, A, ¢). For
any a € C§° (2, A),

wfo= [ atesie= [ s
0 Q
/ (ae=?)(Du)dx
0

= —/ ((ae™%)D)udx
Q

= —/ ((ae=%)D)e*ue *dx
o)

/ —e?D(ae%)ue” Pdx
I7)

= (—e"¥D(ae%),u)y £ (E:;oz,u)@7
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where E;a = —e?D(ae”?) = a(Dy) — Da, i.e.

In the same way, we also have

(ﬁu,a)<p = (mﬁ;a)(p.

3 The proof of Theorem 11

Now we are in the position of proving Theorem 11.

Proof (Suf ficiency) From the definition of dual operator and Cauchy-Schwarz inequal-
ity in Proposition 26, we have

[(f, )18 =I(Du, a),|5 = [(u, D)y |3
< lull?® - |[Dyall?
< c-|[D,al

(necessity) We aim to prove the necessity with Riesz representation theorem. First,
we denote the submodule

E={D,a, a€C(R2,A), ¢ € C*(2,R)} C L*(2,A, ).

Then we define a linear functional Ly on E, i.e., Ly € E*49 for a fixed f € L2(92, A, ¢)
as follows,

<Lf’ﬁs*00‘>:(fva)go:/g]?‘a'eiwdeEA.

From (3), we have
[(Ly, Dya)lo = |(f,@)elo < Ve [[Dyel,
which meas that Ly is a bounded functional from Definition 23. By the Hahn-Banach

type theorem in Theorem 24, Ly can be extended to a linear functional L Fon L2(£2, A, ),
and with

where v/c* = \/c - |eglo, since |ealo = 27/2, then ¢* = 2"¢ from [Brackx et al(1982)].

Now we are in the position to use the Riesz representation theorem for the operator
L¢. From Theorem 28, there exists a u € L?(§2, A, ) such that

<zfvg> = (uvg)<pa Vg € Lz(‘(z?Av 90) (11)
For Vo € C§°(£2, A), let g = E;a. Then
(f, )y =<L},E:;a> = (u,ﬁz;a)w = (Du, @),

which deduces that

/Q Fae—#d = /Q (Du)ae—*dz.

Conjugating both sides of above equation leads to

/Q@f-e_‘adx:/no?(ﬁ)ue_“odx.

Let @ = @e?, then it can be obtained that

/ afdr :/ a(Du)dz, Vo € C§°(£2, A).
Q 7
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Hence,
Du=f
is proved from the definition of weak solutions.

Next, we give the bound for the norm of u. Let g = u = ) , eaua € L*(£2, A, ¢),
from (10) and (11), we get that

|(u,w)plo < Ve |ull. (12)

On the other hand,

_ _ 2
()l =| [ aueedsl;

=2". [/ uue Ydzx / ﬁue**’dz]o
Q Q
/ ZUA + Z esepuaup)e fdx - / Z“A+ Z eaepuaup)evdx]

A#B A#B

use ‘de uauge” Ydr)
2l St (f 3 7).

A£B

(13)

and
l|ul|? = / lul3e™?dx = 2"/ [au]pe”Pdr = 2”/ ZuQA ce”Pdx (14)
2 7 27

So we have |[u|* = 22" - ([, > % - e~¥dx)?. Hence,
A
[(u, / ZUA e ?dx)? / Z upuge”Pdx)?] > 27" Jul*.
Ie; 2 AZB
Combining with (12), it is obtained that
[l < 2772 |(u, w) o < 22V ul,
and
Jull? < 27c.

The proof is completed.

4 The proof of Theorem 12

It should be noticed that inequality (3) in Theorem 11 is related with o € C§°(2, A). In
the following, we will give another sufficient condition that has nothing to do with the
space C5°(£2, A). First, we need to compute the norm of || D al| for any o € C5°(£2, A).
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— — _
HDS(,ozH2 z/Q|D¥,oz\ge Pdx

z/ (Tey, Door - Da)e Pda
2

=(Tey, (@, Da(Dyp) + aAp — Aa + Z(eja - ozej)i(Dtp))w)

