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1 Introduction

For a complex Hilbert space X, B = {z € X : ||z|| < 1} is called the unit ball in X. The unit disk in the
complex plane C is denoted by D, and the unit ball in the complex space C" of dimension n is denoted by
B,. For z = (21,...,2,) and 2’/ = (2,...,2.) € C", denote (z,2') = 212} + - -+ 2,7, and |z| = (2, 2)/2.

Let X, Y be two complex Hilbert spaces, U be an open subset of X, and f be a continuous mapping of
U into Y. We say that f is a holomorphic mapping if for any z € U, there is a bounded linear operator
Df(z) of X into Y such that

If(z4+8) = f(z) =Df(z) - Bl _
BeEX, [|BIl—0 181

0,

where || - || denotes the norm of the appropriate space, and D f(z) - 5 denotes the evaluation of D f(z) on
B € X. Df(z) is called the Fréchet derivative of f at z, and Df(z) - (8 is called the Fréchet derivative
of f at z in the direction 8. Furthermore, for a non-negative integer k, the k-th-order Fréchet derivative
of a holomorphic mapping f at z € U and its evaluation on (f1,...,0k), 8; € X, 1 < j < k, have been
defined and denoted by D* f(z) and D* f(z)- (B4, ..., Bk) respectively. The norm of D f(z) is defined as

ID* f(2)ll = sup{[[ D f(2) - (Bu,- -, Bl [ 1Ball = -+~ = || Bwll = 1}
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In addition, D*f(z) - (B,...,[) is simply denoted by D*f(z) - 8%, where 5 € X.

For a multi-index v = (v1, ..., v,) with non-negative integers v1, ..., v,, denote |v| = vy + -+ -+ v, and
2V =zt zim for 2 = (21,...,2,) € C". Under these notations, if f is holomorphic, X = C", Y = C™,
we have £i(2)

k0% f(z
k k _ RO OTJE) n
D*f(z)- B lzkv!azfl---é)zﬁ"ﬂ’ z€U, BeCm (1.1)
v|l=

In particular, if X =Y = C, then
D f(z)-8* = fP(2)p", »eUcC, peC.

The Taylor formula for a holomorphic mapping f of D into a complex Hilbert space Y says that
o D¥f(0) - 2*
F@=fO+) ——F— z€D.
k=1

In this paper, by B and B we denote the unit balls in complex Hilbert spaces X and Y respectively, by
QBE we denote the class of all holomorphic mappings f from B into IE, and by &5, we denote the class
of all holomorphic functions f defined on B such that Re{f(z)} > 0 for z € B.

For f € Qpp, the classical Schwarz-Pick lemma says that

Il

< , D.
—f)P STz €

This has been generalized to the derivatives of arbitrary order [4,5,7]. The best result, proved in [3], is

(k)
M<(1+|Z|)k—l,k7 zGD’ k> 1. (12)

!
1—[f(2)) (1= [=%)"

Chen and Liu [2] generalized (1.2) by proving the following Schwarz-Pick estimate for partial derivatives
of arbitrary order of a function f € Qp,, p:

v n+2
8' ‘f(z) §n5|’u|'<n+|v|1) 1*|f(z)|2 (1+|Z|)\v|71 (1'3)

Oz V1 -+ - Dz n n—1 (1 — |z|2)ll

holds for any z € B,, and multi-index v = (v1,...,v,) # 0.
Recently, the authors obtained a high order Schwarz-Pick lemma [3] for f € Qg p,,, which is formulated
by the Bergman metric. On the unit ball B,,, the Bergman metric H. (3, 5) may be defined by

(L= [z)IB* + 148, )

H.(8,8) = TEDE for z€B,, geC".

Commonly, there is a factor (n + 1)/2 in the definition of the Bergman metric. In spite of ambiguity, we
use the same notation for Bergman metrics in unit balls of different dimensions. With this notation, the
main result in [3] is expressed as follows:

Theorem: Let f € Qp, p,,. Then, fork>1, z € B, and g € C"\ {0}, we have
Hf(z)(Dkf(z) ! ﬂka Dkf(z) ' ﬂk) < (k!)Qp(Zaﬂ)2(k_1)Hz(ﬂaﬂ)ka (14)

where

(8, 2)]
(L =128 + (B, 2)[2)"/?

p(z,8) =1+ for ze€B", feC"\{0}.

(1.4) coincides with (1.2) if n = m = 1. As a consequence, the authors deduced from (1.4) a Schwarz-Pick
estimate for partial derivatives of a function f € Qg n:

‘ o (2)

Oz{t - Oz

ol

UU

lo|—1 1—[f(2)]

ol(1+ |z]) A= )

(1.5)

X
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Note that (1.5) is much better than (1.3).
The purpose of this paper is to generalize (1.4) to Fréchet derivatives of mappings in Qy 5. For a
Hilbert ball B, we define

(= l=zI*)IBII* + 48, 2)I?
(1= 1=21?)?

