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Real submanifolds of C3

C3 has coordinates (z1,22,23) = (x1 + iy1, X2 + iy2, X3 + iy3).
Let M be a real analytic 3-dimensional submanifold of C3.
A CR singular point Zy € M is where T3 M contains a complex line.
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A CR singular point Zy € M is where T3 M contains a complex line.

For M in general position, the locus N C M of CR singular points is a real
analytic curve (codimension 2).
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Real submanifolds of C3

C3 has coordinates (z1,22,23) = (x1 + iy1, X2 + iy2, X3 + iy3).
Let M be a real analytic 3-dimensional submanifold of C3.
A CR singular point Zy € M is where T3 M contains a complex line.

For M in general position, the locus N C M of CR singular points is a real
analytic curve (codimension 2).

Some M are totally real: N = @.
Can N be an isolated point?
Yes — Example by Ali Elgindi

What happens to an isolated point under perturbations of M?
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Related question in real analytic geometry

Exercise (easy)

Can a real analytic space curve have an acnode? More specifically, is there
a real analytic variety in R3 (xyz space), with two defining functions and
which contains (or is) an isolated point?

Pi(x,y,z) = 0
Py(x,y,z) = 0
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Related question in real analytic geometry

Exercise (easy)

Can a real analytic space curve have an acnode? More specifically, is there
a real analytic variety in R3 (xyz space), with two defining functions and
which contains (or is) an isolated point?

Pi(x,y,z) = 0
Py(x,y,z) = 0

Exercise (not as easy)

Is there a real analytic variety {P; = P, = 0} in R3 with an isolated point
3 that doesn’t disappear under some small perturbations of the defining
equations? For all t1, t, close to 0, the solution set is non-empty near 3

Pl(X’y’Z) = h
P2(X,y,2)

I
S
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Local defining equations in C3

Let M be a real analytic 3-dimensional submanifold of C3 with a CR
singular point at zp € M.
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Local defining equations in C3

Let M be a real analytic 3-dimensional submanifold of C3 with a CR
singular point at zp € M.

After a translation Z — 0 and complex linear transformation, M is in
standard position, where the tangent 3-plane is the subspace

{(21,X2 + IO, 0)},
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Local defining equations in C3

Let M be a real analytic 3-dimensional submanifold of C3 with a CR
singular point at zp € M.

After a translation Z — 0 and complex linear transformation, M is in
standard position, where the tangent 3-plane is the subspace

{(z1,x2 4+ i0,0)}, and near the origin, M is described as a graph of real
analytic functions:

y2 = Ha(z1,71,x),

22 + Poz1 71 + 12ZP + Oazixp + €2Z1x0 + O2x5 + O(3)
h3(z1, Z1, x2)

= 3zl + Bsz171 + 32 + G3z1%0 + €3Z1x0 + O3x3 4+ O(3).

Z3

H, h3 are real analytic (defined by convergent power series with complex
coefficients, centered at the origin) functions of x, y1, x2, or equivalently,
7y, 71 = X1 — Iy1, X
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Holomorphic coordinate changes

The normal form problem is to find representatives of equivalence classes
under biholomorphic changes of coordinates.
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Holomorphic coordinate changes

The normal form problem is to find representatives of equivalence classes
under biholomorphic changes of coordinates. Holomorphic transformations

fixing the origin and the tangency of M to the (z1, x2) subspace take
column vectors Z = (z1,22,23)" to

F=(21,2,2)" = A3x3Z + p(2),
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Holomorphic coordinate changes

The normal form problem is to find representatives of equivalence classes
under biholomorphic changes of coordinates. Holomorphic transformations
fixing the origin and the tangency of M to the (z1, x2) subspace take
column vectors Z = (z1,22,23)" to

F=(21,2,2)" = A3x3Z + p(2),

where p(Z) = (p1, p2, p3) T is a column vector of 3 functions of 3 variables,
each of which is holomorphic in a neighborhood of 0 and has no constant
or linear terms, and where A, the invertible linear part of the
transformation, has matrix representation of the form

d11 412 413
A3 = 0 rmo ax
0 0 as33
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Holomorphic coordinate changes