8{17]‘

j=1

=(Tey, (a,ﬁl(ﬁa) +alp + Z(eja - ozej)aij(Dcp))@
:<T€07 (O"EZ(ﬁO‘))Sﬂ + (O" O‘A‘p)tp + (a7 Z(eja - OZEj)

n

afgj(m))@

:<T€07 (O"E;(ﬁa))s@) + <T€o7 (av O‘AW)AP> =+ <Teoa (OL, Z(eja - aej)a(z,j( ))@)

J=1
=1 + 1> + I,

where

I =(rey, (. D (Da))y) = (7ey, (Da, Da),.) = | Da?,

IQ :<7—eoa (aaaA@)ga> - / |Ol‘gAﬁpeitpd.T,
2

and

J=11i=0 axjaxl
n n 82
Teos Qa e;e; — Qe;€; ~Pdx
o 33, D s = sl gy e
B n o on ) ) 824)0 -
:/Q<Teoa0¢;§(€ja€i - Oé%@ﬂmﬁ Pdz.

It should be noticed that if n = 1, i.e., the space R? is considered, then I3 = 0.
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Since for 1 <4, <n and i # j, eje; = —eje; = e;e; = —e;€;. For simplicity, let

n n 82@
I4 :<Teo,6é : Z(Ejaéi—aejéi)m
j=114=0
n n n
9% N o
:(Teo,; 2 (aejae; — aaejei)m> + (Teys ;(aejaeo — aaejeo)m
n n
Y & . 07
=(Teo Z(aeiozei - aaewﬁ—f} + (TeU,Z(aejaei)4>
‘ Ox? — Oz ;0x;
i=1 ? e J
n
Y o 7
+ (Teys ;(aejaeo — awe;jég) F2;020
n n
0 o2
=(Tep s Z(aeiaei — aa) f) + {Teys Z(aejaei)é
; ox; oy Oz ;0z;
i=1 j#i
n
Y 0 7
+ (Teys jz::l(aejaeo — aaejeo)m
Iy + Ig + Ir.
(16)
Assume v = Y ageq €A, &= agéa, then for any 1 <i < n,
A A
ae;ae; = ZaAéAei . ZaAeAéi
A A (17)

- Z(—l) \A\(\x;Hl) QAeAe; - Z(—l)OéAeAei

A A
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Then
Is = €0’ i€, —
=t 3 e~ a0) 52
" 02<p "L 0%
=, 302 ) = (e, 30 5)
62()0 n 82@

LAl AL+1)
' (Z(—l) T aaepe; Z(—l)aAeAei)@> - »
i A A t i=1
" ETPAESS I %0 &K, 0%
=2 Z(Z(—l) aleqeiene;) el _Z‘O%W
7 i=1 7

i=1 A

NgERD

= <T60 ’

Il
-

n

ZQnZ(Z(*l)lAm?‘H)JAOLi EAE - eacs (7 )(\A\+1)(\A\+2)
i—1 igA
(A1=1(AD 0%
)2y ZI

\A\(IAH—l)
+1, 2
cay €A -ea—i- (—1) 722

+§ A
€A
n

2 . ?4

_on Z(Z(*l) LALGALD 4y QAIEDAALED)
i=1 igA
JAIIAI+D) | 1, UAI=DUAD %o & 02
+Z(71) T T '0624)@ *ZM%@
icA tog=1 @
o o~ 0%
=2" 3 DMk + 3 ()T ad) 8 =Y falf g
i=1 igA icA @ i=1 @
n - 2 2 8290
=2 Z( Z (—2)ay + Z (*Q)OKA)@
i=1 ;24,42 is odd i€A,|A|? is even '
R YD SRR St
A A ox2
(18)

=1 ;24,42 is odd i€ A, A2 is even

Ol\)
2l
~M~g

To consider I7, we first study aeja for any 1 < j < n. Without loss of generality, let

ej=e1, &=y s, o=y ages. Then aeja = (> aséas)e1(dD aaseq)
A A
< hp,and 1 <r <n.

