VECTOR FIELDS WITH CONTINUOUS CURL BUT DISCONTINUOUS PARTIAL DERIVATIVES

ADAM COFFMAN AND YUAN ZHANG

Abstract. Motivated by strong versions of Green’s theorem, we give an example of a differentiable vector field for which the curl is continuous but not all the partial derivatives are continuous.

1. Introduction

A multivariable calculus exam reasonably asks: “State Green’s theorem for a vector field ⃗F (x, y) = (P (x, y), Q(x, y)) defined on the unit disk D ⊆ R^2, and a rectangle R = [a, b] × [c, d] ⊆ D with positively oriented boundary ∂R.” The following answer might be expected to get a lot of credit: (1) ∫ ∂R ⃗F = ∫∫ R ( ∂Q ∂x − ∂P ∂y ) . The left side is the line integral around the boundary ∂R, and the right side is the double integral over R of a combination of derivatives,^{∂Q}_{∂x} −^{∂P}_{∂y} .

However, something is missing! The above answer (1) is only the conclusion of the theorem; how about a hypothesis? Without some assumption about ⃗F , there’s no reason for these integrals to even exist, much less be equal.

A sampling of calculus textbooks (from this century and the previous: [2, 7, 11, 12]) suggests that the following statement is the most frequently made assumption about the vector field ⃗F = (P, Q) in Green’s theorem, denoted by C^1 (for “continuous first derivatives”):

Hypothesis 1. P and Q have continuous partial derivatives^{∂P}_{∂x} ,^{∂P}_{∂y} ,^{∂Q}_{∂x} ,^{∂Q}_{∂y} on D.

The standard calculus proof that Hypothesis 1 implies Green’s formula (1) for the rectangle uses the one-variable fundamental theorem of calculus to relate the line integral to iterated integrals, and then Fubini’s theorem to relate the iterated integrals to the double integral. Such a proof is valid, enlightening, and gets across the main idea that Green’s theorem is a natural two-dimensional version of the fundamental theorem. Textbooks then go on to state Green’s theorem more generally, for shapes and domains other than rectangles R ⊆ D. A different direction for generalization, which we consider here, is to

MSC 2020: 26B05; 26B20; 35F35. 1

keep working with just the rectangle, but to try to improve Green’s theorem by weakening Hypothesis 1.

While Paul Cohen was a graduate student at the University of Chicago, he proved ([5, Chapter 4], later published as [6]) that the following condition on ⃗F = (P, Q) is sufficient to imply (1) for any R.

Hypothesis 2. P and Q are continuous on D, all four first partial derivatives^{∂P}_{∂x} ,^{∂P}_{∂y} ,^{∂Q}_{∂x} , ∂Q ∂y exist at all but countably many points in D, and^{∂Q}_{∂x} −^{∂P}_{∂y} is L^1-integrable on compact subsets of D.

The technical terms in such a statement may be a bit much for an undergraduate calculus class, and Cohen’s proof is also very difficult. So, we won’t try to put the weakest possible hypothesis for Green’s theorem on that calculus test (or this article); this remains a current topic of mathematical research ([8]).

The following assumption for Green’s theorem appears in [3].

Hypothesis 3. P and Q are differentiable on D, and^{∂Q}_{∂x} −^{∂P}_{∂y} is continuous on D.

This statement has the advantage of involving only concepts already seen in multivariable calculus. In Hypothesis 3, there is no assumption about the continuity, or even integrability, of the individual terms^{∂Q}_{∂x} or^{∂P}_{∂y} , so the proof given in [3] that (1) follows from Hypothesis 3 is necessarily different from the previously mentioned fundamental theorem/Fubini argument, but not as hard as Cohen’s proof. The term differentiable here means that there exists a local approximation by a linear function (the usual textbook notion as in [2, 12]); it implies that all the first partial derivatives exist and is implied by the C^1 property. (The conditions from all three hypotheses are stated for the open disk D rather than the closed rectangle R just to avoid technicalities about limits on boundaries.)

The three hypotheses are logically related:

Hyp. 1 (C^1) =⇒ Hyp. 3 =⇒ Hyp. 2 (Cohen).

These implications are standard calculus facts, not proved here; rather, a goal of this article is to show by concrete examples that their converses are false. Namely, Cohen’s version of Green’s theorem is strictly better than the version of [3], applying to a larger class of vector fields, including Example 1. Similarly, the version with Hypothesis 3 is strictly better than the usual C^1 version in most calculus books, as shown by Example 2.