The normal form problem is to find representatives of equivalence classes
under biholomorphic changes of coordinates. Holomorphic transformations
fixing the origin and the tangency of M to the (z1, x2) subspace take
column vectors Z = (z1,22,23)" to

F=(21,2,2)" = A3x3Z + p(2),

where p(Z) = (p1, p2, p3) T is a column vector of 3 functions of 3 variables,
each of which is holomorphic in a neighborhood of 0 and has no constant
or linear terms, and where A, the invertible linear part of the
transformation, has matrix representation of the form

d11 412 413
A3 = 0 rmo ax
0 0 as33

The defining equations in the new Z coordinate system will still be in
standard position but the goal is to find normal forms that expose the
geometry of the equivalence classes.
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Other dimensions

Generalizing from 3 to n — For n-dimensional M in C", we will still only

consider points where the tangent space contains exactly one line (not a
higher-dimensional complex subspace).
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Other dimensions

Generalizing from 3 to n — For n-dimensional M in C", we will still only
consider points where the tangent space contains exactly one line (not a
higher-dimensional complex subspace).

Local defining equations:

Yo = HU(217217X)7
z, = hp(z1,21,x).
x=(xp,...,Xp-1), o0=2,....,n—1.
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Other dimensions

Generalizing from 3 to n — For n-dimensional M in C", we will still only
consider points where the tangent space contains exactly one line (not a
higher-dimensional complex subspace).

Local defining equations:

Yo = HU(217217X)7
z, = hp(z1,21,x).
x=(xp,...,Xp-1), o0=2,....,n—1.

Coordinate changes: Z = A« ,Z + p(2)
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Quadratic normal forms

Given M with a CR singularity in standard position, there exists a
holomorphic change of coordinates where:

Yo = Ho(z1,21,x) = bsz2121+ O(3),
zn = hn(z1,21,%x) = a(z + 22) + bz1Z; + icaxg(z1 — 21) + O(3).

a>0,bec{0,1}, b, € {0,1}. B

| \

RENEIL

Summation convention for 5 =2,...,n— 1.
Also dropping the tilde notation, Z, after changing coordinates.
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Quadratic normal forms

Given M with a CR singularity in standard position, there exists a
holomorphic change of coordinates where:

Yo = Hcr(zl’zl’x) = bazlzl + 0(3)7
zp, = hp(z1,21,x) = a(212 A 212) + bz1Z + icgxg(z1 — z1) + O(3).

a>0,be{0,1}, b, € {0,1}. B

RENENLS

| \

If b # 0, then there is a further change of coordinates, with:

Yo = Ha - 0(3)7
Zn = hy,=z1Z1 + ’7(212 aF 212) TF ngXg(Zl - 21) + 0(3)

where v > 0 is the well-known Bishop invariant, and cg € R.
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Graphics by POV-Ray

Surfaces in C2:

Figure : Elliptic point 0 <y < 1
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Graphics by POV-Ray

Surfaces in C2:

Figure :

Figure : Hyperbolic point % <v <00
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Graphics by POV-Ray

The borderline case: Parabolic points with v =

Figure : zo = 212y + %(212 + 72)
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Nl

3

1
2

(z1 + 21)2
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Graphics by POV-Ray

The borderline case: Parabolic points with v = %

Figure : with some cubic terms: z, = 212 + 3(2f + 22) + i(Z1 — 1)z 21

3

Adam Coffman (IPFW) CR singularities of real threefolds in C



Graphics by POV-Ray

Parabolic points with quartic terms:

Figure : zp = 2121 + 1(22 + ) (2 + 22) 212,
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Graphics by POV-Ray

Parabolic points with quartic terms:

Figure : zp = 2121 + 1(22 + ) (2 + 22) 212,

Figure : 2 = 2121 + 1(22 + ) +(Z + Z) 2121

The -+ sign is a_holomorphic invariant.
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Back to n-manifolds in C”