A
€n,, where 1 < hg < hg < --

When eq = ejep,ep,
_ r(r+1)
QA€AC] =Q1py.h, (—1)7 2 -e1ep,en, - eh, - €1
r(r+1)
_ ot 4 1
_a1h2“'h7‘(_ ) 2 €h2€h3 e ehr ( 9)
-
QA€A€] =Qihy. ., €1€hy ** Eh, " €1 = Qihyh, (—1) €hy - eh,..
When ey = ey,
ap€pe; =aq (20)
p€p€; — — (.
When e4 = ep,ep, - -€n,, where 1 < hg < hg <--- < hr,and 1 <r <n.
_ (r=1)(r)
QABAEL =Qpyoh, (—1) 2 - €p,Chy €, - €1
(r=1)(r)
_ =D g
—Oéh2~»-h,,.(_ ) 2 €1€h, * " €, (21)
« = = —1)r—t
ACACT =Qpy.ih, €hy € - €1 = Qpyp, (—1) Te1€p, - €,
When e4 = e,
aa€q€e] =Qpe (22)
=Qpeq.

p€pey
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To compute I7, one needs to know the coeflicient for ey of @eja — @aey. It means that
we should find out the corresponding terms of ejep,ep, - - - ep, and ey, - - - ep, in @e; and
a, in @ and ae;.
Case al. For aeja, from (21), the corresponding terms of ejep,ep, - - - ep, with
l<hy<hy<---<hrand 1l <r <ninae = (D aséa)e; and a« = Y agey are
A A
1)<r—;>(r) 1

gy, (— €1€h, * - €h, and Qqp,..h,.€1€R, * - €n,., Tespectively. Multiplying

these terms leads to

=1) 4 q
(—1) 2 +r €1€hy " €h, " €1€hy " €Ch, * Nlhgy.h, " Ohy.. b,

(r=1)(r) () (1)

_ =00 4y

= (-1 = (1) "= e -€en, -€1€hy - Ch, - Olhgehy Chyeoihn (23)
() (r+1) (r=1)(r)

_ Tr14

= (71) 2 T 2 *O1hy-hyp Ohyehy-

On the other hand, for @e;a, from (19), the corresponding terms of ep,ep, - - - ep, with

L rr+1)
1<hy<hy3<--<hrand1l <7 <ninae; and aare aip,..n, (—1)" 2 ep,ep, - €p,

r

and ..., €hy - - - €h,., Tespectively. Multiplying these terms leads to
(1) (r+1)
(—1) 2 +T6h2...hr *€ho--hy " Xlhy--h, * Xhy--h,
(r)(r+1) (r=1)(r)
= () (1)

(=1

From (23) and (24), these two terms cancel.
Case a2. For aeja, from (22), the corresponding terms of e; in @e; and « are age;
and ajeq, respectively. Multiplying these terms leads to

*€hy-hy " Chgerhy t Olhge-h, Ohyo b, (24)
(T)(;“+1> S+ (w;)(r)

* by by Qhg-e -

aperaie; = —apay . (25)

On the other hand, for aeja, from (20), the corresponding terms of e in ae; and « are
aq and ag, respectively. Multiplying these terms leads to apay. Combining with (25),
these two terms also cancel.
From Cases al and a2, one can obtain that the coefficient for eg of ae;a equals zero,
ie.,
<Teo,z<aejaéo)ﬁg%> = 0. (26)

Jj=1

Case bl. For aae;, from (21), the corresponding terms of ejep,ep, - - - ep, with
l<hy<hg<-+<h-and1l <7 <ninae; = (D ases)e; and @ = Y aaéa
A A

are ap,...n, (—1)""teren, - - - en, and aup,...h, €1€n, - €n,, respectively. Multiplying these
terms leads to
(alhz...hrelehz e eh,,,) . (ahz--'hrehz e ehr . 61)
= (Qnyn, €80, - en,) - ((<1) " lereny - en, - angoon,) (27)
= (_1)T_10¢1h2~-hr “ Qb
On the other hand, for aae;, from (19), the corresponding terms of ep,ep, - - - e, with

l<hy<hg<--<hrand 1 <r <nin ae; and & are aip,...h,.(—1)"ep, - -ep, and
Qlhy.-h,€hy - - - €h,., Tespectively. Multiplying these terms leads to

(Qhye-hy €hy - €hy) - (Qhyeh €1 - €R, - €1)
= (Qhyh,Chy €n, ) ((=1)"€ny -~ €h, - Qinyen,) (28)

= (=1)"Qhyeohy - Mg, -

From (27) and (28), these two terms cancel.
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Case b2. For aaey, from (22), the corresponding terms of e; in ey and & are age;
and aqé7, respectively. Multiplying these terms leads to

aoelalél = pQg. (29)

On the other hand, for awe;, from (20), the corresponding terms of ey in ae; and &
are —a and ag, respectively. Multiplying these terms leads to —apa;. Combining with
(29), these two terms also cancel.