H.(B,8) = for z € B, B € X,

which may be called the Bergman metric on B. Then, we prove that (1.4) is true also for mappings in
Q5. This is reformulated as follows.

Theorem 1.1. If f € Qp 5, then

Hyo) (D" f(2) - 5, DM f(2) - 8%) < (K)*p(z, )V (H. (8. 8))" (1.6)
holds for k> 1, z € B and g € X \ {0}, where
p(2,8) =1+ (5, 2)] for z€B, pe X\ {0}

(L= N=[PB12 + (8, 2)[)*/?

In addition, for ¢ € ®p, Dai and Pan [4] have proved

2k!Re{p(2)}

(DT (1+ 2]kt (1.7)

p® ()] <

Using this estimate and the same method as in the proof of Theorem 1.1, we obtain the following result,
which generalizes (1.7) to the Fréchet derivatives of functions in ®@p.

Theorem 1.2. If f € &y, then

ID*f(2) - B*| < 2KIRe{f(2)}p(z, B)F T H.(B, B)*/? (1.8)

holds for k> 1, z € B and 8 € X \ {0}, where p(z,3) is defined as in Theorem 1.1.
From Theorems 1.1 and 1.2, we obtain the following estimates of || D¥ f(2)|| for Q 5 and ®.
Theorem 1.3. If f € Qp 5, then

k k _ 2%
ID* 5 < KV T=TF R s

holds for k > 1 and z € B.
Theorem 1.4. If f € ®p, then

(L+ ="

k z k € Z)f V7 o
10" (2)1 < 2Rl F () Vg = oy

holds for k> 1 and z € B.

2 The Schwarz-Pick estimate for Qpp

In this section, we prove Theorem 1.1 for the special case f € Qpp. On the basis of this, Theorem 1.1
will be proved in the next section.

For a € B, by ¢, we denote the holomorphic mapping of B onto itself, such that ¢,(a) = 0 and
Yo = ;1. It is known [6] that

B 1 0 (z,a)a B a2
oul2) = (0 L - VIS TP,
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If a = 0, then ¢q(2) = —z; If a # 0, then ¢, (z) is just
_ 1 (z, a) —— (. (#.a)
(5= Ty o e VIR (== ) =y

Lemma 2.1. If f € Qpg, then

2
<1, zeD.

oo

>

ok

Proof.  Let z € D be fixed. We have f(ze') = 322, eikew by the Taylor formula, where the
first term under the summation is understood as f(0). Then,

1 27 27 i 0
1>% ; ||f( || d9_27r/ <f(ze ), f(ze )>d9

1 DRf(0) -8 DIf(0) 27\ [* e
%Z< Ho >/0 s

|
k.j ' I
2

o0

>

k=0

Zk

The lemma is proved. O

Lemma 2.2. If f € Qpg, then

(10 10

_ Df(0)-1*
Proof.  Denote aj, = —4575—, then f(z) = > 7 arz". Note that ag = f(0).

If ag = 0, (2.2) is just Lemma 2.1. Now, assume that ag # 0. Let a positive integer k be fixed,
w=e2m/% and h(z) = L SO, f(w'2). Then, h(z) € Qp s, h(0) = ag, and

2

+ (1= [IF(0)I%)

2

il < (L= [I£ ()% (2.2)

‘D’“f(o) 1"

anf &
*ao+2 Dt Y e
n=1

Let ¢ = g, © h. Obviously, ¢ € Qpp, and ¢(0) = 0. By (2.1), we have

o0

o) = e <—<ao/|ao|2> S~ (anks ao)=""

n=1

o
—V 1= laof]? Zankznk + /1= Jlaol*(ao/|lao|*) Z ank, A0)2 )
n=1 n=1

oo

1 ( (ank,a0>aoz
= — E + /1 —|lagl|? E Anpz™
2
1~ [laoll? - z<ank,ao>znk ni L VI laof

1 (ak,ao)ao R k
= _ 1 —|aol|?ax | 2% + k2™
1 — lao|? <1+\/1—| aol? mzzg "

[e.e]
=b2F + Z Cnp 2™
m=2
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Note that b = W. Thus, using Lemma 2.1, we obtain
1> HbH2 _ 1 <akaa()> /1 — ||a0||2ak ’
(1= [lao]|*)? 1+\/1—H0|2
1 < |<akﬂa‘0>| ||a‘0||2 ( - ||a0||2)Hak||2 + 2\/ 1- |a0||2|<a’k’a’0>|2>
~ (a2 \ (1 + 1 1+ /1 - [laol®
1
- (1 — ||aol?)? (|<“kv“0>|2 + (1 - HGOH )H%HQ) .
This shows (2.2). O
Theorem 2.1.  If f(z) € Qpp, then
(L= [1£(2)]?) L)
(D*f(2) - 15 F N2+ A = IFIDIDF f(2) - 177 < W(l + 2! (2.3)

holds for k > 1 and z € D.
Proof. Let £ € D and a positive integer k be fixed. We consider g = f o p¢ € Qp g, where

