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6. ERRATA

The Zentralblatt Math number for reference [18] should be Zbl 0373.50005.
In reference [15], Mac Lane preferred to spell his name with a space.

7. UPDATES

Reference [6] will not appear under that title. The relevant material (cited on p.
468, [C4]) can be found in Reference [4], or in [Cq] instead.

My contact information has changed, and the web address at the end of the
article is now obsolete. My current Purdue University Fort Wayne home page is:

http://users.pfw.edu/CoffmanA/

8. CITATIONS
The article is cited in these papers: [G], [Slapar], [Star¢i¢].
The following Sections of this addendum are a continuation of the consideration

of real manifolds immersed in C". They include some of the calculations omitted
from the paper [C;].

9. CP? IN CP®?, CONTINUED

This Section will examine maps from the complex projective plane to C°, con-
sidered as an affine neighborhood in CP°. The following Example will fill in some
of the details from the ¢t = —1/2 case of Example 5.2.

Example 9.1. Consider the following coeflicient matrix:

1000 1+i 00 0 i
0100 -3 00 -1 0
p_| 0010 0 00 0 0
0001 0 00 0 O
0000 O 10 0 O
oooo0 o 01 1 -1

The top row is chosen so that P oso A will have an image contained in the Zy #£ 0
neighborhood. Deleting the top row and first, middle, and last columns leaves a
1
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5 x 6 submatrix, in row-echelon form so that P has rank 6 and ker(P) is a 3-
dimensional subspace of C?. Its last column (the eighth of nine in P) is chosen so
that k(ker(P)), which is the following subspace of M (3,C):

—ic] — (1 + ’i)Cg 0 %Cl — Co
{ tc3+co c3 C2 :cy, 02,03 € Ch,
0 0 c1

contains no matrices of rank 1, and so P o s is defined for all (z,w) € CP? x CP?.
Finally, the —% entries, which contribute z;z; and z2Z> terms to the numerators of
the parametric functions, are needed so that P o s o A will not have a triple point.

The composition Poso A : CP? — CP® is defined for all of CP2. By inspection
of the parametric map taking [zo : 21 : 22] to:

_ N o 21 _ _ _ _ )
[20Z0 + (1 +4)z121 + i22Z2 : (20 — 5 = 29)Z1 i 2022 ¢ 2170 ¢ 2122 ¢ 22(Z0 + 71 — 5)],
the image of P o so A does not meet the Zy = 0 hyperplane.

The singular locus of P o s is a complex algebraic subvariety of the domain

CP2? x CP2. In order to find its intersection with the image of A, it will be enough
to check the Jacobian matrix of P o s, considered as a map C* — C° when it is
restricted to three of the nine affine charts in the domain, and the Zy # 0 chart in
the target. For example, the restriction of Pos to the zg # 0, wy # 0 neighborhood
defines a map
Pi(z,w) Ps(z,w)
PO(va)7...7PO(va) .
The locus where the rank drops is the common zero locus of five 4 x 4 determinants,
which will be inhomogeneous rational functions in z1, 22, w1, we. Since the image of
A does not meet the zero locus of the denominators (which are powers of P), it is
enough to consider the numerators of these rational functions, and re-introduce z
and wy to get five bihomogeneous polynomials which define a subset of {(z,w) €
CP? x CP?: 29 # 0,wp # 0, Py(z,w) # 0}. Repeating this procedure for the other
charts in the domain will give other subsets of CP? x CP?2, but with significant
overlaps, and which satisfy the same bihomogeneous polynomial equations. Using
MAPLE software to assist with the computations, these polynomials are:

(2172'2,'[1)1,'[1)2) — (

(9.1) z1wa(2weze — 2wazo + (—2 4 2i)wy 21 + wazy),
(9.2) z1wa ((1 4 d)waze — 2w1 21 — 2z1w0 + waz1),
21((=2 + 20) 2w + (—4 + 4i) z0wd — 8wiz + (=2 + 2i)wawpzo
+(1 — Dwazrwo + (4 + 4i)wrwaze + (—10 + 2¢)wq z1wo
(9.3) +(4 — 4i)wiwozo + (2 — 20)wazowp + dwywazy + (4 — 4i)zowd),

w2(4z§w2 + 2z1wazg + (—4 + 4i)z1wr 22 — (4 + 2i)wazezo — izgwaz1

(9.4) +2iwg 28 4 4izozgwy — diwy 23 + 2wy 2120 + 2621 20wo — dizawg),
Zo(—2U)0 — 2wy + wg)(2zow0 — Z1Wo — (2 + 2i)zlw1)
(9.5) —225((1 — 2i) 20wowsa + iz1wows + 2izawawo — 21 W1 Wy — 220W3).
The real diagonal image of A, [wq : w1 : wa] = [Zo : Z1 : Z2], meets this locus in a

real algebraic variety, which (again, according to MAPLE) consists of exactly three
points, x1 = A([1:0:1]), z2 = A([1: —1:0]), and 23 = A([5 : —i : 1]).
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To verify this, first, it is left to the reader to check that these three points are
in the common zero locus of equations (9.1)—(9.5), and are indeed elements of the
singular locus of P o s.