For n > 2, and with the goal of finding examples of M with isolated

complex tangents, consider parabolic points, and the cubic (& higher)
terms of the defining equations:

Adam Coffman (IPFW)

CR singularities of real threefolds in c3



Back to n-manifolds in C”

For n > 2, and with the goal of finding examples of M with isolated
complex tangents, consider parabolic points, and the cubic (& higher)
terms of the defining equations:

Yo = Ha
_ Bcr 3+BU 2= +BG’ —2+BG' =3
= DB3p0241 2104141 1202141 03041
o 2 o = o 32
+Bzan]_Xa + BllaZ]_Z]_Xa + Bozazl Xa

+Bf0a521xax5 + Bglaﬁflxaxfg + Bgﬁyxax/gxw + O(4).
1 _ . _
z, = h,= 5(21 + 21)2 + ICng(Zl — 21)

+b3ozi + 210221 + b120z1Z2 + bosoZ;
+b20aziXe + b11az1Z1%0 + bo2aZiXa
+b10a521XaX5 + b01a521XaX5 + ba/g,YXaX5X,y + 0(4)
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Cubic normal form for n-manifolds in C”

Proposition (Webster 1985)

Let n > 3. Given M with a parabolic CR singularity, there exists a
coordinate system in which the defining equations are of the form:

Yo = 0(4), 0=2,...,n—1
1 . _
z, = z1z1+ E(Zf 2 212) I IC2X2(21 — 21)
+(=in(z1 + 21) + npxs)z121
+iKap121xax3 + O(4).

The quadratic coefficient ¢y is either 0 or 1, and is a biholomorphic
invariant of M. Similarly, the cubic coefficient 1 is either 0 or 1, and is
also a biholomorphic invariant. The coefficients ng, K,g1 are real.

8]
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Sketch of Proof of Webster's Classification

Yo = Ha
_ Bo’ 3+BU 2—+BO' —2+BO' =3
= 30041 2104141 1204121 03041
+BganfXa + B](.Tlazlzlxa + B(()TZaZ]?XOt

—|—Bf0aﬁzlxax,g + Bglaﬁflxax/j + Bgﬁ,yXaX,gX,y + O(4).
1 _ . _
z, = h,= 5(21 + 21)2 + ICng(Zl — 21)

3 22 ) -3
+b30021 + b21021 Z1 + b1202121 + b03021

2 - -2
+b20a2i Xa + 1102121 X0 + bo20.Z1 Xa

+b10a521XaX5 + b01a521XaX5 + ba/g,YXaX5X’y + 0(4)
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Sketch of Proof of Webster's Classification

Yo = Ha
= Bz + Bozi 71 + Bz 2t + BisoZi
+BganfXa + B](.Tlazlzlxa + B(()TZaZ]?XOt
+BloapZ1XaXs + BorasZiXaXs + Bo gy Xaxpxy + O(4).
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Sketch of Proof of Webster's Classification

Yo = Ha
_ Bo’ 3+BU 2—+BO' —2+BO' =3
= 30041 2104141 1204121 03041
+BganfXa + B](.Tlazlzlxa + B(()TZaZ]?XOt

—|—Bf0aﬁzlxax,g + Bglaﬁflxax/j + Bgﬁ,yXaX,gX,y + O(4).
1 _ . _
z, = h,= 5(21 + 21)2 + IC2X2(21 — 21)

b3z + —inziz 4+ —inz1z2 + 023
2 - -2
+b20a2i Xa + 1102121 X0 + bo20.Z1 Xa

+b10a521XaX5 + b01a521XaX5 + ba/g,YXaX5X’y + 0(4)
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Sketch of Proof of Webster's Classification

Yo = Hs
= Bz + Bszi 21 + Blynz17; + BisoZi
—I—Bgoazlzxa + Bf1,21Z1%X0 + Bgzaflzxa
—|—Bf0aﬁzlxax,g + Bglaﬁflxax/j + Bgﬁ,yXaX,gX,y + O(4).
z, = h,= %(21 + 721)? + icoxo(z1 — 71)
4023 + inZdz 4+ - inznz + 0z
+b20a212xa + b11a21Z1 X0 + bozaflzxa