From Cases bl and b2, one can obtain that the coefficient for eq of ae;a equals zero,
ie.,

(7 i(o‘zaelé )82790> =0
€0 J 0 amjaxo - Y (30)

Jj=1

Thus, I; =0 from (26) and (30).

To compute I, i.e., to get [ae;a€;lo for i # j, similar with the analysis of I, we
should divide the vectors in ae; and ae; into four cases.

Casecl.ic A, jgAforeyinaandi ¢ B, j € Bforepinawith A—i=B—j.

For this case, firstly, we assume e = €hywhpsy by and h,;) =i, ep = C€hy by b
and h,(;) = j. We have
_ r(rt1)
QACAE; :OéA(—l) R & PR VA 7 W 7]
—aa(— 1) FE e, 2,
—aa(—1)" T, (31)
QBEBE; =QBER, """ €5 €p, "€
:aB(_l)T—P(j)ehl e ey
:OzB(fl)rip(j)BB_j.
Then

_ _ D) L o6 —p(i
aataciagepe; =aa(—1) "2 PO e, ap(—1)"PUep
)w+r—p(i)+l+r—p(1’)+T(T;U

:aAaB(—l €A—i€B—j (32)

:OKAOJB(—l)Terl_p(i)_p(j)-

Casec2.i¢ A, jec Aforeainaandi € B, j € B for eg in a with A+i = B+.

We assume eyq = €hy-hp(y e hr and hp(j) =J, €B = €hyhyyehr and hy,;y = i. We
have
_ r(r+1)
(UACAC; :aA(f]_) 2 “€py cc€jcc€h, v €,
Qpepe; =Qpep, " € €p *€; (33)
= _aBehl ...ei...eh’r .ej
:aBehl ej ...ehr €.
Then

_ _ r(r+1)
apépe;apepe; =oa(—=1)" 2 -ep ccc€jc-€h, € OBER, €5 eh, - €

r(r41 +1)(r+2
r(7"2 )4 (r )2(r )

:aAaB(_l) ehl ...ej ...ehT B eiehl ...ej ...ehr - €;

:O(AO(B(—l)T2+1.
(34)

Casec3.i€ A, je Aforeyinaandi ¢ B, j ¢ B foregin a with A—i = B+3.
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For this case, we assume e4 = Chy- iy hp(jy - hrsa with hyy =14, hpgy = j. With-
out loss of generality, we assume ¢ < j. Furthermore, let eg = ep,...n,.. We have

42)(r+3)

asese; =aa(—1 CCpy €€ Ch L, €

(7+2)(T+3)

+r+2—h(i 2
OéA( 1 T ()'ehl"'ej”'ehr+2.ei
_aA( . ehl DY ej DY eh,r+2 (35)

)
)
1) (T+2)(7 +3) 41— h(i)
1)(T+2>“+3)+r+1 h(3)+r+2—h(j)

:aA( 'ehl"'ehr+2'eja

Qpepe; =Qpep, ' €p, *€;

= — QBE€p, " - €h,. *€E5.
Then

( 1)%+r+1—h(i)+r+2—h(j)

QACAC;OBERE; =0 A(— “€hyChyy - €j(—1)apen, - -ep, -

DD —h(i)—h(j)

=agap(—1 “€hy " Chyyy " €j€Ry R, " €
(r42)(r43) (1) (r+2)

:OZAOLB(*]-) 2 () h( )+ ’ehl "'6hr+2 '6j€h1 ...ehT .ej
2_ S .