Second, suppose there is some [zq : 21 : 20] € CP? with 29 = 0 and z; # 0, 22 # 0,
whose image under A satisfies equation (9.5). Then 229212122 = 0, contradicting
the non-zero hypothesis, so there are no such points in the singular locus.

The next case is where z; = 0. Any point A([zg : 0 : z2]) satisfies (9.1)—(9.3),
and (9.4) then implies

Z9 (42522 — (4 + Qi)ZOZQZQ + QiZSZQ + 4292020 — 4iz§20)
= 222(2:0 — 2’2)(—22252 — 212020 + ’iZOZQ) =0.
One of the solutions is zy = z3, which gives the point z;. Another could be
z1 = z2 = 0, but then (9.5) would imply zo is also zero. A third possibility is

that the last factor is zero, but in fact that quantity is nonvanishing except at
zop = z2 = 0. One way to see this is to write it as a sum of squares:

7— (21 4+ 8V 7)i 14+ (8—=3V7)i
—229Z0 — 212020 + 12022 = \/_ ( 21+ \/_)Z |ZO + ( 4 \/_)ZZQ|2
=21 —8VT+V7i, -84+ 3V7—1
+ VT4 VT | V7 20 + 22
21 4
The next case is zo = 0, 21 # 0, so that (9.5) becomes
220(20 + 21)(—22020 + 2120 + (2 + 22‘)2121) =0.
One of the solutions is z; = —z(, which gives z2, and another, zy = z5 = 0, would

imply z; = 0 when substituted into (9.3). Also, as in the previous case, the last
factor is a sum of squares with no nonzero solutions:
—22020 + 2120 + (2 + 2i)z121

— A7 + 84T + VATi 20+ —1+4 (=8 — V47)
= 0
1

a7 af’
AT — OVAT + (47 — TAT)i =T — VAT 4 (9 + VA4AT)i
+ 47 | 8
Finally, the remaining case is that all three projective coordinates are nonzero,

so that zo can be assumed to be 1, and equating the nonlinear factors of (9.1) and
(9.2) to zero gives:

Zo+Z1|2-

0 = 2—-2z+ (—2 + 2i)2121 + 21,
0 = (1 + Z) — 22121 — 22120 + 21-

This seems to be a difficult system to solve by hand. One approach might be to
take the real and imaginary parts, zg = u+iv, 21 = x+1y, to get four real quadratic
equations in wu, v, x, y, and then find the real solutions from a (computer assisted)
calculation of a standard basis. Another might be to solve the first equation for
zo and substitute into the second, to get two real cubic equations in x, y. Then
inspecting a graph of real cubic curves will show that their only common solution
is (z,y) = (0, —1). So, z1 = x + iy = —i gives the point z3.
The images of the three points, x1, x3, 3, under P o s are
1—14 1—14

:0:0:
2 4 ]’

X1=[1:0:
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—6+ 37 i—2
: :0: :0:0
10 5 )

524120 16+10i —10+16i —32—20i 6+ 26i

X;=[1 : : : 1,
89 89 89 89 89

which are the candidates for complex jump points in the image of CP2. (They are
also candidates for differential-topological singularities.)

The real tangent planes at these points are found by considering the restriction
of PosoA to the zgp = 1 affine neighborhood, so that Poso A : R* — R0 is given
by

P, P
(21, 22) <Re<§1)>,1m<;;

Py
)""’Im(Po))’
and at each point z in the domain, there is a real 10 x 4 Jacobian matrix D, of
derivatives whose image is a four-dimensional subspace T, of R?.

It turns out that at each point x1, xo, x3, the real Jacobian matrix has full rank.
This is enough to prove that P o so A is an immersion.

In C®, the scalar multiplication map @ — i-¥ is real-linear, and induces a complex

structure operator J on R9, which is a 10 x 10 block matrix with five ( (1) _01 )

blocks on the diagonal. The concatenation of D, with J-D,, a 10 x 8 matrix, maps
R® to R'® so that the image subspace is the sum T, + JT; it is 8-dimensional at
totally real points where T, and JT, meet only at the origin, but 6-dimensional at
the three complex jump points. So, x1, T2, x3 are not “exceptionally exceptional,”
that is, none of the tangent spaces is a complex 2-plane, but instead each contains
exactly one complex line. In the notation of Section 3, Ny = {z1, 22,23}, and Ny =
.

To illustrate the idea, the procedure for finding T, will be recorded here only for
z=1X.