E—z
z) = —.
pe(2) s
For g,
o0 o0
D"g(0) - 2" D7g(0) - 17
9(z) = Z ol = Z o z".
n=0 n=0
0)-1 S
Denote ¢,, = # , then g(z) = > ¢,2™. By Lemma 2.2,
n=0
[{ens co)|* + (1 = lleoll*)llenll® < (1 = flco]l*)? (2.4)
holds for n > 1.
It is easy to verify that
d"(pe(2)') O e e
Taen | (=1)'("7  nl(n—1)! N>
- (L —=1EP)™ (=) - DY

Let s
(-9 Kk —1)!
(1= 1¢P)* (k=G — DY

k
= ¢4,
=1

Aj =

Since f = g o @¢, we have

and, using (2.4) and the Schwarz inequality,
(D*F(&) - 1%, FEON + (L = LF(EIM)ID*f (¢ )'1k||2

k 2
= ZAj<cj7CO> ZC]
j=1
k k k k
< SIS A e eod 2+ (0= leolP) S 1451 S 145 les 2
21412 21412
—Z|A|Z|A| el + (1= leol)lies]?)
< (1 Jeoll?) (ZIAI>

+ (1= [leol*)




6 DAI ShaoYu et al. Sci China Math

On the other hand,

k
GRS
214 1—|§|“Zk G-~ A= emE T

Jj=1

(2.3) is proved. O

3 The proofs of the theorems

To prove Theorem 1.1, besides Theorem 2.1, the following lemmas are needed.

Lemma 3.1. Let B be the unit ball in the Hilbert space X, for given p,q € B with ¢ # p, let
L(z)=p+2(q—p) for z€ C. Then,

LD, ,r,,) CB, L(oD., ,.r,,) C OB,
where
Deygirpa ={2 12 €C, |2 = cpql <rpgl,
PN % bl ) R el 1 ‘<p,qp> :
llg —pl? lg =pll* * |llg—pl?
Proof.  For z € C, if
1L = lp+2(a=p)* <1
then
Ipll? + 2Re(z(p, g — p)) + |2*[lg — p||* < 1,
and, consequently,
pa—p) " _1=pl* | |a—p)|"
=+ P < [
The converse is also true. This shows the lemma. ]

Lemma 3.2 [1]. Let G, E, F be Banach spaces, U be an open subset of G, A be a bounded linear
operator of G to E, f : A(U) — F be r times differentiable. Then,

D (foA)v)-(g1,...,9:) = D" f(Av) - (Agy,. .., Ag;)
ezists for all i < r, wherev € U and ¢g1,...,9; € G.

Lemma 3.3.  Let g : D, 5 — B be a holomorphic mapping, where D, s = {z € C: |z — z| < J}.
Then

5(8 + |z — zo)F~17°
(62 — |z — zo|?)*

[(D¥g(2) - 1%, 9(2))* + (1 = llg(2) %) D"g(2) - 17]1* < {k!(l lg(=)11%)

Proof.  Let p(z) = g(dz + z¢) for z € D. Using Theorem 2.1, we have

(DRe2) 15 P + (L= @RI DRo(e) - 112 < | BB ] o

By Lemma 3.2, for £ € D, s,

5FDPg(E) - 1% = DFg(€) - 8" = DFy <5 azo> 1k,

Letting z = 3

% in (3.1), we obtain

06 +1€ — zo)**
(02 = € = z0[*)*

[(D"g(€) - 1%, g(E))* + (1= g(&)I)ID*g(€) - 17]1* < [k!(l lg(&)1I*)
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The lemma is proved. O

Proof of Theorem 1.1.  For a given p € B, let ¢ € B with ¢ # p. Let g(z) = f(L(2)) for z € D
where D

Cp,a)Tp,q?

is defined in Lemma 3.1 and L(z) = p + 2(¢ — p). Using Lemma 3.3 to z = 0, we have

Cp,q:Tp,q

[(D*g(0) - 1%, 9(0)* + (1 — [lg(0)|*)[| D*g(0) - 1¥||?
)k—l 2

"p,4(Tp.q + [Cpd]
< k}'(]_ o |\g(0)||2) p,a\"p,q P,q
(g — |cp,ql?)*

Note g(0) = f(p) and, by Lemma 3.2,
D¥g(0)-1% = D*f(p) - (¢ — p)",

k—1
Tp.a(Tpg + 1Cpgl)* ™ VA (\/ Ag—p + {p,q — p>|)

