WHEN IS A FUNCTION NOT FLAT?
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ABSTRACT. In this paper we prove a unique continuation property for functions
of one variable satisfying certain differential inequality.
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1. INTRODUCTION

The function

1
e 22, x#0
flz) =
0, z=0
is well known for its property
F®0)=0, vk>0 but f#o.

Such a function is called flat at the origin. On the other hand, if f is a real
analytic function with Taylor expansion on an open interval containing 0, then
f®(0) =0, Vk > 0 implies f = 0. The unique continuation problem in PDE is
to find conditions such that the solutions of PDE enjoy the same property. There
are a large amount of literature in this area originated from the ideas by Carleman
[1], called Carleman’s method. In this paper we consider the simplest case of one

variable.

Theorem 1. Let f(z) € C*([a,b]), 0 € [a,b], and
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W o) <o LA ey
k=0
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for some constant C' and n > 2. Then

F®0)=0, Vk>0 implies f=0 on [a,b].

From Theorem 1 we obtain the following corollary.

Corollary 2. Let f(z) € C*®([a,b]), 0 € [a,b], and (1) holds for some constant
C andn > 2. Then

f#0 implies the zero set {f 1(0)} C [a,b] is finite.

An example.

We use an example in [2] to show that the order of singularity in (1) is best

possible, i.e., there exists a function f(z) € C*°([—a,al), a > 0,
(2)

z)| < CZ a |n P2l o velaa  and  f9(0)=0, ¥k >0
for some constant C' and € > 0, but f # 0 on [—a,al.

For m > 1, € > 0, the following equation is considered in [2]:
22 (x) + mau/ (x) — ca ™ u(x) =0, z € (0,1),

or equivalently,

c
x2+6u(x) =0, z € (0,1),

(3) ' (@) + ol (@) -

— a Bessel differential equation. The general Bessel differential equation takes

the form

(4) 22" (2) + (1 — 2a)2u/(2) + {52 227 4 (a? — V2'y2)} u(z) =0, z e C.
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It is well known that for (non-integer) v ¢ Z, the solution for (4) is

u(z) =24 C1J,(B27) + Cod_,(B27) ],

where C7, Cs are arbitrary complex numbers, and J, is the Bessel function of
order v, i.e., a solution of equation (4) with « = 0, v = 1. Notice that equation

(3) with ¢ > 0 is equation (4) with

-1 2 -1
ozz—mT, ﬁ:iﬁ, ’y:—f V:m .
€

By choosing m > 1, € € (0,1) such that

T m—1

Ci=—-0C

T 2 e sin(vmr)’ £
the solution of equation (3) can be written as

(m— 2\/c,
B ul) =l Ky (2 2) s )

where
f e T J_,(iz) — J,(i2)

2 sin(v)

K,(z) =

, argz € (—m,m/2)

is the modified Bessel function of the third kind [4], with the asymptotic property

K, (z)~ gx_lﬂe_w as T — +oo.

Therefore in (5), the function

2 _1/2 _m—1_ ¢ 2
u(r) ~ g <f> z 2 Texp {— fa:s/Q} as = —0

is a nontrivial solution of (3) vanishing at # = 0 of infinite order. Hence

f(z) = u(|x|), x € [—a,a], a€(0,1)
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is well defined and f € C*°(|—a, a]). Taking derivative of equation (3) n — 2 times,

dn—?

e {wl(ﬂﬁ) + %u/(x) — $2C+€u(x)} =0, z€(0,1),

we obtain
u™(2) + an_1(2)u™" V(@) + - - + ap(z)u(z) =0, z € (0,1).

For given m, c and ¢, the coefficients

1 .
|a;(z )|<C<W>a i=01,---,n—1, x€(0,1)

for some constant C, > 0. By the property of u(z) near = 0, we have

f(n)@:) + an—l(x)f(n_l)@:) +eee ao(x)f(x) - 07 (S [—a, a]

with

1 .

for some constant C' >. Thus

f Pz
fM(0) =0, vk >0, )| < OZ z € [—a,d],

llﬂn k+€

and f # 0 from the non-triviality of w.

Theorem 1 leads to applications in ODE as stated in the following two proposi-
tions. Based on the above example, the order of the singularity of the coefficients

in the assumption of the propositions is sharp.

Proposition 3. Let f(z) € C* be a solution of

y(") + an_l(a;)y("_l) + -4 ap(z)y =0, x € [—a,a], a>0
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with
1
]ak(x)|:O(W) as x — 0, E=0,1,---,n—1.

Then

Proposition 4. Let f(z), g(z) € C* be solutions of
y™ 4 a1 (2)y Y 4+ ag(x)y = b(x), x € [—a,al, a>0

with
1
_ —0.1.---.n—1.
lag(z)| = O (|x|n—k) as x — 0, kE=0,1,---,n
Then
F®(0) = ¢®(0), VE=>0 — f=g on [—a,a].

2. PROOF OF THEOREM 1 AND ITS COROLLARY

Several lemmas are needed for the proof of Theorem 1. The basic idea of the

following lemma was considered in [3].