0 0 0 0
0 0 0 0
0 0 —1/2 —1/2
0 0 —1/2 —1/2
o | Y2 2 0 0
nT 12 1/2 0 0
/2 1/2 0 0
—-1/2 1/2 0 0
/2 —1/2 -1/2 1/2

~1/2 -1/2 0  1/2
has rank 4, but [Dg,, J - D;,]10xs has rank 6. A basis for its kernel is

{(15 _35 47 _47 3) 17 0) O)Ta (37 1) 07 0) _15 37 _474)T}7
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and the following equation shows that the image of D,, contains a J-invariant
subspace:

0 0
0 0

0 0

1 3 0 0

Do | ol=un | o= D=0
4 0 -1 =)

= 1

9 -1

-1 2

The span of (0,0,0,0,—1,—2,—1,—2, -2, —1)T and its image under .J is the com-
plex line {71 =Zy =Z3 — Z, = (% — %i)Zg — Z5 = 0}. Similar calculations for z9
and z3 yield different complex lines tangent to CP? in CP.

It remains to check that P o s o A is one-to-one except for two double points.
First, consider those points in the image such that all three coordinates, zg, 21, and
zo, in the domain are nonzero, and P o s o A restricts to a map:

[zozzlzl]H[&:i:@:20:1:&].
21 &A1 A 21
This map is clearly one-to-one from {(z0,21) € C? : 29 # 0,21 # 0} to C5. Points
on the line {[0: z : 1]} are mapped to

[(1—1—2’)22—!—2':(—2/2—1)2:0:0:2:2—%]7

and a calculation will show this restriction is one-to-one, with an image disjoint
from the previous image. The next subset of the domain is {[z : 0 : 1]}, whose
points are mapped to
. 1

[zz+z:0:z:0:0:z—§].
This restriction has an image disjoint from the first image, and from the second
image, except for their point of intersection [0 : 0 : 1] in the domain. However, it is
not one-to-one: both values z = % +(-2+ %ﬁ)z are mapped to the same image
point. Another line in the domain is {[1 : z : 0]}, whose points are mapped to

I+ (1+¢)2z:(1—2/2)2:0:2:0:0];

the image is disjoint from the previous three images, but this restriction is also
not one-to-one, since z = %ﬁ + %ﬁi and z = LT‘/E + _9+T‘/Ei have the
same image. The only remaining point in the domain is [0 : 1 : 0], whose image,
[1+4:—3:0:0:0:0], is not in any of the above images. As in Example 5.1,
P o so A maps the complex projective lines {[zp : 0 : 23]} and {[z0 : 21 : 0]} in
the domain into two-dimensional complex subspaces in the range, falling into the
Example 4.9 case of the classification from Theorem 4.3.
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Example 9.2. Consider the coefficient matrix from Example 5.3:

1 000 14+i 00 0
-1100 -1 00 -1 %
p_| 0010 0 00 0 0
0001 0 00 0 0
0000 0O 10 0 0
-2 000 0 01 1 -1

The entries differ from the previous P matrix only by contributing some more z;Z;
terms to the quadratic polynomials in the parametrization. The composite map
(PosoA)([z0: 21 : 22]) is:

[20Z0 + (1 +4)z121 + i22Z2 : (20 — %Zj — 22)Z1 — 20Z0 + %Zﬂz
20%2
2120
2122
_ _ 3 _
29(Zo+ 21 — 522) - 52020]-

It is defined for all of CP?, and its image does not meet the Z, = 0 hyperplane.
k(ker(P)) is the following subspace of M(3, C):

18¢co 0 —c3 + (45 + 7i)62 + (2 + 7i)61
{ cs  18c1 ¢34+ (=18 4+ 2i)ca + (=11 + 2i)c; | :c1,co,c3 € C},
0 0 18ico + (—18 + 18i)cy

and it contains no matrices of rank 1, so Pos is defined for all (z,w) € CP? x CP2.

The singular locus of P o s is defined by bihomogeneous polynomial equations as
in the previous examples. Using MAPLE software to assist with the computations,
these polynomials are:

(9.6) z1wa((—18 4+ 187)wi 21 + (11 — 28)wez1 + 18waze — 18waz),

(9.7) z1wa((—1 — Dwaezg + 2w1 21 — wazy + 221wyp),
21((—36 — 36i)w%zl + (18 + 18i)wawy 21 + (36 + 54i)w; 21wy
+(=15 = 51é)wazywo + (18 + 36i)21w(2) + (14 — 90¢)wazowyq

(9.8) +36iwiwo 2o — 362211)8 + 36wiwpzo + (54i — 18)wawozo + 36wgzo),
wa((—36 — 367)z0wi 21 + (4 + 220)waz122 + (72 + 90i)w1 2120
+(=15 = 51é)waz1 20 + (18 + 364)z120wp + (14 — 126i)waz22g

(9.9) +36iwoz2 — 362920wo + 36w 25 + (—18 4 544) w22 4 36wo2d),
(=14 4+ 4i)wozowr 21 + (4 4 22i)wez1 22wy + (—36 — 36i)w%zlz0
+(18 + 18i)wawy 2120 + (36 + 54i)wy z1wo 20 + (—15 — 51i)wez1wp 2o
+(18 4 3614) 21 20w + 36iwaziwo + (14 — 1264) w2 2920w0

(9.10)  —362220wd + 36w wozd + (—18 + 54i)wowozs + 36wiz.