The scalar quantity^{∂Q}_{∂x} −^{∂P}_{∂y} can be called the two-dimensional curl of the planar vector field ⃗F = (P, Q) (following [2, §17.4]). The term curl is often used only for a vector quantity derived from a three-dimensional vector field. Of course, the plane vector field extends to ⃗F (x, y, z) = (P (x, y), Q(x, y), 0) in R^3, and the curl vector is (0, 0,^{∂Q}_{∂x} −^{∂P}_{∂y} ). So, the planar vector field constructed in Example 2 can be extended to a differentiable vector field in space such that the curl vector has continuous components but not all of the partial derivatives of the components of ⃗F are continuous.

2. The Examples.

The first example is adapted from [1, §15.1].

Example 1. Consider a vector field ⃗F (x, y) = (P (x, y), Q(x, y)), defined at the origin by ⃗F (0, 0) = (0, 0), and everywhere else in the unit disk D by

P = y √ − ln(x^2 + y^2);

Q = x √ − ln(x^2 + y^2).

The functions P and Q are continuous on D, but some partial derivatives do not exist at the origin. From the definition of partial derivative, we find ∂P ∂y | | | (0,0)

= lim_{y→0}

P (0, y) − P (0, 0) y − 0

= lim_{y→0} y √ − ln(y^2) y = +∞

and similarly for^{∂Q}_{∂x} . For (x, y) ≠ (0, 0), all four partial derivatives exist. In particular,^{∂P}_{∂y} and^{∂Q}_{∂x} are calculated using the product rule and chain rule as follows. ∂P ∂y = √ − ln(x^2 + y^2) + y^2 x^2 + y^2 · −1 √ − ln(x^2 + y^2) ; ∂Q ∂x = √ − ln(x^2 + y^2) + x^2 x^2 + y^2 · −1 √ − ln(x^2 + y^2) . The √ − ln(x^2 + y^2) terms are unbounded as (x, y) → (0, 0) while the second terms approach limit 0, so these partial derivatives cannot be extended to be continuous on D. However, there is a cancellation when evaluating the curl: ∂Q ∂x − ∂P ∂y = y^2 − x^2 x^2 + y^2 · 1 √ − ln(x^2 + y^2) . (2) The first factor^{y2−x2}_{x2+y2} is bounded and the other factor^1√_{− ln(x2+y2)} approaches 0, so lim (x,y)→(0,0) ∂Q ∂x − ∂P ∂y = 0.

The curl thus becomes continuous if we extend its value to 0 at the origin. This ⃗F satisfies Cohen’s Hypothesis 2, so Green’s theorem can be applied to evaluate (1) for any rectangle R ⊆ D. Hypothesis 3 is not satisfied: P and Q are not differentiable. Moreover, the curl has a removable discontinuity, so it is locally integrable, but not actually continuous, because^{∂Q}_{∂x} and^{∂P}_{∂y} fail to exist at the origin.

Recall from one-variable calculus that a function f : R → R can have a derivative f^′ that exists everywhere but is discontinuous. For example, f(x) = x^2 sin(1/x), extended to f(0) = 0, is differentiable, with f^′(0) = 0, but f^′(x) is discontinuous because it oscillates as x → 0. Example 2 gives a two-dimensional version of this phenomenon: a vector field

⃗F (x, y) = (P (x, y), Q(x, y)) such that the partial derivatives of P and Q exist everywhere but at least one is discontinuous at (0, 0), so the C^1 property does not hold. The challenge is to find such an example where^{∂Q}_{∂x} −^{∂P}_{∂y} is continuous.

Example 2. Consider a vector field ⃗F (x, y) = (P (x, y), Q(x, y)), defined at the origin by ⃗F (0, 0) = (0, 0), and everywhere else in the unit disk D by

P = xy sin ( 1 √ x^2 + y^2 ) ;

Q = y^2 sin ( 1 √ x^2 + y^2 ) . Clearly, P and Q are continuous at the origin. By the definition of partial derivative, ∂P ∂x |_{(0,0)} =^{∂P}_{∂y} |_{(0,0)} = 0. Thus

lim (x,y)→(0,0)

| | |P (x, y) − P (0, 0) − x^{∂P}∂x | |_{(0,0)} − y^{∂P}_{∂y} | |_{(0,0)} | | | √ x^2 + y^2

= lim

(x,y)→(0,0)

|P (x, y)| √ x^2 + y^2

= 0.