=a 05(—1)" h(3)=h(@)

(36)

Casecd.i ¢ A, jg Aforeqsinaandi € B, j € Bforepina with A+i=B—j.
For this case, we assume e4 = €p,..h,., EB = Ep,... hpye With hpgy =

1, hpy =7 and i < j. We have

hpiyhpy -

B r(r41)
apepe; =aa(—1)"2 -ep, - -ep, e

aBeBé_] :aBehl...ei...ej...ehr+2.éj
_ +2-h(j _
—aB(_]_)T (]) .ehl ...ei...ehr+2 .ejej (37)

— +2—h(j)+r+2—h(i)—
=ap(—1)" (@) +r G-l ey, e Chyys €

—ap(—1) DD e ey e

Then

r(r+1)

aaéaciapepe; =aa(—1)" 2 -ep, ---ep, - ejap(—1)TMOTRE) .

ehl e eh,,-+2 - e;

2t 41 h(5)—h(i

—aqag(—=1)"2 T (=R . o “h, €ty Chy, €
D) 1 p(i)—h(i)4 CED(r+2)

:aAaB(—l) s—+1—h(j)—h(i)+ 5 “€hyCh, "€ €hyCh L, €
2 .. )

—aqap(—1)" —h(§)—=h(@)

(38)
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Combining cases cl-c4, we have

n ) B 82@
Is =(Tey, E (aejaei)iam‘(’)x»
j#i 7o

n B B 82@
=(Tey, Z ((Z eAaA)ej(Z eBOéB)ei) 3xj8$i>

j#i A B

n B B 824p
:<7—80, Z ((Z eAaA)ei(Z eBOéB)ej) M>

j#i A B

n ) ) 82<p
= Z<Teo, (Z eAaA)eZ—(; epaB)E;) 007,

i A

- - P (39)
:5 <7’eo,(g e )ei(g eBap)é;)

i A o B pee 020z,
—9n zn: ( Z aAaB(_1>r2+1—p(i)—p(j)

Jj#i €A, j¢A;A—i=B—j

+ > aaap(~=1)"H

i¢A, jEA;A+i=B+j

+ Z aaap(—1)7 —hE =@
i€A, jEA;A—i=B+j
> ) . 8250
1y fhmfh(z))i_
+ ) asap(—1) P

i¢A, jEAA+i=B—j

In all,

I3 :/ Ie %dr
0

:/ (Is + Is + I7)e” ¥dx
7}

= —ontl / i( Z o+ Z ai)%e‘“’dw
2 i

=1 jg4,A2 is odd i€A, A2 IS even
n
gy / SO Y asan(-yrtrOm0 (40)
2 52i icA, jgAA—i=B—j
+ > aaap(~1)"
igA, JEA;Ati=B+j

+ Z apap(—1)7 @A)
i€A, jJEA;A—i=B+j

5279"

+ Z aAaB(—l)Tz_h(j)_h(i)) 5D e ?dx.
igA, jEAA+i=B—j Lot
Then we have
||E:;a||2 = || Da? +/ la|2Apeda + 1. (41)
Q

Itisobtainedthatif%:(), i #7, 1§i,j§nand§%§§0, 1 < ¢ < n. Then we
FjOTi B
have I3 > 0, and

Dyal? = [ Jafdee vz,
22

With the above analysis, we can prove Theorem 12 easily.
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Proof 1t is sufficient to prove the theorem if condition (3) in Theorem 11 is presented.
By Cauchy-Schwarz inequality in Proposition 26, we have for any o € C§°({2, A) that

(Fa)els =] [ F-aeaal;

|/Qfﬁa A<p~e_“’dx’(2)
-1 2 2

<7l AR

I 2 — / 2 _
= —— e ¥dx - a-\Ap| e Pdr
|| Al ean [ o VA,
<c|[D_al>.
The proof is completed with Theorem 11.
It should be noticed that when n = 1, I3 = 0. Then it comes from equation (41) that

the Hormander’s L? theorem in R? which equals the classical Hérmander’s L? theorem
in C could be described as follows.

Corollary 41 Given ¢ € C?(2,R) with 2 being an open subset of R?; Ap > 0. Then

forall f € L*(2, A, ) with [, %eﬂodw = ¢ < o0, there exists au € L*(02, A, p) such
that o
Du=f

2
< | o gy,
o Ay

with

5 Conclusion

In this paper, based on the Hérmander’s L? theorem in complex analysis, the Héormander’s
L? theorem for Dirac operator in R™*! with n > 1 has been obtained by Clifford alge-
bra. When n = 1, the result is equivalent to the classical Hérmander’s L? theorem in
complex variable from the proof of the main theorem. As a result, for any f in L? space
over a bounded domain with value in Clifford algebra, we can find a weak solution of
Dirac operator with the solution in the L? space as well. The potential applications of
the result will be studied in our future work.
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