The real diagonal image of A, [wg : wy : wa] = [Zo : Z1 : Z2], meets this locus in
exactly three points, 1 = A([1:0: 3]), z2 = A([1: 2:0]), and x5 = A([9 + 28i :
—18 — 63i : 54 — 304i]).

It is easy to check that these three points are in the common zero locus of
equations (9.6)—(9.10), and are indeed elements of the singular locus of P o s.
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Suppose there is some [zg : 21 : 23] € CP? with zg = 0 and z; # 0, 23 # 0,
whose image under A satisfies equation (9.10). Then z1Z120Z2 = 0, contradicting
the non-zero hypothesis, so there are no such points in the singular locus.

The next case is where z; = 0. Any point A([zp : 0 : z2]) satisfies (9.6)—(9.8),
and (9.9) then implies

72(36 + 36iZ9235 + (14 — 126i)Z222 — 3622 + (—18 + 54i)zy) = 0.

z1 and zy cannot both be 0, by (9.10). A solution is zo = 3, giving the point ;.
It is not obvious on inspection, and the sum of squares trick from the previous
Example doesn’t immediately apply, but it can be checked that zo = 3 is the only
solution in this case.

The next case is z2 = 0, z1 # 0, so that (9.10) becomes

1820(221Z020 + (2 + 3i)Z02121 + 22520 + (—2 — 2i)21 27 + (1 + 26)Z521).
A solution is zg = 1, z; = 2, which gives x5, and another, zg = 2o = 0, would
imply 21 = 0 when substituted into (9.8). As in the previous case, the x5 solution
is unique.
Finally, the remaining case is that all three projective coordinates are nonzero,

so that zo can be assumed to be 1, and equating the nonlinear factors of (9.6) and
(9.7) to zero gives:

0 (—18 + 18i)2121 + (11 - 2i)21 + 18 — 18z,
0 = —1—-14+2z121 — 21+ 22129.

This seems to be a difficult system to solve by hand. One approach might be to
take the real and imaginary parts, zg = u+iv, 21 = x+1y, to get four real quadratic
equations in wu, v, x, y, and then find the real solutions from a (computer assisted)
calculation of a standard basis. Another might be to solve the first equation for
zo and substitute into the second, to get two real cubic equations in x, y. Then
inspecting a graph of real cubic curves will show that they meet only once, giving
the point z3.
The images of the three points, x1, x3, 3, under P o s are

X1 = [149:0:3:0:0:-3|,
3
Xy = [5—}—41’:—1:0:2:0:—5],
X3 = [10316 + 16218 : —10863 — 7758i : —708 + 3564

: —3852 — 1264 : 1836 — 78844 : —5283 + 43201],

which are the candidates for complex jump points in the image of CP2.

The real tangent planes at these points are found by considering the restriction
of PosoA to the zgp = 1 affine neighborhood, so that Poso A : R* — R0 is given
by
Py Py Ps
Fo)’lm(Fo)’ . ,Im(FO))7
and at each point z in the domain, there is a real 10 x 4 Jacobian matrix D, of
derivatives whose image is a four-dimensional subspace T, of R°.

It turns out that at each point x1, 2, x3, the real Jacobian matrix has full rank.
This is enough to prove that P o so A is an immersion.

The concatenation of D, with J-D., gives a 10 x 8 matrix, which maps R® to R'°
so that the image subspace is the sum T, + JT; it is 8-dimensional at totally real

(21, 22) — (Re(
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points where T, and JT. meet only at the origin, but 6-dimensional at the three

complex jump points. So, x1, T2, x3 are not “exceptionally exceptional,” that is,

none of the tangent spaces is a complex 2-plane, but instead each contains exactly

one complex line. In the notation of Section 3, N1 = {z1, 2,23}, and Ny = @.
The procedure for finding T, will be recorded here only for z = x7.

—1/41  9/41 1/123 0

9/41  1/41 —3/41 0

0 0  —121/3362 —9/82

0 0 351/3362 —1/82

b | sz o/s2 0 0
= —9/82  1/82 0 0
3/82  27/82 0 0

—27/82  3/82 0 0

3/82  —27/82  40/1681  9/82

—27/82 —3/82 9/1681 1/82
has rank 4, but [Dg,, J - Dy, ]10xs has rank 6. A basis for its kernel is
{(1,0,6,—54/41,0,1,0,240/41)", (0, —1,0, —240/41,1,0, 6, —54/41)},

and the following equation shows that the image of D,, contains a J-invariant
subspace:

9 1

o b

_18so _ 1%

1681 1681

240 _ 54 5 Ei
1 a1 ¥ 53
188 Bfid

7 183

3362 3362

At 29, the complex line in the tangent space is spanned by # = Dy, - (1,7,0, —=2)T
and J - U3, and at x3, the complex line in the tangent space is spanned by v3 =
D,, - (—865/756,0,703/504,1)T and J - ¥3.