Hence P (and similarly Q) is differentiable at the origin. For (x, y) ≠ (0, 0), the partial derivatives are calculated using the product rule and chain rule: ∂P ∂x = y sin ( 1 √ x^2 + y^2 ) − x^2y (x^2 + y^2)^{3/2} cos ( 1 √ x^2 + y^2 ) ; ∂P ∂y = x sin ( 1 √ x^2 + y^2 ) − xy^2 (x^2 + y^2)^{3/2} cos ( 1 √ x^2 + y^2 ) ; ∂Q ∂x = − xy^2 (x^2 + y^2)^{3/2} cos ( 1 √ x^2 + y^2 ) ; ∂Q ∂y = 2y sin ( 1 √ x^2 + y^2 ) − y^3 (x^2 + y^2)^{3/2} cos ( 1 √ x^2 + y^2 ) . All of these partial derivatives are continuous away from (0, 0) (establishing the differentiability property everywhere) but are discontinuous at (0, 0). In particular, they oscillate while approaching (0, 0) along the line y = x. However, similar to Example 1, there is a cancellation when evaluating the curl: ∂Q ∂x − ∂P ∂y = −x sin ( 1 √ x^2 + y^2 ) , so the curl exists and is continuous on D. To conclude, this ⃗F is differentiable with continuous curl everywhere on D, but does not have continuous partial derivatives on D.

Example 2 exhibits the phenomenon claimed in the title, and shows that Green’s theorem with Hypothesis 3 is better than the usual C^1 version.

3. A complex view.

The vector fields from Examples 1 and 2 and their derivatives can be reformulated in terms of complex numbers, which simplifies the expressions and calculations. The conversion from real coordinates (x, y) to complex coordinates uses the notation z = x+iy, z̄ = x − iy, and the derivative operator ∂ ∂z̄ = 1 2 ( ∂ ∂x + i ∂ ∂y ) . The two-dimensional curl then appears in this identity for differentiable functions P and Q: ∂ ∂z̄ (Q + iP ) = 1 2 [( ∂Q ∂x − ∂P ∂y ) + i ( ∂P ∂x + ∂Q ∂y )] (3) = 1 2 [curl(P, Q) + icurl(−Q, P )]

=⇒ curl(P, Q) = 2Re ( ∂ ∂z̄ (Q + iP ) ) . (4) The ordering of the terms Q+iP in (3) is chosen just to make some ± signs more convenient.

Recalling Example 1, the conversion to complex coordinates gives, for z ≠ 0, the following expression (as it originally appears in [1]):

(P, Q) = ( y √ − ln(x^2 + y^2), x √ − ln(x^2 + y^2) )

=⇒ ∂ ∂z̄ (Q + iP ) = ∂ ∂z̄ ( z √ − ln(zz̄) )

= −z 2z̄ √ − ln(zz̄) . (5) In the same way as the curl computed in (2), this derivative fails to exist at the origin, but (5) has a removable discontinuity.

Example 2 has this complex expression for z ≠ 0:

(P, Q) = ( xy sin ( 1 √ x^2 + y^2 ) , y^2 sin ( 1 √ x^2 + y^2 ))

=⇒ ∂ ∂z̄ (Q + iP ) = ∂ ∂z̄ ( 1 2 (z − z̄)z̄ sin((zz̄)^{−1/2}) )

= z − 2z̄ 2 sin((zz̄)^{−1/2}) − z − z̄ 4(zz̄)^{1/2} cos((zz̄)^{−1/2}). (6)

The first term of (6) is continuous, and the second term is discontinuous but has purely imaginary values. So the curl of (P, Q) is continuous because, by (4), it is twice the real part of (6).

The identity (3) suggests another regularity property for vector fields:

Hypothesis 4. The functions P and Q are differentiable on the unit disk D, and satisfy any of the following equivalent properties:

•^{∂Q}_{∂x} −^{∂P}_{∂y} and^{∂P}_{∂x} +^{∂Q}_{∂y} are continuous;

• The vector fields (P, Q) and (−Q, P ) both have continuous curl; •^∂_{∂z̄} (Q + iP ) is continuous.

Clearly, this new hypothesis is intermediate between Hypothesis 1 and Hypothesis 3: Hyp. 1 (C^1) =⇒ Hyp. 4 =⇒ Hyp. 3,

and the calculation (6) shows that Example 2 has the property that^{∂Q}_{∂x} −^{∂P}_{∂y} is continuous but^{∂P}_{∂x} +^{∂Q}_{∂y} = 2Im

(_∂ ∂z̄ (Q + iP ) ) is not, so Hypothesis 3 does not imply Hypothesis 4.

Hypothesis 4 is used in [3] to state the following complex version of Green’s theorem. The approach used in [3] to the proof (and to the real version with Hypothesis 3) is not that much different from nor more difficult than the well-known proof of the Cauchy–Goursat theorem from complex analysis ([10]).

