Definite Integrals (Section 5.2) and the Fundamental Theorem of Calculus (Section 5.3)
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The rate R = P’ at which people are becoming infected __ o
with a contagious virus ¢ weeks after 5 people were EE = B
infected is graphed to the right, along with the total c e
cumulative number of people, P, who have been EE A
infected over the life of the epidemic. It takes - /
24 weeks for the epidemic to run its course and be over. 70 ,.-'F
c Fi
a. Report the shaded area from week 6 to week 16. EE / — AP £95 + 30
- / = 65
/r 16 / 16 E_E; ~ 95
6 R(1D)dt= 6 P(t)dt: peoPle @ c /
AP = P(16)— P(6)=95—30 = 65 unit of measurement 40 JIIIrII.I'
i. Interpret what this area represents in terms of 35 7
the context of the epidemic. 30 7
C
65 additional people were infected from week 6 to 16. 7} ‘;‘;
5 v
ii. Sketch a segment on the graph of P to 10 = — =——
represent AP for your answer in part a. 5—"5:-‘:'_-5- -— S SN - ———T
Segment is vertical at #= 16 with length 65. 1+ — >
Starts at P(6) = 30 and ends at P(16) = 95. 02 4 6 & 10 12 14 16 18 20 22 24

b. What is the total area under R? 95
24
IO P'(t)dt = AP=PQ24) - P(0)=100—5=95

i. Sketch a segment on the graph of P to represent AP for your answer in part b.
Segment is vertical at 7 = 24 with length 95. Starts at P(0) =S and ends at P(24) = 100.

ii. Interpret what the total area represents in terms of the context of the epidemic.
95 additional people were infected after the initial 5 were infected.

c. When is the number of infected increasing the fastest? r=__ 8 weeks Ris amaximum atz=8.

d. Complete with whole numbers.

From 0<¢< the number infected by the viru

S
@bws down }

From <t< the number infected by the virus

.
1speeds upw

The graph shows a company's 16

profit, P, in thousands, 12

) , 8

and marginal profit P 4
in thousands per year,

for a 6 year interval. “g

. -12

-16

f P(0ydr =[16] 20

-24

O AP=P@)- P0)=16-0=16 o8

Sketch the segment which :gg

represents AP for this interval. -40

Segment is vertical at £ = 4 with length 10. -44

Starts at P(0) = 5 and ends at P(24) = 100. ég

Interpret what this shaded area represents -56

in the context of the company’s profits. -60

The company’s profits increased by a total of 16 thousand dollars in the first four years.




d. It is known that the shaded area under the
curve P' from¢t=0to ¢t=11is —$11 and that .
the curve P’ is quadratic. 6
i. For the area to the right and each of the areas below:
, 28|
e Sketch the segment which represents AP 32 P
for the interval specified. :38 i
e Write the area as a definite integral and give its value. ol
e Interpret what the area means in terms of the company’s profits. gg i
1 anl r
Since I P'(t)dt =—11 = P(1) - P(0) and P(0) = 0, then P(1) = -11."° P
0 . Report P(1) = —11
o The profits fell by $11 thousand in the first year. o
11. r 11 r -
B iiii. 197 6
or 4 16 8r
1 1 | 27 ] t 4 i 1 1 1
4 3 6 4 3 3 5 !
_8 N | 78
_]g 4- —-— - 12
300 Letd = jl P(0)dt g - 36
24 24 I P(t)dt = pP6y—P4)
281 Method 1: =11 + 4= 16 from part a. Subtract: A'%= 16 +11 =27  -28} 4
Al 4 P a2 =36 (16)=-52.
40p Method 2: L P'(t)dt = Pi4y—P) 1ol
sl S 16— (1) =27, jg: The profits fell by $52 thousand
20 The profits rose by $27 thousand :gg I from year 4 to-6.
60~ from year 1 to 4. P gol p
iv. 16 .
1v 19 V. 12
8 8
4 4
f
4 & 4
-8 -8
s 4 e 36
EAVATVE J.1 P'(t)dt = 27 from part ii 20 B
24 -24 6
28} - 27 281 j P'(t)dt =Py =P0)
32¢ thenj‘ P()dt = d=—= =135 P 2 0
ol i o) ’ ol =36 - (0)=-36.
Erd 5 r . -44 i
[ by symmetry. (P'is quadratic.) -48
-48
52 The profits rose by $13.5 thousand :gg: ;2;prgg;f::;l6by 536 thousand
o[ in the one and a half years after year 1. P 60" y : P'

Report P(2.5) = 13.5
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~205/Since P/(f) is quadratic, use symmetry

s 5
280 _|'0P'(t)alt=_[4 P(df =11

P

-40+ The profits fell by $11 thousand from year 4 to,5
[similar to how they fell from year 0 to year 1.

52t Notice P is decreasing concave up from year 0 to |
[and P is decreasing concave down from year 4 to 5.

Pi

Report P(5)=_ 5 P(5)+11=1650 P(5)=5.

e. Give formulas for P and P'. See next page.

6

[ LetB= L P(t)dt

20} Method 1: —11 + B = —52 from part iii

jg: Subtract: B=1-52 +11 =41

L 6

'58 - Method 2: L P'(t)dt = P6) - P(5)
=-36-5=-41.

The profits fell by $41 thousand from year 5 to 6.

Pf



e. Give formulas for P and P".

Method 1: The quadratic function P’ has zeros at 1, 4 and passes through (0, —24)
"= a(t-1)(t—4) so substitute (0, —24) and solve for a.
24 = a(t-1)(t—4)
-24 = a(0-1)(0—4)
24 = a(-1)(—4)
24 =4a
=—6

We have | P'=-6(t—1)(t—4)

Method 2: The quadratic function P’ has a vertex of (2.5, 13.5) and passes through (4, 0).
"= a(t-2.5)* +13.5 so substitute (4, 0) and solve for a.
0 =a(4-2.5)* +13.5
0 =a(1.5)? +13.5
0 =2.25a +13.5
2.25a =-13.5
a=-6

We have| P'=—6(t—2.5)* +13.5

We now integrate. Expanding P’ =—6(z-1)(t—4) or P' =—6(t — 2.5)> + 13.5 we havel P’ = —6¢* +30r —24

[P0yt = [ (=61 +30¢ = 24)dt
P(t)==6[£dt+30[tdt—24[ dt
3 2

=6 130 244 C
3772

=2 +15¢ =24+ C

Substitute 1 =0, P = 0.
We have C=0 so

P=-2F+15f - 24t

TIP: Check the answers match the given graphs using a graphing calculator.