It remains to check that P o so A is one-to-one. First, consider those points in
the image such that all three coordinates, zg, z1, and z2, in the domain are nonzero,
and P o s o A restricts to a map:

Py, P P,
[20:21:1] — —O:—I:@:20:1:—5].
Z1 Z1 Z1 Z1
This map is clearly one-to-one from {(zo, 21) € C? : z9 # 0, 21 # 0} to C°. Points
on the line {[0: z : 1]} are mapped to
(L 4i)zz4i:(—2z—1)24+2:0:0:2:2— 1]
)zt (=52 F+g:0:0:z:2-2],
and points on the line {[z : 0: 1]} are mapped to

1 3
[22+i:§—z2:z:0:0:2—§—§zé].
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The images of these restrictions are disjoint from the previous image, and from
each other, excepting their point of intersection [0 : 0 : 1] in the domain. Some
calculations will show they are one-to-one. Another line in the domain is {[1 : z :
0]}, whose points are mapped to

1 3
[1—1—(1—1—@')22:2—522—1:O:z:O:—§],
and this image is also disjoint from the previous images, and obviously one-to-one.
The only remaining point in the domain is [0 : 1 : 0], whose image, [1 +i: —5 : 0:
0:0:0], is not in any of the above images.

1
2

Example 9.3. This will give a few more details on the matrix from Example 5.4.

1000 1 0001
0000 0O 1 00O
p_ 0000 0O 0100
0100 0 O0OOO0OO
1000 -1 00 0O
0 000 0O O0O0OT1FPO

The first five rows are the coefficients of Whitney’s embedding of CP? in C*, from
Example 2.5. Adding the last row makes a rank 6 matrix, and defines a map
Pos:CP? x CP? — CP5 taking ([20 : 21 : 22), [wo : w1 : w2]) to:

[wozo + w121 + waza t Wazy : Wo2za : W12 : WoZo — W21 : WiZ2).

The kernel of P is a three-dimensional subspace of C?, and the kernel’s image under
k is the set

C1 C3 0
{| 0 «a 0 i eq,co,c3 € Ch
c 0 —2¢

The matrices in this subspace with rank < 1 form exactly two lines, where ¢; =
co =0, or ¢c; = ¢g = 0. The first line is spanned by

1

0 '(07]-;0)7
0

o O O

1
0
0

coo
Il

so Po s is not defined at the point o = ([0:1:0],[1:0:0]). The only other point
at which P o s is not defined is z; = ([1:0:0],[0: 0 : 1]).

The composition PosoA : CP? — CP® is defined for all of CP?2, since z¢ and z;
are not in the image of A. By inspection of the parametric map taking [zg : 21 : 23]
to:

[2050 + 2121 + 2222 : 2129 1 2220 : 20Z1 : R0R0 — 2171 : 2221],
the image of P o s o A does not meet the Zy = 0 hyperplane, and in the affine
neighborhood with the coordinate system [1: Z1 : Zs : Z3 : Z4 : Z5|, the image is
contained in the 7-dimensional real subspace {Z; = Zy, 75 = Zl}. PosoAisa
one-to-one immersion, since it is a smooth graph over Whitney’s example.

The singular locus of Pos is a complex analytic subvariety of the domain (CP? x
CP?)\ {zo,71}. In order to find its intersection with the image of A, it will be
enough to check the Jacobian matrix of P o s, restricted to three of the nine affine
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charts in the domain, and the Zy # 0 chart in the target. The bihomogeneous
polynomial defining equations are

—20WoW222 — W121W222 + 2Z0WoW1 21,
wy 22 (wazo — wy21),
woza(weze — 2w 21),

—zow1 (wazg — 2wy 21),

—wiz3.

The real diagonal image of A meets this locus at exactly three points, o = A([L :
0:0]), 23 =A([0:1:0]), and &4 = A([0: 0 : 1]). The images of these three points
under P o s are

Xo=[1:0:0:0:1:0],

X3=[1:0:0:0:—-1:0],

X4=[1:0:0:0:0:0],
which are the candidates for complex jump points in the embedded CP2.