+b10a521XaX5 + b01a521XaX5 + ba/g,YXaX5X’y + 0(4)
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Sketch of Proof of Webster's Classification

Yo = Hs
= Bz + Bszi 21 + Blynz17; + BisoZi
—I—Bgoazlzxa + Bf1,21Z1%X0 + Bgzaflzxa
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Sketch of Proof of Webster's Classification
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Sketch of Proof of Webster's Classification
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Sketch of Proof of Webster's Classification

Yo = Hs
= Bz + Bszi 21 + Blynz17; + BisoZi
—I—Bgoazlzxa + Bf1,21Z1%X0 + Bgzaflzxa
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+b10a521XaX5 + iKa@lleax/g + ba/g,yan5X’y + 0(4)
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Sketch of Proof of Webster's Classification

Yo = Hs
= Bz + Bszi 21 + Blynz17; + BisoZi
—I—Bgoazlzxa + Bf1,21Z1%X0 + Bgzaflzxa
—|—Bf0aﬁzlxax,g + Bglaﬁflxax/j + Bgﬁ,yx(lX5x7 + O(4).
z, = h,= %(21 + 721)? + icoxo(z1 — 71)
+0z3 + —inzz + - inzz + 0z
+Ozfxa + 10z1Z1Xa + OffxCy

+0z1x0X3 + 1K, 51Z1XaXg + bagyXaXaxy + O(4).
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Sketch of Proof of Webster's Classification

Yo = Hs
= Bz + Bszi 21 + Blynz17; + BisoZi
—I—Bgoazlzxa + Bf1,21Z1%X0 + Bgzaflzxa
—|—Bf0aﬁzlxax,g + Bglaﬁflxax/j + Bgﬁ,yx(lX5x7 + O(4).
z, = h,= %(21 + 721)? + icoxo(z1 — 71)
+0z3 + —inzz + - inzz + 0z
+Ozfxa + 10z1Z1Xa + OffxCy

+0z1x0X3 + 1K 51Z1Xaxg + 0XaXgxy + O(4).
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Sketch of Proof of Webster's Classification

Yo = Hs
= 0z 4+ 0227, + 02,22 + 0z
—|—0212xa + 02121 %o + Oflzxa
+0z1xaXg + 0Z1Xa X3 + 0XaxgXy + O(4).

z, = h,= %(21 + 21)? + icoxo(z1 — 71)
—I—OZf’ + fi//zlzfl + fi//zlflz + Off’
—|—0212xa + 10z1Z1X0 + Ofoa
+021Xa X3 + 1K 51 Z1XaXg + 0xaxgXxy + O(4).
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Sketch of Proof of Webster's Classification

Yo = Hs
= 0z 4+ 0227, + 02,22 + 0z
—|—0212xa + 02121 %o + Oflzxa
+0z1xaXg + 0Z1Xa X3 + 0XaxgXy + O(4).

z, = h,= %(21 + 21)? + icoxo(z1 — 71)
—I—OZf’ + fi//zlzfl + fi//zlflz + Off’
—|—0212xa + 10z1Z1X0 + Ofoa
+021Xa X3 + 1K 51 Z1XaXg + 0xaxgXxy + O(4).
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Cubic normal form for n-manifolds in C”

Proposition (Webster 1985)

Let n > 3. Given M with a parabolic CR singularity, there exists a
coordinate system in which the defining equations are of the form:

Yo = 0(4)7
1 . _
zZn = 214 + E(Zf + 22) + icpxa(z1 — 21)

+(—=in(z1 + 21) + npxg)z121
+iKa5121XaX5 T 0(4)

c2 €{0,1}, n€{0,1}, ng € R, Kop1 € R.
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Cubic normal form for n-manifolds in C”

Proposition (Webster 1985)

Let n > 3. Given M with a parabolic CR singularity, there exists a
coordinate system in which the defining equations are of the form:

Yo = 0(4)7
-1 _ ) _
zZn = 214 + 5(212 + 22) + icpxa(z1 — 21)
+(—=in(z1 + 21) + npxg)z121
+iKa5121XaX5 T 0(4)

o €{0,1}, n € {0,1}, ng € R, Kyp1 € R.

| A\

Remark
The normalization can be continued, depending on ¢, 7, in the following
classification into 6 types of normal forms.