Lemma 5. Let v(z) € C°°([0,b]). Assume v*¥)(0) =0 for k > 0. Then for a > 1,

b ru(x)]2 4 bl ()12
© [ e < e [

Proof. Write v = v(x),v" =v/'(z) and so on.

% (iL'_(a+1)112) = —(a+ 1)z @+2y2 4 p=(atlgy,/



6 YIFEI PAN AND MEI WANG

Since v*®)(0) = 0 for k > [o/2] + 1, we have [v(z)]? ~ O(z2FtD)) = o(z*H1), thus

/b 1 (qtortyd) gy = LOP gy BEE_POF
0

dx botl a0y gotl  patl T

Therefore,
b 2 b !
v 2vv
(a+1)/0 xa+2d$ /0 xa+1d$
- 12 1/2 v,
- 0 2 Oz+2 CE + 1 .f[fa/2 o

b 2
1
< /a+ de—l—/ (v) da;
0 2 axot? o a+1 z¢

by applying 2ab < a? + b? to the last inequality. Consequently,

1 b 2 ) b (.2
2 Jo zot a+1l /), z¢

which is equivalent to (6). O

IN

Lemma 6. Let u(z) € C®([0,b]). Assume u¥)(0) = 0 for k > 0. Then for

f>1,n>1,
b [u(k)(x)]2 4 b [u™ (2))2 -
/0de (B+1)? / 5 dw,  for k=0, ,n-1

Proof. Applying Lemma 5 to v = w10 o = B+ 25,6>1,7=0,1,--- ,;n—1,

we obtain
b [, (n—1-7) ()12 4 b1, (n—7) (7)]2

/[“ ﬁ+2‘+(§)] da < : 2/ [ ﬁé@] de, j=0,1,---,n—1,
o T B+2j+1)* Jg 2Pt

or equivalently,

[ ()] 4 P ) ()]
< — e —1.
/0 P S G k- 1)+ 1 /0 2Pk @ =0l
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Applying the above inequality repeatedly, we have

b [u®(2)]” 4 4 P [ (@)
/oa:ﬁ*“"’“)dx - {Tpk(ﬁ+2(n—1—m)+1)2 (ﬁ+1)2/o o

4 @)
/0 dx,

S ESIE 25

because > 1, f+2(n—m—1)+1>2form=0,...,n— 1. O

A

Lemma 7. Let u(xz) € C®([0,b]). Assume u®)(0) = 0 for k > 0. Then for

p=1n=1,

b 1 n-! u(k)(x) 2d < 47’L b 1 (n) 2d
LT\ ) s T [ @

k

Proof. Apply Lemma 6 to £k =0,--- ;n — 1 and sum up both sides. O

Lemma 8. Let f(z) € C([a,b]),0 € [a,b]. Assume f*)(0) =0 for k > 0. Then
for =1,n2>1,

boq £ (2) 2 An boq .
L’x‘ﬁgo(w"‘k < G | e

Proof. The function u(x) = f(—=z) satisfies the assumptions for Lemma 7 on
[0, —al, so
R ’ an [T
/ xﬁko( xnk: )dwg (ﬂ+1)2/0 [f (- )] L.

Substitute the variable « by —x. Since the terms in the sum are of even powers

and both sides have the same z? term, the above inequality can be written as

0 L)y 2d T VN LS SRy
/WZO ) b < ot [ sl @k,

k=
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From Lemma 7 the desired inequality is already true for f(z) on [0,b]. Combining

the results on [a,0] and [a, b], Lemma 8 follows. O

The following is the proof of Theorem 1.

Proof. f(x) satisfies the assumptions in Lemma 8 on [a, b], so for any 3 > 1,

1 )x
oo /mﬂ ((k> o [ Ol

From (1),

thus

k)
(8) / |z ,B’f ") ()] dx<C’2/ mﬁz <|fx|n 3 ) dz.

Combining (7) and (8) we have

M)\ 4n02 )
[ E <xk) L ] £ <\x|nk> o

If f % 0 on [a,b], we would have |f*)(z)| > 0 on some sub-interval of [a,b] thus

the integrals > 0, which would imply

4nC?
1<—0, VB >1 — Contradiction.
~(B+1)? =
Therefore f(z) =0 on [a.b]. This completes the proof of Theorem 1. O

The proof of Corollary 2 follows immediately.

Proof. Under the assumption of Corollary 2, f # 0 implies f*)(0) = 3 # 0 for
some k > 0 based on the result of Theorem 1. If 8 > 0, then f € C* yields
f®(z) > /2 >0, x €[=dy,d] C [a,b] for some § > 0. Consequently the k-fold
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integral

f(x)z/o /O fP(y)dy - dy > 2"3/2>0,  0< |2 < .

The case 8 < 0 implies f(z) < 0 on an open interval containing 0.

For any 2/ € [a,b] such that f(z') = 0, the condition f # 0 implies f(z) #
0, 0 < |z —a| <dy, x € [a,b] for some &, > 0. By the compactness of [a, b], the
zero set {f71(0)} is at most finite in [a, b]. This completes the proof of Corollary
2. U
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