The real tangent planes at these points are found by considering the image of
the real jacobian map of restrictions to affine neighborhoods, Poso A : R* — R0,
At X3, the tangent 4-plane is {Zy = Z4 = 0,Z5 = Z;}, which contains the Z3-
axis. At Xy, the tangent 4-plane is {Z3 = Z; = 0,75 = Z;}, which contains the
Zs-axis. The unusual point is X5, where the tangent space is the complex 2-plane
{Z1 = Z4 = Zs = 0}, which, by the codimension formula for complex tangents, is
a topologically unstable phenomenon; this submanifold is not in general position.

10. EMBEDDING S* 1IN C"

There is a more direct, algebraic approach to finding complex tangents of real
algebraic varieties, without looking at the complexification. The idea is to work
with the implicit equations (which could be derived from a parametric map), and
compute the equations for the tangent bundle and its image under J. The intersec-
tion will be the union of the variety and the complex tangent lines. This method
will be demonstrated for some standard embeddings of spheres in affine space. Let
R™ have coordinates {e1,...,e,}, and consider it as the ey = 1 neighborhood of
RP™.

Example 10.1. S*, as a smooth hypersurface in R®, is given by the equation
5

Ze? = 1. As a real projective algebraic variety, it is the zero set of the quadric
i=1

2 2 2 2 2 2
—ep+ €] +e;+ez+e;+e;s.

R?, considered as the subspace eg = 0 of the space

01 0 0 0 0
-10 0 0 0 0
s 6| 0 0 0 1 0 0
FF=®1 0 0 210 0 o |
00 0 0 0 1
0 0 0 0 -1 0

contains, like any other hyperplane, a J-invariant subspace of real dimension 4, in
this case spanned by {eq,ea,e3,¢e4}.
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Let {ry,...,76} denote the fiber coordinates in the real tangent bundle TF of
F; TF has the obvious almost complex structure, also denoted J. S* is the affine

5
variety defined by the ideal (z:ez2 —1,e6).
i=1

The tangent bundle T'S* is a subbundle of the restriction of TF to S*. Generic
fibers of T'S* will have 1 complex direction. The expected codimension of the set
of CR singular points is 4; at such singular points p, T,,S* is a complex 2-subspace
of (T, F, Jp).

TS* is also an affine variety in T'F, given by the ideal (f1, f2, g1, g2):

5
f1 = Ze? -1
i=1

Ja = e
g1 = 2e1r1 + 2e9rg 4 2e31r3 + 2e414 + 2e575
g2 = Te.
In general, the {f;} are the equations (in ey, ...,ea,) defining the variety, and
1
of:
g; is the polynomial ( fz)
861,
T2n

The operator J acts on each fiber of T'S* and the image JT'S* is another affine
variety in TF, given by the ideal (f1, f2, 91, 95):

g = —2eary + 2e1r9 — 2e473 + 2e374 + 2e576

g5

—T5.

In general, ¢} is the polynomial <g£> J

’ Ton
The intersection T'S* N JT'S* is the variety given by the ideal generated by the
concatenation of the generating sets. Some simplification occurs when MACAULAY
computes a standard (Grobner) basis of the ideal. In particular, redundant poly-
nomials are removed, and terms involving 75 and rg drop out since these variables

are already in the ideal. The ideal defining T'S* N JT'S* is given by the basis

5
fio= ) el-1
=1

fo = e
1

g1 = e1ry+eore +esry +eqry
1

gy = €371 —e1ra +eqrs —esry
1

g3 = Ts

"o
g4 — TG.
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Obviously, the intersection contains S* x {0}. In a given fiber T,F, the g”
equations define four planes meeting transversely, and so in a 2-dimensional inter-
section, except when e; = es = e3 = e4 = 0, in which case the intersection is
4-dimensional. These exceptional planes are tangent to S* at (0,0,0,0,=+1,0), and
are the J-invariant planes parallel to the complex subspace e5 = eg = 0 in F'. The
orientations of these two planes, inherited from any given orientation on S*, are
opposite. One is complex, the other “anticomplex.”

Example 10.2. For a generic embedding of S* in C*, the previous embedding
in C? could be composed with a real-linear map into C* so that the image of the
original ambient R® has one complex direction in C*. One could also consider R®
with some operator giving it the structure C @ R3. The following approach will
instead include R® in R® @ R? =2 C*, and then use a complex structure operator so
that the space spanned by {es,...,e5} is generic with respect to the new operator.
For example, let

0O 1 0 0 0 000
10 0 0 0 00 0
0 0 0 0 0 010

. c| 00 0o 0o 0 001

F=®1 0 00 0 0100}/
0 0 0 0 —-10 0 0
0 0 -1 0 0 00 0
0 0 0 -1 0 00 0

The defining ideal for T'S* is essentially the same as before:

5
o= ) ei-1
=1

fa = e6
s = er
Ji = es
g1 = 2e1r1 + 2earg 4 2e3r3 + 2e41r4 + 2e575
g2 = Te¢
gs = 17
ga = T8

The ideal for JTS* is generated by (f;, g), with:

g1 = —2ear1 + 2e1ra + 2e5r6 + 2e3r7 + 2eq7s
9o = T3
g5 = 13
gy = —Ta

The standard basis of the ideal defining their intersection is
(fl; €6,€7,€8,73,74,75,76,77,78,€17T1 + €279, €271 — 617"2).