N

8]
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Cubic normal form for parabolic points in C”

Case normal form for h, comment
P1 = 7121 + %(212 + 212) + i(Zl — Zl)Xg ng =0
n = —i(Zl —+ 21)2121 + 0(4) Ka,@l =0
_ 5 5 ns =0
= 2z + l(z2 + 72)
P2 . o2 1 K, € {£1,0
n=1 —i(z1 + 21)z121 + iKo(z1 — zl)xi + 0(4) R { n—}l
o = _ _ . -
P3 772:0 2z +3(74+2) +i(z - 2)x n>4
15 20 +z171x3 + O(4) Kap1 =0
Cr = 1
P4 n=20 2121 + %(212 + 212) +i(z1 — Zz1)x + O(4) Kap1 =0
=0
P5 C2__ 0 2121 + %(212 + 72) K, € {£1,0}
7;76;—&0 +2121X2+iKa(21 —21)X§+ 0(4) a=3,...,n—1
=0 2,
P6 —0 2121+ 5(2 + Z) K, € {£1,0}
= +iKo(zs — 21)x2 + O(4) a=2...,n-1

Adam Coffman (IPFW)
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Cubic normal form for parabolic points in C3 — first 4 of 8

For n = 3, get a complete list of 8 inequivalent cubic normal forms:

Case normal form for h3
P1 C = 1 2121+%(212+212)+I'(21—21)X2
n=1 —i(Zl + 21)2121 + 0(4)
=0 - _
C2 2171 + %(212 + 72)
P2al m=1 —i(z1 + 21)z121 + i(z1 — 21)X2 + O(4)
Ky — +1 1+ 21)z1zy 1— Z1)%5
=0 - _
P | m—1 2kt 5(2 4 2)
—i(z1+21)z121 — i(z1 — 21)X22 + O(4)
Ky =-1
=0 - _
oo o - 27+ 3( + 22)
;(] . —i(Zl + 21)2121 + 0(4)
> =

In the P2 case, the signature K3 is a holomorphic invariant.
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Cubic normal form for parabolic points in C3 — last 4 of 8

P4 ‘;]2::0 271+ 4 +22) +i(z1 — 21)x + O(4)
o ‘;72::0 2z + 32+ 2)
+z1Z1x0 + 0(4)
n =
C = 0
n= 2121+ 5(27 + 2)
P6a . = 2
n2 =0 +i(z1 — 21)x5 + O(4)
Ky=1
Cy = 0
P6b 7;72:: ) 217 + 3(22 + 2) + 0(4)
Ky =0
In the P6 case, the K, = +1 signatures are equivalent. (Z; = —z;)
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Where are the CR singular points?

Lemma

For a real analytic n-manifold M in C" of the form

Yo = 0,
Zn = hn(zl’zl’x)a

a point (z1,x, hy(z1, z1,x)) € M is a CR singular point <— (z1, 21, x)
satisfies
oh,
071

(Zl,fl,X) = 0
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Where are the CR singular points?

Lemma

For a real analytic n-manifold M in C" of the form

Yo = 0,
Zn = hn(zl’zl’x)a

a point (z1,x, hy(z1, z1,x)) € M is a CR singular point <— (z1, 21, x)
satisfies
Ohy,
0z
l v

So the CR singular locus N C M is usually a subset of codimension 2.

(Zl,fl,X) = 0

8]
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Finally, an example!

Recall the P2a normal form; consider the real algebraic variety M3 C C3:

y2 0,

1 . _ _ . _
7z = 7171 + 5(212 + 212) —i(z1+2)znz1+i(z1 — zl)x22.
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Finally, an example!