(5.4 = 1Coal?* (1= 1lpl*)* ’

where
Agp =0 =1pI* g —plI* + |(p.q — p)I*-

So, we have

DE ) 5 SO + (1= 1P D 1) - )
k—172
< [ma - o AR

(1= lpl*)*

where 8= (¢ —p)/llg — pl, and A =1— ||p||2+ |(p, B)|* . A simple calculation gives

VAVA+ [(p, HD* <1+ [(p, B)| >k1<\/(1 — llpI)811% + |<p7ﬁ>l2)k
(1 = [lplI)* VA= TpIPIBIZ + (e, B)I? 1= lpll®

_ I(p, B)]
- (1 A= TPDIBIE + 1 BV

Since § may be an arbitrary unit vector, this shows (1.6) for any 5 € B and 8 € 9B. (1.6) is homogeneous
with respect to 3, so (1.6) holds for € X \ {0} also. Theorem 1.1 is proved.

The proof of Theorem 1.2 is almost the same as that of Theorem 1.1. The only change is that the use
of Theorem 2.1 is replaced by that of (1.7).

To prove Theorem 1.3, we need the following lemma.

. k/2
) E0.0)

Lemma 3.4 [1]. Let E,F be Banach spaces, A be a continuous symmetric k-multilinear map from
Ex---x E toF. The norm of A is defined as

[A]l = sup{[[A(ex, ... er)ll [ llea]l = - - = llexl| = 1}.

Then
Al < (K" /EY) sup{[| A(e, ..., )|l | [le]l = 1}.

Proof of Theorem 1.3. It is easy to see that

k E pk k |D*f(=) - B*|1?
Hf(z)(D f(z)-B%, D" f(z)-p%) = W
So by Theorem 1.1,
D" f(2) - B*|I? (k1) k
W < (k’!)2p(2,ﬁ)2 ' (H-(8,8)) (3:2)
holds for k > 1, z € B and § € X \ {0}, where p(z, ) is defined as in Theorem 1.1. Note that
18117 (2, B)|
H.(B,8) < ’ < . 3.3
CASTmE - TePaP+ 1w appe < &)



8 DAI ShaoYu et al. Sci China Math

Then by (3.2) we have

ID*F() - B < i/ |f<z>||2%nﬁ|k

Thus

= k—1
sup{[ID*(:)- 641|181 = 1) < iy T= TG o

By Lemma 3.4, Theorem 1.3 is proved.
The proof of Theorem 1.4 is almost the same as that of Theorem 1.3. The only change is that the use
of (3.2) is replaced by that of (1.8).

4 Corollaries

Note that (3.3). Thus, from Theorems 1.1 and 1.2, we have the following corollaries.
Corollary 4.1. If f € Qpp, then

1+

Dkf k - e
[D*f(z) - B%] < k(1 If(l)( IIH)
holds for k> 1, z€ B and p € X.

Corollary 4.2. If f € Qpgp,,, then

1

(DR f(2) - 8%, F(NP+ QA = [f(2)DID*f(2) - 852 < kUL~ |f(2)]? )W
holds for k> 1, z€ B and g € X.

Corollary 4.3. If f € ®g, then

1+

ID*f(2) - B*| < 2k!Re{f(Z)}W

holds for k> 1, z€ B and p € X.
Corollary 4.4. Let f € ®p,, then

‘ o f(2)

Oz{t - Dz

[vl*l 2Re{f(2)} ol -1
! 1 v 4.1
<oy e e D (@)
holds for any multi-index v # 0.

Proof. Let f € ¥y, z € B,, and a multi-index v # 0 be given. Denote k = |v|. By Corollary 4.3 and

(1.1),
S H_E
vl 0zt - Ozp”

|v|=k

1+
( |Z|) - |ﬂ|k

< Qk!Re{f(Z)}W

holds for § € C™. In particular,

k' OFf(2)

vl 0z{t - Ozp

P k—1
g <2k!Re{f(z)}%

|v|=k

holds for 5 € B,,. Let

P k—1 k
A= 2k!Re{f(z)}w = Z i 87)%5”

CFR 2o O
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Since g(f) € Qp, p, using (1.5), we have

ny

ol

;U’U

XX .

‘ ) (1= 1g(0)?).

OBy O

Note that g(0) = 0, and
Mg0) K 9M()
OB 0B A Ozt 0z

(4.1) follows and the corollary is proved. O
From Theorems 1.3 and 1.4, we have the following corollaries.

Corollary 4.5. If f € Qg 5, then | D¥f(0)|| < k*\/1 —[[f(0)[[? < k* holds for k > 1.
Corollary 4.6. If f € ®g, then ||D*f(0)| < 2k*Re{f(2)} holds for k > 1.
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