Most tangent planes are totally real; at each p € S*, the equations in the fiber
coordinates are eight intersecting planes. At CR singular points, the intersection is
not transverse; the planes intersect in a J-invariant 2-plane exactly when e; = e5 =
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0. Along this set Ny, the complex tangents are the planes spanned by {ri,r2},
parallel to the complex subspace spanned by {(1,0,...,0),(0,1,0,...,0)} in F4.
This is a trivial bundle, consistent with the formula of [Webster| for the chern
class: le aH'=pS*=0.

Using the analogous embedding in higher dimensions and a similar complex
structure operator, a sphere S™ in C™ has complex tangent locus N; equal to the
(n — 2)-sphere, e; = €3 = 0, and Ny = . H! is still trivial, and normal to the
tangent bundle T'N7, again consistent with characteristic class formulas, as is the
nonexistence of higher-order complex tangents.

Example 10.3. Any submanifold immersed in a totally real R® is totally real.
The computations in the previous examples could be carried out again for S* and
a suitable complex structure on C?, and then the varieties T.S* and JT'5* would
intersect exactly in S4 x {6} Similarly, S™ embeds as a totally real, real algebraic
submanifold of C**! for n > 0.

11. IMMERSED SPHERES

For purposes of comparison to Example 4.9, these examples will review some
totally real immersions of spheres. The alternative method for detecting complex
tangents will work on these examples also.

Given the n-sphere 23 +...+22% +a? = 1 in R"™!, [Weinstein] gave the following
totally real immersion of this sphere into C™:

j@1, ..., xn,a) = (x1(1 + 2ia), ...,z (1 + 2ia)).

The image has a single self-intersection at the origin. By eliminating the a
variable from the immersion map, the image can be described as a real algebraic
variety. The cases n = 1 and n = 2 are reviewed here, the remaining being similar.
C™ will have coordinates z, = x, + iy,.

Example 11.1. Eliminating a from the equations 27 +a? = 1 and y; = 2ax; gives
the single equation y? = 423(1 — %), an “eight curve” in C! ([L]). This is the
prototypical transverse self-intersection for the higher dimensional spheres.

Example 11.2. The equations are homogenized by introducing xy. Eliminating
a from the equations x% + a:% + a2 = x%, Toy1 = 2ax1, and Toys = 2axs gives the
following ideal:

xo(Z2y1 — T1Y2)
adyt — dai(zg — af — 23)
afys — dad(xf — af — 23)
ay1ye — 4wz (2f — 27 — 23)
(zoy1 — x1y2) (27 + 23).

Considering only the affine subset xy = 1, the following three polynomials define
the same zero set:

fi = z2y1 —T1Y2

fo yi —4zi(1 -2t - 3)
fs = s —4a3(l -2 —a3).
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Banchoff and Farris (reference [2] of [C1]) use a similar immersion in the n = 2
case, but give it in terms of an analytic parametrization with domain 0 < u < 2,
LT <y < T

2 =V> 35

1 = cos(u)cos(v)
y1 = —cos(u)sin(v) cos(v)
x2 = sin(u)cos(v)
y2 = —sin(u)cos(v)sin(v).

Let {ry,...,r4} denote the fiber coordinates in the real tangent bundle TF of
F = C? The tangent planes and their images under J are given by the equations

g1 = —Y2ri+yir2 + Tors — T1T4
g2 = 16xi’r1 + 8:5@%7“1 + 81‘%1‘27’2 — 8x11r1 + 2y173
g3 = 8x1x§r1 + Sx%xgrg + 16x§r2 — 8xo1r9 + 2y9ry
gy = —xor1+x1re — Yor3 + Yi7s
gh = 16233 + 8xx3rs + 8xiwory — 2171 — ST173
gg = 83:13337“3 + 83:%3:27“4 + 163:%7“4 — 2yory — 8x21y.

At the self-intersection at the origin, these six equations are all zero. However, by
homogenizing and computing the quotient ideal (f1,...,g5) : (z1,v1, Z2,y2), it can
be seen that the tangent bundle is totally real outside this point. In particular, the
polynomials zg(r? +72)? and z3(r3 +r%)? are in the quotient ideal, so in the zg = 1
neighborhood, all the r coordinates must be zero. At the origin, the tangent cone
is the union of the two totally real planes (y1 — 221, y2 — 222), (y1 + 221, Y2 + 2x2).

This method of finding complex tangents, or demonstrating the “totally real”
property, by computing the implicit equations for the image of a parametric map,
and then the equations for the tangent bundle and its image under J, seems com-
putationally intractable for more complicated varieties. Finding singularities in the
complexification is an easier computation.