Recall the P2a normal form; consider the real algebraic variety M3 C C3:

y» = 0,
_ N P N N S\os Lo 5\2
73 = 2121+2(zl +zi)—i(z1 4+ z21)az+i(zn — 21)x5.
Then
Oh ) . )
—z1,21,x) = z21+71 — 1212 - 2/2121—IX22
821

= 2x1+2x1y1
a2 2,2
—i(3xg + yi+x3)
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Finally, an example!

Recall the P2a normal form; consider the real algebraic variety M3 C C3:

y» = 0,
_ N P N N S\os Lo 5\2
73 = 2121+2(zl +zi)—i(z1 4+ z21)az+i(zn — 21)x5.
Then
Oh ) . )
—z1,21,x) = z21+71 — 1212 - 2/2121—IX22
821

= 2x1+2x1y1
a2 2,2
—i(3xg + yi+x3)

So N is an isolated point.
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A real perturbation

For a small real parameter t and complex constant u, consider the family
of real algebraic varieties in C3, so M is the variety at t = 0:

Y2EO’

-1 _ . o _ _
z3 = 2171+ 5(212 + 212) —i(z1+2)z121 + i(z1 — zl)x22 + pt(z1 + z1).
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A real perturbation

For a small real parameter t and complex constant u, consider the family
of real algebraic varieties in C3, so M is the variety at t = 0:

Y2EO’

1 . _ _ . _ _
z3 = 2171+ 5(212 + 212) —i(z1+2)z121 + i(z1 — zl)x22 + pt(z1 + z1).
Then (for each fixed t):

Ohy

93 (z1,21,x) = zn+21— i212 —2iz1721 — I'X22 + ut
1

= 2x1 + 2x1y1 + Re(p)t
—i(3x¢ +yf + 3 — Im(p)t)

so N is empty for some p and t.
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Solution for Exercise

Exercise

s there a real analytic variety {P; = P> = 0} in R® with an isolated point
3 that doesn't disappear under some small perturbations of the defining
equations? For all t1, t, close to 0, the solution set is non-empty near 3

Pl(XJ/yZ) - tl
P2(X7y72) - t2

8]
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Solution for Exercise

Exercise

s there a real analytic variety {P; = P> = 0} in R® with an isolated point
3 that doesn't disappear under some small perturbations of the defining
equations? For all t1, t, close to 0, the solution set is non-empty near 3

Pl(XJ/yZ) - tl
P2(X7y72) - t2

Answer: Yes

8]
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Solution for Exercise

Exercise

s there a real analytic variety {P; = P> = 0} in R® with an isolated point
3 that doesn't disappear under some small perturbations of the defining
equations? For all t1, t, close to 0, the solution set is non-empty near 3

Pl(XJ/yZ) - tl
PZ(X7y7Z) - t2 )
Answer: Yes
Pi(x,y,z) = 8x*+8y>—2°
Py(x.y,z) = z(x*+y?) x>

8]
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Solution for Exercise

Exercise

s there a real analytic variety {P; = P> = 0} in R® with an isolated point
3 that doesn't disappear under some small perturbations of the defining
equations? For all t1, t, close to 0, the solution set is non-empty near 3

Pl(XJ/yZ) - tl
PZ(X7y7Z) = t2 )
Answer: Yes
Pi(x,y,z) = 8x®+8y?— 2z Cone
Pa(x,y,z) = z(x*+y®)—x°
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Solution for Exercise

Exercise

s there a real analytic variety {P; = P> = 0} in R® with an isolated point
3 that doesn't disappear under some small perturbations of the defining
equations? For all t1, t, close to 0, the solution set is non-empty near 3

Pl (X7 Y, Z) - tl
Py(x,y,z) = t )
Answer: Yes
Pi(x,y,z) = 8x>+8y?— 2 Cone
Py(x,y,z) = z(x*+y?) —x° Cartan Umbrella

8]
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Graphics by Maple

Figure : left: z(x> +y?) —x3=0. middle: z = X;_Tofz’l. right: z = X 4001
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