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Abstract

We consider the minimum Riesz s-energy problem on the unit disk in the Euclidean space Rd, d ≥ 3, immersed into a smooth
rotationally invariant external field Q. The charges are assumed to interact via the Riesz potential 1/rs, with d− 3 < s < d− 1,
where r denotes the Euclidean distance. The problem is solved by finding an explicit expression for the extremal measure. We then
consider the applications of the obtained results to a monomial external field and an external field generated by a positive point
charge, located at some distance above the disk on the polar axis.

Minimum Riesz s-energy problem

Let Sd−1 := {x ∈ Rd : |x| = 1} be the unit sphere in Rd, and DR := {(x1, . . . , xd) ∈ Rd : x1 = 0, x2
2 + x2

3 + . . . + x2
d ≤ R2}

be the disk of radius R in Rd, with d ≥ 3, and where | · | is the Euclidean distance. The ring R(a, b) in Rd is defined as
R(a, b) := {(0, rx) ∈ Rd : a ≤ r ≤ b, x ∈ Sd−2}, and the unit disk in Rd will be denoted by D. Given a compact set E ⊂ D,
consider the classM(E) of unit positive Borel measures supported on E. For 0 < s < d, the Riesz s-potential and Riesz
s-energy of a measure µ ∈M(E) are defined respectively as

Uµ
s (x) :=

∫ 1
|x− y|s

dµ(y), Is(µ) :=
∫∫ 1
|x− y|s

dµ(x)dµ(y).

Let Ws(E) := inf{Is(µ) : µ ∈M(E)}. Define the Riesz s-capacity of E as caps(E) := 1/Ws(E). When caps(E) > 0, there is
a unique µE such that Is(µE) = Ws(E). Such µE is called the Riesz s-equilibrium measure for E.

An external field is defined as a continuous function Q : E → [0,∞], such that Q(x) <∞ on a set of positive surface area
measure.

The weighted energy associated with Q(x) is then defined by

IQ(µ) := Is(µ) + 2
∫
Q(x)dµ(x).

The minimum energy problem on D in the presence of the external field Q(x) refers to the minimal quantity
VQ := inf{IQ(µ) : µ ∈M(E)}.

A measure µQ ∈ M(E) such that IQ(µQ) = VQ is called the s-extremal (or positive Riesz s-equilibrium) measure
associated with Q(x). The potential UµQ

s of the measure µQ satisfies the Gauss variational inequalities

UµQ
s (x) + Q(x) ≥ FQ on E,

UµQ
s (x) + Q(x) = FQ for all x ∈ SQ,

(1)
(2)

where FQ := VQ −
∫
Q(x) dµQ(x), and SQ := suppµQ.

Sufficient conditions on an external field Q that guarantee that the support of the
extremal measure µQ is a ring or a disk

Theorem

Let s = (d− 3) + 2λ, with 0 < λ < 1. Assume that an external field Q : D→ [0,∞] is invariant with respect to the rotations
about the polar axis, that is Q(x) = Q(r), where x = (0, rx) ∈ D, x ∈ Sd−2, 0 ≤ r ≤ 1. Further suppose that Q is a convex
function, that is Q(r) is convex on (0, 1). Then the support of the extremal measure µQ is a ring R(a, b), contained in the
disk D. In other words, there exist real numbers a and b such that 0 ≤ a < b ≤ 1, so that suppµQ = R(a, b).

Furthermore, if Q(r) is, in addition, an increasing function, then then a = 0, which implies that the support of the
extremal measure µQ is a disk of radius b ≤ 1, centered at the origin. On the other hand, if Q(r) is a decreasing function,
then b = 1, that is the support of the extremal measure µQ will be a ring with outer radius 1.

Recovering of the extremal measure µQ

Theorem

Suppose that the support of the extremal measure µQ is the disk DR, and the external field Q is invariant with respect to
rotations about the polar axis, that is Q(x) = Q(r), where x = (0, rx) ∈ DR, x ∈ Sd−2, 0 ≤ r ≤ R. Also assume that
Q ∈ C2(DR). Let s = (d− 3) + 2λ, with 0 < λ < 1, and let

F (t) = sin(λπ) Γ((d− 3)/2 + λ)
π(d+1)/2 Γ(λ)

1
t

d

dt

∫ R

t

g(r) r dr
(r2 − t2)1−λ, g(r) = 1

rd+2λ−4
d

dr

∫ r

0

Q(u)ud−2 du

(r2 − u2)1−λ , 0 ≤ r ≤ R.