12. SOME IMPLICIT EQUATIONS

The method of “eliminating parameters” takes a parametric map and finds
implicit equations for the smallest algebraic variety containing the image of the
parametrization.

Example 12.1. Recall Whitney’s embedding of CP? into C3 @ R:

1

= |Zl|2 + |22|2 + |23|2 (2223;2351721527 |Zl|2 - |Z2|2)'

[21 L Z9 23]

Expanding the real and imaginary parts of these rational functions in terms of
21 = x + iy, defines a quadratically parameterized map RP? — RP7 with image
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diffeomorphic to CP2, contained in the affine neighborhood ey = 1:

€0
€1
€2
€3
€4
€5
€6

€7

o} +ah + a3+ yt s+l
= T2T3 + Y2y3
= Y2x3 — T2Y3
= T1T3+ Y1Y3
= T1Y3 — Y1x3
= T1T2 + Y1Y2
= Yi1T2 —T1Y2

2, 2 2 2
Ty Ty — 23— Ya

Let I be the ideal in Rleg,...,e7,21,...,ys] generated by the polynomials

- (@ +a3+ a3yl +ys+y3)
— (@273 + Y2u3)

— (2T 4y — 23— ).

15

A standard basis of this ideal has 97 elements. Twenty of them (listed below)
are polynomials in only the eg’s.

The ideal I3y generated by these twenty elements, considered as elements of

Rleo, ..., e7], defines a projective variety Vo of real codimension three. The affine

part Voo N {eg = 1} is the smallest affine algebraic variety containing the image of

the parameterization. It is not clear whether this is exactly the image of Whitney’s
embedding; there may be points in RP7 that satisfy all twenty equations, but that

are not of the form BE

1
+[z2[2+]23]?

in a subvariety of strictly larger codimension.

(2023, 2371, 21%2, |21|* — |22]?). Such points all lie
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fi
f2
f3
fa
5
fe
fz
fs
fo
J10
i
J12
J13
J1a
f15
J16
Jiz
f1s
J19
J20

A. COFFMAN

e§e4 + ei + egeses + 2646% + egereg + 2646% — epeyqer — €g€5€7 — e166€7 + e4e$
eg + 636?1 — eperes + 2636% + egeseg + 2636% — epeszer + er1eser — eseger + eg,e?
eg9e3es + e1e4€5 + e1e3eg — €2€4€5

eseseq + €162 + egeqes + 2eaeseq + 2e1e2 — eqeger

6263 + egei + egeqes + 2626% + egeseg + 2626% — eyq€s5e7 — €3€6€7

6365 — 6?165 + e1egeg — €3€4€5 — €2€4€7

e3es + eregeq + egeaes + 2eqeses + 2eze; + eaeger

ejeseq — egei — epéyes — Zegeg — 2e1eseg + e4e5e7

eleg + elei — epeses + Qeleg + egeqeq + 26162 + egeser — egeger

e1eses + ezeses — eseq + e5e6 + eaezer

ejegey — 6%64 — epéges — 2646% — 2ezeseq — €2€e5€7

efe@, + 6366 — 6366 - 6366 — €g€e3e7 — e1eqey7

efeg) — 6%65 — e1e2eg + e3e4eq + e1eser

eleq + e3eq + egeaes + 2eqez + epereg + 2eqeg + eaeser + ereger

6%63 — e1e2e4 — €peies + 2636% — 2eyqe5e6 — €1€5€7

efeg + eg + egeqes + 2626% + egeseg + 2626% + egeser + egeser + eseger + egeg
e? + ele% — epeses + Qeleg + egeqeq + Qeleg + egerer — egeser + egeger + eleg
epeaes + egereq + 6(2)66 — 26%66 — 26?166 — 46%66 — 46% — egezer — e164€7 — 6663
epe1e3 — €geaty — 6(2)65 + 26%65 + 2642165 + 46? + 4656% — ejezer + eseqer + e5e$

2 2 2 2 2_2_ 2 _ 2 2 2 2 _ 2
eoe] + epe; — epe; — epey + (ef — ey —e5 —e5 — ey — de; — de; — e7)er.

It is also not clear whether the ideal can be generated by fewer polynomials.
Define a smaller ideal I, generated by the second, fourth, fifth, and sixth polyno-
mials in the list of twenty; it also forms a codimension three variety, V4. In fact,
Voo is a dense subvariety of Vj; a computation shows that the Zariski closure of
the difference Vj \ Voo is a codimension four variety. For example, the 3-planes
{es = ey = e5 = eg =0}, {e1 = e2 = e3 = e4 = 0} are contained in V; but not in

Vao.

Attempting this procedure on a parametrization where the denominator is not
real-valued (say, Example 5.3) will be more complicated, since the real and imagi-
nary parts will (in general) define a quartic parametrization RP®> — RP0,

[C4]

[C2]

(1
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