Proposition 1. For a complex-valued function f(x + iy) = Q(x, y) + iP (x, y) with (P, Q) satisfying Hypothesis 4, the complex line integral equals the double integral: ∫ ∂R f(z)dz = 2i ∫∫ R ∂f ∂z̄ . The only remaining implication among the four hypotheses, that the C^1 property (Hypothesis 1) implies the continuity of the z̄-derivative (Hypothesis 4), is trivial, but the converse is false and this is both difficult and interesting.

It is interesting because some conditions on the z̄-derivative do have consequences for the other partial derivatives. For example, a fundamental fact from complex analysis is that if a complex function h is differentiable with^{∂h}_{∂z̄} ≡ 0, then the real and imaginary parts Re(h(z)) and Im(h(z)) are C^1, and in fact infinitely differentiable. An even stronger result is the Looman–Menchoff theorem, which we recall here from [9, 10] as Proposition 2, and which was the motivation for Cohen’s proof of his version of Green’s theorem (before he moved on to Fields Medal–winning work on a mostly unrelated topic in set theory).

Proposition 2. Suppose h = Q + iP : D → C is continuous and all four first partial derivatives^{∂P}_{∂x} ,^{∂P}_{∂y} ,^{∂Q}_{∂x} ,^{∂Q}_{∂y} exist at all but countably many points in D. If^{∂h}_{∂z̄} = 0 almost everywhere in D, then h is complex analytic on D.

However, replacing “^{∂h}_{∂z̄} is identically zero” with “^{∂h}_{∂z̄} is continuous” does not lead to any conclusion about the continuity of the partial derivatives with respect to x or y or z (with^∂_{∂z} =^1_2

(_∂ ∂x − i^∂_{∂y} ) ). An example of a complex-valued differentiable function h such that ∂h/∂z̄ is continuous and ∂h/∂z exists but is discontinuous recently appeared in [4, §3], although it involves a lengthy construction. We have not been able to find any such example with an elementary expression as in Examples 1 and 2, so we leave that as an open question.

Acknowledgment. The authors acknowledge contributions to this article resulting from conversations with our colleague Y. Pan and the thorough reading and comments from the anonymous reviewers and the editors at the American Mathematical Monthly. The second author’s research is supported in part by National Science Foundation grant DMS-1501024.

The Version of Record of this manuscript has been published and is available in The American Mathematical Monthly (10) 127 (2020), 911–917.

http://www.tandfonline.com/10.1080/00029890.2020.1815476

References

[1] Astala, K., Iwaniec, T., Martin, G. (2009). Elliptic Partial Differential Equations and Quasiconformal Mappings in the Plane, PMS 48. Princeton, NJ: Princeton Univ. Press.

[2] Briggs, W., Cochran, L., Gillett, B., Schulz, E. (2019). Calculus — Early Transcendentals, 3rd ed.

New York, NY: Pearson.

[3] Bruna, J., Cufí, J. (2013). Complex Analysis. Zürich: Eur. Math. Soc.

[4] Coffman, A., Pan, Y., Zhang, Y. (2017). Continuous solutions of nonlinear Cauchy–Riemann equations and pseudoholomorphic curves in normal coordinates. Trans. Amer. Math. Soc. 369(7): 4865–4887.

[5] Cohen, P. (1958). Topics in the theory of uniqueness of trigonometrical series. Ph.D. dissertation.

University of Chicago, Chicago, IL.

[6] Cohen, P. (1959). On Green’s theorem. Proc. Amer. Math. Soc. 10(1): 109–112. [7] Corwin, L., Szczarba, R. (1979). Calculus in Vector Spaces, New York, NY: Marcel Dekker. [8] Cufí, J., Verdera, J. (2015). A general form of Green’s formula and the Cauchy integral theorem.

Proc. Amer. Math. Soc. 143(5): 2091–2102.

[9] Gray, J., Morris, S. (1978). When is a function that satisfies the Cauchy–Riemann equations analytic?

Amer. Math. Monthly. 85(4): 246–256.

[10] Narasimhan, R., Nievergelt, Y. (2001). Complex Analysis in One Variable, 2nd ed. Boston, MA:

Birkhäuser.

[11] Simmons, G. (1985). Calculus with Analytic Geometry. New York, NY: McGraw/Hill. [12] Stewart, J. (2013). Essential Calculus — Early Transcendentals, 2nd ed. Belmont, CA: Brooks/Cole.

Department of Mathematical Sciences, Purdue University Fort Wayne, 2101 E. Coliseum Blvd., Fort Wayne, IN, USA 46805-1499

E-mail address: CoffmanA@pfw.edu E-mail address: ZhangYu@pfw.edu URL: http://www.pfw.edu/math/