Then for the extremal measure µQ we have
dµQ(x) = f (r) rd−2 dr dσd−1(x), x = (0, rx) ∈ DR, x ∈ Sd−2, 0 ≤ r ≤ R,

where the density f is explicitly given by
f (r) = CQ (R2 − r2)λ−1 + F (r), 0 ≤ r ≤ R,

with the constant CQ uniquely defined by

CQ = 2 Γ((d− 1)/2 + λ)
Γ(λ) Γ((d− 1)/2)

1
Rd+2λ−3

{
Γ((d− 1)/2)

2 π(d−1)/2 −
∫ R

0
F (t) td−2 dt

}
.

Applications

Definition

The F-functional of a compact subset E ⊂ D of positive Riesz s-capacity is defined as

Fs(E) := Ws(E) +
∫
Q(x) dµE(x),

where Ws(E) is the Riesz s-energy of the compact E and µE is the equilibrium measure (with no external field) on E. (see [1])

Proposition

Let Q be an external field on D. Then Fs-functional is minimized for SQ = suppµQ.

Proposition

If E = DR, then Fs-functional is given by

Fs(DR) = π Γ((d + 2λ− 1)/2)
sin(λπ) Γ(λ) Γ((d− 1)/2)

1
Rd+2λ−3

{
1 + 2 sin(λπ)

π

∫ R

0
Q(r) (R2 − r2)λ−1 rd−2 dr

}
.

External field generated by a monomial

Consider the situation when the disk D is immersed into an external field given by a monomial, namely
Q(x) = qrm, q > 0, m > 1, x = (0, rx) ∈ D, x ∈ Sd−2, 0 ≤ r ≤ 1. (3)

Theorem

Let s = (d − 3) + 2λ, with 0 < λ < 1. The extremal measure µQ, corresponding to the monomial external field (3), is
supported on the disk DR∗, where R∗ is defined as

R∗ =
(

(d + 2λ− 3)πΓ((d + m + 2λ− 1)/2)
qm sin(λπ)Γ(λ)Γ((d + m− 1)/2)

)1/(d+m+2λ−3)
.

For the extremal measure µQ we have
dµQ(x) = f (r) rd−2 dr dσd−1(x), x = (0, rx) ∈ DR∗, x ∈ Sd−2, 0 ≤ r ≤ R∗,

with the density f (r) is given by

f (r) = Γ((d + 2λ− 1)/2)
π(d−1)/2 Γ(λ)

{
1

Rd+2λ−3
∗

+ q sin(λπ) Γ((d + m− 1)/2) Γ(λ)
π Γ((d + m + 2λ− 1)/2)

Rm
∗

}
(R2 − r2)λ−1 + F (r), 0 ≤ r ≤ R∗,

where

F (r) = q sin(λπ) Γ((m + d− 1)/2) Γ((d + 2λ− 3)/2)
π(d+1)/2 Γ((d + m + 2λ− 3)/2)

Rm
∗ (R2

∗ − r2)λ−1×{
− 2F1

−m
2
, 1;λ + 1; 1−

(
r

R∗

)2
 + m

2λ(λ + 1)

(
1−

(
r

R∗

)2)
2F1

1− m
2
, 2;λ + 2; 1−

(
r

R∗

)2
}, 0 ≤ r ≤ R∗.

External field generated by a positive unit point charge corresponding to the Coulomb
potential in R3

Theorem

Suppose the external field Q is given by Q(x) = 1/
√
r2 + h2, x = (0, rx) ∈ D, x ∈ S1, 0 ≤ r ≤ 1 and where h is chosen

such that h > h+, where h+ is the unique positive root of the function

p(h) = 1
2π

(
1 + 2h tan−1(1/h)

π
√

1 + h2

)
− 1
π2h
− 1
π2h2 tan−1(1/h).

Then, under these assumptions SQ = D, and the extremal measure µQ is given by
dµQ(x) = f (r) r dr dσ2(x), x = (0, rx) ∈ D, x ∈ S1, 0 ≤ r ≤ 1,

where the density f (r) is

f (r) = 1
2π

(
1 + 2h tan−1(1/h)

π
√

1 + h2

)
1√

1− r2 −
h

π2(h2 + r2)
1√

1− r2 −
h

π2
1

(h2 + r2)3/2 tan−1
√

1− r2

h2 + r2, 0 ≤ r ≤ 1.

This Theorem is a consequence of a more general statement valid for the general Riesz s-potentials generated by a
positive point charge in higher dimensions (see also [2]).
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