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7. UPDATES

A version of the Remainder Theorem used in the Proof of Theorem 16, Section
3, is more specifically attributed to Sun Zi, as in [LA].

There are reviews in MR and Zbl for this article: [C].

An older version of [C] is on the arXiv: arxiv.org:1204.1686

My contact information has changed; my current home page can be found at:
http://users.pfw.edu/CoffmanA/

8. MORE EXAMPLES FOR SECTION 2.2

Example 16. The monomial map f : R? — R? : (z0,21) ~ (23, 21) induces a
well-defined map f : RP(2,2) - RP(2,1) as in Lemma 8, but the induced map is
not onto. The point [~1 : 1]4 is not in the image of f; there is no (z9,21) € R?
such that (22, 21) ~q (—1,1).

Example 17. For m € N and two weights:

q = (QO,C]17(]2a---aQn)7
P = (QO,WQ1aWQQa---7an)7
another situation in which the map
1 1
f . K°H o KT
(20,21, 225 - -+, 2n) = (2075 21, 225 - - -5 Zn)s

as in Lemma 8, defines an onto map f : KP(qo,mq1,...,mg,) — KP(qo,...,qn)
is the case where K = R and ¢ is odd. For wy > 0, make the same choices
mentioned in the Proof of Lemma 8, and for wg < 0, choose A\ = —1, any zo with
2" = (—1)%wy = |wpl, and 2z = wy /(1) for k=1,...,n.

Example 18. Let K = R, and consider the weights p and q as in Lemmas 8 and
10 and Example 17. Here we assume m is odd but make no assumption on go.
Then the map

m
f(z0,21,22, -y 2n) = (20", 21, 22, - - -, Zn)
from Lemma 8 induces a well-defined, onto map

f:RP(p) —» RP(q).
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It is also one-to-one: the algebra problem is to solve the same equations (5), (6)
from the Proof of Lemma 10, for a real p in terms of real z, z’, A. Given X\ # 0, let
be the unique real solution of ™ = A. Then, for j =1,...,n, p™%z; = A\z; = z;-,
and (uz0)™ = N0 z" = ()™ = Pz = z|.

Example 19. Let K = R, and consider the weights p and q as in Lemmas 8 and
10 and Example 17. Here we assume m is even, qg is odd, and all ¢4,...,q, are
even. Then the map
f(z0,21,22, -y 2n) = (20", 21,22, - - -, Zn)
from Lemma 8 induces a well-defined, onto map
f:RP(p) —» RP(q).

It is also one-to-one: the algebra problem is to solve (5), (6), for a real u in terms
of real z, z’, A. Given X\ # 0, the equation p™ = |\| has exactly two real solutions,
{pr = |MY™, ug = —|\|Y/™}. Then, for k=1,2,j=1,...,n,

W 2y = B2y = AB 2 = 2,
For k =1,2, (u’20)™ = ||z = A2 = (2()™, so the set

{120, 13’20 = —p{° 20}
is contained in the set {z(, —z{}, and one of the two roots is the required y satisfying
nzg = 2.
Example 20. For an even number p;, the function

£(z0,21) = (25", z1)

induces a well-defined, onto map

f:RP(1,p1) = RP(1,1)
as in Lemma 8. The induced map is not one-to-one:

£(0,1) = (0,1) ~q £(0,~1) = (0, 1),

but (0,1) #p (0,—1).

9. MORE EXAMPLES FOR SECTION 3

Example 21. Example 6 shows that the space RP(1,p;) is reconstructible. Even
though the map ho1([20 : 21]p) = [25" : z1] is not globally one-to-one when p; is
even, as shown in Example 20, it is one-to-one when restricted to Dy,

The following two examples are special cases of Theorem 17, on real weighted
projective spaces.

Example 22. If one of the numbers po, p1 is odd, then the space RP(pg,p1) is
reconstructible. WLOG, let po be odd. For the axis projection co1([z0 : 21]p) =
[25" : 27°], the following diagram is commutative. The label on the left arrow means
that the indicated map is induced by the polynomial map R? — R? : (zq,21) —
(ZO, Z;fo)'

RP(po, p1) RP!

20,270

RP(lapl)
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The map on the left is globally one-to-one as in Example 18, and takes D, ,,) to
D1 p,)- The lower right map is one-to-one on D(; ,,): either by Example 18 for
odd p1, or by Example 21 for even p;.

Example 23. If both py and p; are even, then RP(pg,p1) is not reconstructible.
Consider an axis projection induced by co1(20,21) = (28,2%). By Lemma 15 we
may assume that a and b are not both even. If a and b are both odd, then

cOl(lv 1) = (]—7 1) ~(1,1) COI(_]-v _]—) = (_1a _1)a

but (1,1) #p (—1,—1), so co1 is not one-to-one. If @ is even and b is odd (the
remaining case being similar), then

001(17 _1) = (17 _1) ~(1,1) cOl(_la _1) = (15 _1)5

but (1,—1) #%p (—1,—1), so again cp; is not one-to-one.
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